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ABSTRACT. The main aim of this paper is a presentation of a con-
struction of a large family of non-cuspidal irreducible square integrable
representations 6(A1,..., Ay, o)r of symplectic and odd-orthogonal p-adic
groups, starting from the cuspidal representations of the Levi subgroups.
The only information that we need about these irreducible cuspidal rep-
resentations are the generalized rank one reducibilities. We also get a
number of interesting facts about these square integrable representations.
In C. Moeglin and M. Tadié’s paper ”Construction of discrete series for
classical p-adic groups” (J. Amer. Math. Soc. 15 (2002), 715-786) is given
a general construction of all the irreducible square integrable representa-
tions of the classical p-adic groups modulo cuspidal data (under a natural
assumption). The construction of the family that we present in this pa-
per preceded the general construction. Although the general construction
gives a construction of all the square integrable representations of classical
p-adic groups, it is interesting to have also available this former construc-
tion. Namely, the construction that we present here is much more direct
than the general construction, and it gives a number of explicit informa-
tion about representations. These facts may be useful in further study of
the representations of the family that we construct in this paper. It is for
expecting that we shall deal a lot in the future with the representations
of this family, since this family includes all the generic irreducible square
integrable representations (for example). From the Shahidi’s conjecture
on existence of a generic representation in each L? L-packet, would follow
that each L2 L-packet contains some of the representation from the family
whose construction we present in this paper.
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INTRODUCTION

The main aim of this paper is a presentation of a construction of a large
family of non-cuspidal irreducible square integrable representations 6(Aq, ...,
Ay, o), of symplectic and odd-orthogonal p-adic groups, starting from the
cuspidal representations of the Levi subgroups. The only information that
we need about these irreducible cuspidal representations are the generalized
rank one reducibilities. We also get a number of interesting facts about these
square integrable representations. Some of the constructions and analysis of
representations in the paper may be of independent interest.

Classifying of irreducible square integrable representations is one of the
most basic steps in the development of the representation theory of reduc-
tive groups. In [MgT] are constructed all the irreducible square integrable
representations of the classical p-adic groups modulo cuspidal data (under a
natural assumption, which is proved in some cases and which is expected to
hold in general). Let us note that the construction of the family that we
present in this paper! preceded the construction in [MgT] (by the way, the
construction that we present here played an important role in the development
of ideas of the construction in [MgT]; therefore this paper may be helpful in
understanding of [MgT]).

Although [MgT] gives a construction of all the square integrable represen-
tations of classical p-adic groups, it may be interesting to have also available
this former construction. Namely, the construction that we present here is
much more direct than in [MgT], and it gives a number of explicit informa-
tion about representations, which are not present in [MgT]. These facts may
be useful in further study of the representations of the family that we con-
struct in this paper. It is for expecting that we shall deal a lot in the future
with the representations of this family, since this family includes all the generic
irreducible square integrable representations (this fact is proved by G. Muié¢
in [Mi2]). Let us recall that the generic representations were in the last few
decades intensively studied for the purpose of the Langlands’ program. From
the Mui¢’s result and the Shahidi’s conjecture on existence of a generic rep-
resentation in each L? L-packet, would follow that each L2 L-packet contains
some of the representation from the family whose construction we present in
this paper. This brings an additional interest for the family that we study in
this paper.

To describe our results, we shall first introduce some notation. Let F' be
a local non-archimedean field. We shall assume char (F') # 2. The modulus
character of F' is denoted by | |p. Set v = |det|p. Based on the fact that Levi
factor of a maximal parabolic subgroup of a general linear group is a product

IThis paper, written in 1998, is essentially a revised version of the second part of [T7].
The ideas used in [T7] and here, are the same. The only difference is that formulations of
results and the proofs are written in a way which holds also for non-generic reducibilities.
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of two smaller general linear groups, using parabolic induction Bernstein and
Zelevinsky defined multiplication x among representations of general linear
groups (see 4.1 of [BZ], or the first section). Let C be the set of all equivalence
classes of irreducible cuspidal representations of all GL(p, F), p > 1. For
p € C and n > 0, the set [p,v"p] = {p,vp,...,v"p} is called a segment in C.
The set of all such segments is denoted by S(C). For A = [p,v"p] € S(C),
the representation v"p x v"~!p x -+ X vp X p contains a unique irreducible
square integrable subquotient, which we denote by J(A).

We fix one of the families Sp(m, F) (m > 0) or SO(2m+1, F) (m > 0) of
classical groups. The group of rank m from the fixed family will be denoted
by Si,. The Levi factor of a maximal parabolic subgroup of S, is isomorphic
to GL(k,F) X Sp—k, with 1 < k < m. Now, as in the case of general linear
groups, using parabolic induction, one can introduce multiplication x between
representations of general linear groups and representations of the groups S,,.
The products are representations of the groups Sy, (see the first section).

Let p € C be unitarizable and ¢ an irreducible cuspidal representation of
Sq. Suppose that v%p x o reduces for some real o. Look at the simplest case
when the induced representation is a representation of Sp(1, F') = SL(2, F) or
SO(3, F) (then p is a character of F* and o is trivial representation). Then
there exits

Qg € {0, 1/2, 1}

such that v*°p x o reduces and v*p x ¢ is irreducible for 8 € R\{£ap} (in
general, we shall than say that (p, o) satisfies (Cayp)). F. Shahidi has shown
that this is the case in general, if o is generic and char (F') = 0. We shall say
that p and ¢ have generic (or non-exceptional) reducibility if they satisfy the
above condition on reducibility (o does not need to be generic). Otherwise,
we shall say that p and o have exceptional (or non-generic) reducibility. It is
expected that in general for any reducibility ap we have

ao € (1/2)Z

(this would follow from a F. Shahidi’s conjecture on existence of a generic
representation in each L? L-packet).

The first exceptional reducibilities seems to be proved to exist in 1996, by
M. Reeder ([Re]) and by C. Meeglin ([Mg2]). It is a hard problem to determine
the reducibility point «g for a general (p, o). F. Shahidi has determined this
in a number of cases ([Sd2], Theorem 3.3, Propositions 3.5 and 3.10). Earlier,
J.-L. Waldspurger settled one such case ([W], Proposition 5.1). C. Moeeglin
has computed in some cases these reducibilities, and she has also formulated
a conjecture about the generalized rank one reducibilities (see Remarks 3.2
for more comments).

Construction of square integrable representations is closely related to the
reducibility of the generalized principal series representations. Particularly
important for us is the reducibility of 6(A) x o (A € §(C) and o is irreducible
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cuspidal). In [T5] we have proved that the reducibility of §(A)x o is equivalent
to

(RCS) p x o reduces for some p € A,

if char (F') = 0 and o is generic (the proof in [T5] covers the case of general
half-integral reducibility, which could be the general case according to the
Shahidi’s conjecture that we have mentioned above).

The following theorem is one of the main results of the paper.

THEOREM 1.1. Let A; = [v ™ ™ip;,v™ip;] € S(C), i = 1,...,k. Suppose
that p; are unitarizable, n;,m; € (1/2)Z and n; < m;. Let o be an irreducible
cuspidal representation of S,. Suppose

1. AiNA; and o satisfy (RCS), or Ay N A; =0 and v~ p; x o reduces.
2. If A;NA; # 0, for some 1 < i < j <k, then either AjUA; & AjNA;,
OTAJ'UAJ' g AzﬂAl
Let l = card{i;1 <i <k and A; N A; # 0}. Then:

(i) (Hle J(A; N Al)) Xo decomposes into a sum @?;17']— of 2! inequivalent ir-

reducible (tempered) representations. Each representation (Hle 5(A1\A1)) X

7; has a unique irreducible subrepresentation, which we denote by
(AL, ..., Ak, 0)s,.
The representations 6(A1, ..., Ay, o)., are square integrable.
(i) Each irreducible subrepresentation of (Hle 5(Ai)) x o has multiplicity

one. There exist evactly 2! irreducible subrepresentations of (Hle 5(Ai)) X o

and they are
{0(A1, o, Mgy )i = 1,...,2'),

The approach in this paper is different from the one in [MgT]. The square
integrable representations in [MgT] are introduced inductively, while the def-
inition in the above theorem is much more direct. Further, in this paper we
get explicit upper bounds for Jacquet modules. This is the reason why we
expect that in the study of the generic representations, or for computing some
invariants, the approach of this paper could be useful.

The above theorem directly implies that the standard modules of the
groups Sy, induced by generic (essentially tempered) representations, do not
have injective Whittaker models in general (this is different from the case of
the general linear groups; see Proposition 3.2 of [JcSl]).

D. Vogan showed us in 1992 number of places where he expected square in-
tegrable representations for symplectic groups (having in mind the conjectural
local Langlands’ correspondence). This was one of the motivations to con-
struct such representations using the techniques developed in [T4]. Another
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motivation for our work was getting a parameterization of the non-unitary
dual (in particular, getting a parameterization which is convenient for the
work on the unitarizability problem).

Let us say a few words about the methods that we use in the construction.
In [T3] (Theorem 7.2), we have constructed the structure which enables us to
obtain, in a simple way, composition series of Jacquet modules of parabolically
induced representations. The fact that Levi factors of maximal parabolic sub-
groups of Sy, are isomorphic to products of general linear groups and groups
S, enables us to use the full power of the well understood representation
theory of general linear groups in the representation theory of Sp(n, F') and
SO(2n+1, F). In our construction of the representations 6(A1, ..., Ak, o), in
this paper, the basis is understanding of the representations §(A;, o).+, which
were introduced in [T6].

Although our work in this paper deals with the representations of the
groups Sp(n, F) and SO(2n + 1, F), this work will be not hard to extend to
other classical groups.

The first two sections of this paper introduce notation and recall some pre-
vious results that we use often in the paper. We recall of the representations
0(A;,0) in the third section. In the fourth section, we give the construction
of the representations 0(Ay,...,Ag,0);,. The last section presents another
proof of a result of D. Goldberg. We include this proof, because it works also
in the positive characteristic.

We are thankful, among others, to A.-M. Aubert, C. Jantzen, D. Mili¢i¢,
C. Moeglin, G. Mui¢, S.J. Patterson, P.J. Sally, G. Savin, F. Shahidi and
S. Zampera for discussions of topics closely related to the topic of this paper.
C. Jantzen has read a previous version of this paper and he gave very helpful
comments (mathematical, stylistic and grammatical). Most of the ideas of
this paper arose during our stay in Gottingen as a guest of SFB 170. We
want to thank SFB 170 for their kind hospitality, stimulating atmosphere,
and the support.

1. PRELIMINARIES

In this paper, we fix a local non-archimedean field F' of characteristic
different from two. At the beginning of this section, we shall recall the stan-
dard notation from the representation theory of GL(n, F) (see [Z1] for com-
plete definitions). The minimal parabolic subgroup of GL(n,F) consisting
of all upper triangular matrices in GL(n, F') is fixed. Parabolic subgroups
of GL(n,F) which contain this minimal parabolic subgroup will be called
standard parabolic subgroups of GL(n, F).

Let 7; be an admissible representation of GL(n;, F'), for i« = 1,2. Then
m X my denotes the representation of GL(ny + ne, F') which is parabolically
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induced from the representation m; ® w2 of a suitable standard parabolic sub-
group. Then, m X (mg X 73) = (71 X mg) X 73.

If G is a reductive group over F', then there is always a natural order on
the Grothendieck group of the category of all admissible representations of
G of finite length. We shall denote by G the set of all equivalence classes of
irreducible admissible representations of G. The set of unitarizable classes in
G is denoted by G.

Let the Grothendieck group of the category of all admissible representa-
tions of GL(n, F) of finite length be denoted by R,,. The canonical mapping
from the objects of the category to R, is denoted by s.s. (the image forms a
cone of positive elements). Set R = @ ., R,. One lifts the above multiplica-
tion to a multiplication x on R. The induced mapping R® R — R is denoted
by m.

Take an admissible representation m of GL(n, F') of finite length. Let
a = (ni1,...,ng) be an ordered partition of n. Take the standard parabolic
subgroup Pj " of GL(n, F) whose Levi factor M, 5 " s naturally isomorphic to
GL(ny,F) x ... x GL(ng, F). The Jacquet module of 7 with respect to POC;L
is denoted by (7). Consider s.s. (ro (7)) € Ry, @ ... & R,,,. Set

n

m*(m) = Z s.s. (P(en—k) (7)) € R@ R.
k=0

One lifts m™* Z-linearly to all of R.

For a matrix g, denote by *g (resp. Tg) the transposed matrix of g (resp.
the transposed matrix of g with respect to the second diagonal). For a repre-
sentation 7 of GL(n, F), Tr~1 denotes the representation g — m(Tg~!). We
denote by 7 the contragredient representation of 7. We have "7~! = 7 for
irreducible 7.

Let m be an irreducible admissible representation of GL(n, F). If 7 is a
subquotient of p; X - -+ X pr where p; are irreducible cuspidal representations
of GL(n;, F), then we shall call the multiset (p1, ..., px) the support of 7. We
write supp(m) = (p1,...,pr). If 7 is of finite length such that any irreducible
subquotient 7' of 7w has supp(7’) = (p1,-..,pxr), then we say that 7 has a
support and we shall write supp(w) = (p1, ..., pr). We extend this definition
to allow 7 € R, with m > 0 (there is a natural order on R,’s).

We now introduce a similar notation for two series of classical groups (see
[T2] and [T3] for more details). The n x n matrix having 1’s on the second
diagonal and all other entries O will be denoted by .J,,. The identity matrix is
denoted by I,,. For a 2n x 2n matrix S, set

X _ O _Jn t O J’ﬂ
=l sl
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The group Sp(n, F) cousists of all 2n x 2n matrices over F which satisfy
%S S = I,. We define Sp(0, F') to be the trivial group. Fix the minimal par-
abolic subgroup Ppi, in Sp(n, F') consisting of all upper triangular matrices
in the group.

We denote by SO(2n+1, F') the group of all (2n+1) x (2rn+1) matrices X
with entries in F which satisfy "X X = I5,4+1 and det X=1. Fix the minimal
parabolic subgroup Py in SO(2n + 1, F') consisting of all upper triangular
matrices in the group.

In the sequel, we denote by S, either the group Sp(n, F') or SO(2n+1, F).
Parabolic subgroups which contain the minimal parabolic subgroup which we
have fixed will be called standard parabolic subgroups.

For p; X p; matrices X;, i = 1,...,k, the quasi-diagonal (p; + - - - + pg) X

(p1+- - -+pk) matrix which has the matrices X1, - - - , Xj on the quasi-diagonal,
is denoted by g-diag (X1, -, Xk).
Let @ = (n1,...,nk) be an ordered partition of some non-negative integer

m < n into positive integers. If m = 0, then the only partition will be denoted
by (0). Set

My = {q_diag(gla' o 7gk7ha ‘rg];l’._ " Tgfl)vgl € GL(TL“F),}L € Sn*m}

Then, P, = MqPuin is a standard parabolic subgroup of S,,. The unipo-
tent radical of P, is denoted by N,. Since M, is naturally isomorphic to
GL(n1,F) x ... x GL(ng, F)x Sp—_m, we have a natural bijection

M, < GL(ny, F) x - x GL(ng, F)" X Sp_pn.

Let 7 be an admissible representation of GL(n, F') and let o be an admis-
sible representation of S,,. We denote by 7 x ¢ the representation of Sy,
which is parabolically induced from the representation m ® o of F(,). Here
7™ ® o maps q-diag(g,h,” g7*) € M, to m(g) ® o(h). For admissible repre-
sentations 7, my, mo of general linear groups and for a similar representation

o of Sy, the following hold:

(1.1) m X (m X o) 2 (1 X m2) X o,
(1.2) (mxo)” 2 7Txo.

The Grothendieck group of the category of all admissible representations
of Sy, of finite length is denoted by R, (S). Set R(S) = @, ., Rn(S). We lift
the multiplication x to a multiplication x : R x R(S) — R(S) in the usual
way. In this way, R(S) becomes an R-module. Denote the contragredient

involution on R and R(S) by ~. For 7 € R and o € R(S), we have (in R(S))
(1.3) TXO=TXo0.

Let o : RQR(S) — R(S) be the Z-bilinear mapping which satisfies u(r®@c) =
s.s.(m x o), for m € R,0 € R(5).
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Since we have natural orders on Grothendieck groups, there is a natural
order on R, R(S) and R ® R(S).

Let o0 be a smooth representation of S, of finite-length and let a =
(n1,...,ni) be an ordered partition of 0 < m < n. The Jacquet module
of o for P, is denoted by s4(c). We may consider s.s. ($4(0)) € Rp, ® -+ ®
R,, @ Ry_m(S). Define a Z-linear mapping p* : R(S) — R ® R(S) on the
basis of irreducible admissible representations by

w (o) = Z s.s. (s (0)) -

k=0

Denote by s : RO R — R® R the mapping s(}_, z; ®y;) = >, i ®@x;. For

r1®ry € ROR and r@t € RQR(S) set (r1®@r2) X (r®t) = (r1 Xr)®(re xt).
Extend x Z-bilinearly to x : (R® R) X (R® R(S)) = R® R(S). Set

M*=(m®1l)o(~®@m*)osom®.
Then,
(1.4) p(m 3 o) = M*(m) x p* (o)

for an admissible representation 7 of GL(n, F') of finite length and a similar
representation o of .Sy,.

Let 7 ® o be an admissible representation of GL(n, F') x Sy,. We say that
7 ® o has GL-support if 7 has support and if ¢ is an irreducible cuspidal
representation. Then, we write

supp,., (7 ® o) = supp().

We extend this definition to allow 7 ® 0 € R, ® Ry, (S) with 7 > 0 and o
irreducible cuspidal.

Suppose that 7 is an irreducible admissible representation of .S,,. Then,
there exist irreducible cuspidal representations p; of GL(n;, F), i = 1,...,k,
and an irreducible cuspidal representation o of S,,_(,4...4n,) such that 7 is
a subquotient of p; X - -+ X pr x 0. We define

depth, (1) =n1 + -+ ng.

If 7 is a an admissible representation of S,, of finite length such that
depthe (7)) = d for any irreducible subquotient 7 of 7, then we say that
7 has a depth and we write depths;(7) = d. In a similar way, we define if
T € R,(S), 7 > 0, has a depth, and the depth. If an admissible representation
7 of finite length has a depth, then we define

Sar(T) = S(aeptn,, ()(7)-

In a similar way, we define s, (7) for 7 € R,,(S), 7 > 0, if 7 has a depth.
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2. SQUARE INTEGRABILITY, LANGLANDS’ CLASSIFICATION

An irreducible representation w of a reductive p-adic group G is called
essentially square integrable if there exists a continuous (not necessarily uni-
tary character) x : G — C* such that x is a square integrable representation
(i.e., xm has a unitary central character, and for any matrix coefficient ¢ of
X7, |¢| is a square integrable function on G modulo center).

The set of all equivalence classes of irreducible cuspidal representations
of all GL(p, F'), p > 1, will be denoted by C. Let p € C and let n be a non-
negative integer. The set [p,v"p] = {p,vp,?p,...,v"p} is called a segment
in irreducible cuspidal representations of general linear groups, or a segment
in C. The set of all segments in C will be denoted by S(C). The representa-
tion v"p x v 1p x --- X vp X p has a unique irreducible subrepresentation
which we denote by §([p, v™p]). The representation §([p, v"p]) is an essentially
square integrable representation and A +— §(A) is a bijection of S(C) onto
the set of all equivalence classes of irreducible essentially square integrable
representations of all GL(k, F), k > 0.

If n < 0, then we define [p, " p] to be the empty set (), and we take ()
to be 1 € R. By Proposition 9.5 of [Z1] we have

(2.1) m* (5([p,v"p)) = D 8([* o, v ) @ 6([p, v p)).

This formula implies that

s(m* (65((p, ")) = 32 8(lo,vF o)) @ 6(1H p, 1 ).
k=-—1

Assume that p € C is a representation of GL(p, F'). We have
rpyntr (O([p,v"p))) = v p@ V" T p @ - @ p,

where (p)"*! denotes (p,p,...,p) € Z"+1.

Let X be a set. We shall denote by M(X) the set of all finite multisets
in X (more details regarding this notation can be found on the page 169 of
[Z1]; see also [Z2]). The addition among multisets is defined by (z1,...,2%) +
(@h,...,2) = (@1,..., 2k, 2, ..., 2p). Ifa,b,c € M(X) and a + b = ¢, then
we shall also denote a by ¢ — b.

For an irreducible essentially square integrable representation ¢ of
GL(m, F), one can find a unique ¢(§) € R such that v~¢§ is unitarizable.
Set 6% = v=¢9§. Then, § = v°(9)§%, where e(J) € R and §* is unitarizable.

We denote by D the set of all equivalence classes of the irreducible es-
sentially square integrable representations of all GL(n,F)’s with n > 1.
Let d = (01,...,0r) € M(D) where M(D) denotes the set of all finite
multisets in D. Take a permutation p of the set {1,...,k} such that
e(dp1)) > e(dp(2)) -+ > e(dp)). The representation o,y X -+ X dp() has
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a unique irreducible quotient which we denote by L(d). Then d — L(d) is
Langlands’ classification for general linear groups. We shall usually write
L(d) = L((61,...,06k)) simply as L(d1,...,dk).

In this paper, we shall have several occasions to use the following well-
known fact proved by A.V. Zelevinsky (this fact follows from Theorem 7.1 of
[Z1] and Remark 5.3 of [Ro], using either Theorem 2.3 and Corollary 3.9 of [A],
or the fifth section of [ScSt]; see also [T1]). For two segments A’, A” € S(C),
one says that they are linked if A’UA” € §(C) and A"UA” & {A’, A"}, Let
Aq,..., A, € S(C). If there exist 1 < i < j < k such that A; and A; are
linked, then we shall write

(A, Aoy A, AU, A, A, AN A A, A, Ag)
=< (Al,AQ, .. .,Akfl,Ak).

Now =< generates a partial order on S(C). Denote the partial order thus
obtained by <. Let A},...,A}, € S(C). Then L(6(A}),...,6(A},)) is a
subquotient of 6(Ay) x---x8(Ag) if and only if (A}, ..., AL) < (Aq,..., Ag).
Suppose that (A],...,AL) < (Aq,...,Ay) and suppose that among all pairs
A, A%, 1<i# j <K, there do not exist linked segments. Then §(A7) x
.-+ X 0(A},) is irreducible and it has multiplicity one in §(A1) X -+ X §(Ag).

Suppose that Ai,A;- e SC), 1 <i<kl<j<Fk. IfA isnot
linked to any A, for 1 < i < k,1 < j < &/, then L(0(A1),...,0(Ax)) ¥
L(5(A)),...,8(AL)) is irreducible and L(8(A),...,0(Ar)) x L(6(A}),. ..,
S(AL)) = L(3(AL) - - 6(Ak), 8(AL), .., 5(AL)).

We recall the Casselman square integrability criterion in the case of S,
(which is a special of Theorem 4.4.6 of [C]; see also the sixth section of [T2]).
Consider the standard inner product on R™. Set

Gi=(1,1,...,1,0,0,...,0) e R", 1 <i<mn.
i times
Let m be a non-cuspidal irreducible admissible representation of S,,. Take
a such that s,(m) has a cuspidal subquotient (s, (7) # 0). Write o =
(n1,...,n¢) and denote nq + --- + ny = m. Take an irreducible subquotient
o of s, and decompose 0 = p; ® p2 ® -+ ® pg ® p, where p; € GL(n;, F),
pE S’n,m. Define

e«(o) = (e(p1),...,e(p1),-..,e(pe),...,e(pe), 0,...,0 ).
——

ni times ne times n —m times

If 7 is square integrable, then

(e*(U)J ﬁn1) > 07 (e*(0)75n1+n2) > O, T 7(6*(0)75771) > 0.

Conversely, if all above inequalities hold for any « and ¢ as above, then 7 is
square integrable. If instead of > 0, the weaker condition > 0 holds in all
the above relations, then 7 is tempered.
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3. SQUARE INTEGRABLE REPRESENTATIONS CORRESPONDING TO SINGLE
SEGMENTS

First, we shall recall the square integrable representations of the Steinberg
type (Proposition 3.1 of [T4]).

PROPOSITION 3.1. Fix an irreducible unitarizable cuspidal representation
p of GL(p, F) and a similar representation o of Sq. Suppose that v®p X o
reduces for some o € (1/2)Z, a > 0. Then p = p. The representation
ot x potnTly oyt v X o has a unique drreducible subrepre-
sentation which we denote by o6([v®p,v*t"pl,0) (n > 0). This irreducible
subrepresentation can be characterized as a unique irreducible subquotient m
of 6([v*p,v*t™p]) x o which satisfies 6([v*p,v*T"p]) @ 0 < sgr(m). We have
Sty (B[, v 470, 0)) = v @V p @ @ L @ e p @ (here
(p)" = (p.p.-..,p) €L"*') and

W (S p vl o)) = D S vt pl) @ 8([vp, v ), o)
k=-—1

The representation §([v*p, v* T pl, o) is square integrable and we have §([v*p,
votipl o) = §([v¥p, v ], 5).

In the above formula, we just take 6((), ) to be o. Note that the above
proposition holds without assumption « € (1/2)Z.

We shall sometimes denote 6([v*p, v*t"pl, o) also by §([v*p, v*T"p],0),
(this notation is in the spirit of the notation for square integrable representa-
tions that we shall introduce in the following section).

Let p be an irreducible unitarizable cuspidal representation of GL(p, F)
and let o be an irreducible cuspidal representation of S,;. Suppose that v%pxo
reduces for some o € R. If there exists ag > 0 such that

(Cap) v p x o reduces and v7p x o is irreducible for 3 € R, || # ao,

then we shall say that p and ¢ have reducibility at ag, or that they satisfy
(Cayp) (we follow the notation of Jantzen’s paper [Jnl]). If p and o have
reducibility at ag, and o is generic, then Theorem 8.1 of [Sd1] implies that

ap € {0,1/2,1}

(see also Theorem 3.3 of [Sd2]). In general, if p and o satisfy (Cayp) with
ap € {0,1/2,1}, then we shall say that they have generic (or non-exceptional)
reducibility (o does not need to be generic). Otherwise, we shall say that they
have exceptional (or non-generic) reducibility.

It is well-known that if v*p x o reduces for some a € R, then p = p
(as before, p and o are irreducible unitarizable cuspidal representations of
GL(p, F) and S, respectively).

An admissible representation p will be called selfdual if p = p. If an
irreducible cuspidal representation is selfdual, then it is unitarizable.



32 M. TADIC

REMARK 3.2. We shall not use the following facts in this paper (they
give some information about the role of the generic reducibilities among all
reducibilities). We shall denote by p a selfdual irreducible cuspidal represen-
tation of GL(p, F) and by o an irreducible cuspidal representation of S,.

(i) For a given p and o, the question of determining ag is a hard one. The
case of p being a character and o being the trivial representation, has been
known for a long time (this is just the question of reducibility of principal
series for SL(2, F) and SO(3, F')). The first more general case was settled by
J.-L. Waldspurger (Proposition 5.1 of [W]). F. Shahidi made a big progress
in this problem in [Sd2] (Theorems 1.2 and 3.3, Proposition 3.5, Proposition
3.10, ...). Further results in this direction are obtained by C. Mceglin, G.
Muié, F. Murnaghan and J. Repka ([MrRp], Corollary 11.5), and M. Reeder
([Re)).

(ii) C. Moeglin has formulated a conjecture which describes ay in terms of the
conjectural local Langlands correspondence.

(iii) C. Moeglin and M. Reeder have shown independently that exceptional re-
ducibilities can occur ([Mg2], [Re]). The existence of exceptional reducibilities
seems to be known from the summer of 1996.

(iv) The Mceglin’s conjecture would imply that exceptional reducibilities are
rare in the following sense. For a fixed irreducible cuspidal representation o
of Sy, the Mceglin’s conjecture would imply that there exist at most finitely
many selfdual p € C such that p and o have exceptional reducibility. This
conjecture would also imply that there are infinitely many p € C such that p
and ¢ have generic reducibility.

(v) From the Harish-Chandra and A. Silberger’s work, it follows that re-
ducibility of v%p x o for some B > 0, implies irreducibility of v*p x ¢ for all
a € R\{£p}. Therefore, (Cayp) is just the condition that v*°p x o reduces.
(vi) We have mentioned that if ¥*p x o reduces for same o € R, then p is
selfdual. The converse of this fact also holds: if p is selfdual, then v%p x o re-
duces for some a € R. The argument is the following: suppose that this is not
the case. The properties of the standard integral intertwining operators imply
that representations v*px o, a € R, are unitarizable (they form a complemen-
tary series). Recall that the matrix coefficients of a unitarizable representation
are bounded. Further s.s.(s(,)(v*p x 0)) = v*p® 0 + v~ *p® 0. Now the
connection between the asymptotic of matrix coefficients of a representation
and Jacquet modules (see [C], Theorem 4.3.3), leads to a contradiction. One
can also get in this way an explicit upper bound for reducibility point cg > 0
corresponding to p and o.

(vii) Conjecture 9.4 of [Sd1] would imply that (Cap) can happen only for
ap € (1/2) Z (this is also contained in the C. Moeglin’s conjecture).

Now we shall recall of the representations defined in [T6].
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THEOREM 3.3. Let p and o be irreducible unitarizable cuspidal represen-
tations of GL(p, F') and Sy respectively, and o € (1/2)Z, o > 0. Suppose that
p and o have reducibility ot «. Fix n,m € (a+7Z) satisfying « < n < m. De-
note A = [v="p,v"p|. Then the representation §(ANA) x o decomposes into
a direct sum of two inequivalent irreducible representations 71 and . FEach
representation §(A\A) X T; contains a unique irreducible subrepresentation,
which we denote by

(A, o).
The representation 6(A, o), can be characterized as a unique irreducible sub-
quotient T of 5(A\A) x 7; which satisfies 6(A) @ o < sqr(r). Each 6(A,0)r,
is a subrepresentation of 6(A) x o,
5(A) ® o < sarL(d(A,0)r,)
) <3 S el < 8 ) @ 0

i=—n
and §(A, o)., is square integrable.

Let §(A,0), = 6([v"p,v™p],0), be a representation defined either in
Proposition 3.1 or Theorem 3.3. Then in both cases hold

(32) sar(0(v"p, vl 0)n) < S 8o, el) x 8 p, v ) @ 0
In| . ‘
<Y (vl x 6y pl) @0
(the above inequality is obvious in the case of n > 0, while in the case n < 0
one checks it directly).

4. SQUARE INTEGRABLE REPRESENTATIONS CORRESPONDING TO SEVERAL
SEGMENTS

For A € M(S(C)), set A = {p € A;p € A}. We shall say that A is
selfdual if A = A. We say that A is balanced if e(§(A)) = 0. Clearly, a
selfdual segment is balanced.

Let X be a set. For a finite multiset © = (x1,...,2x) in X, we shall
denote by Set(x) = {z1,...,zr} the subset of X corresponding to = (this is
the set which one gets from the multiset x by forgetting the multiplicities of
elements which enter z). If one considers a finite multiset 2 in X as a function
x: X — {z € Z;z > 0} with finite support, then Set(z) is just the support of
the function z.

In the following proposition, we collect some facts about tempered repre-
sentations that we need in the construction of square integrable representa-
tions corresponding to several segments in irreducible cuspidal representations
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of general linear groups. In the case of char (F') = 0, claim (i) of the following
proposition follows from Theorems 4.9, 6.4, 6.5 of [Go] and Proposition 2.3
of [H]. We present a different proof of (i) in the following section, in order to
have the claim (i) also proved for positive characteristic.

PROPOSITION 4.1. Let o be an irreducible cuspidal representation of Sy.
Let Ay,...,Ar € S(C) be a sequence of different selfdual segments. Write
A= Mp, v, i =1,... k, where p; € C, n; € (1/2)Z, n; > 0. Suppose
that (p;, o) has reducibility at a; € (1/2)Z, o; > 0 and 6(A;) X o reduces for
i=1,...,k. Then,
(i) 6(Ay) x -+ x 6(Ag) % o is a multiplicity one representation of length 2F.
(i1) The multiplicity of 6(A1)x- - -x5(Ak)®0 in sgr (6(A1) X -+ x §(Ag) ¥ o)
is 2F.
(iii) Let T be an irreducible subrepresentation of 6(A1) X -+ x §(Ag) X 0.
Then, the multiplicity of (A1) x -+ X §(Ak) ® 0 in sqL(T) is one.
(iv) Let T be as in (iii). If © is any irreducible subquotient of sqr(7) different
from 6(A1) X -+ - X §(Ak) ® o, then

(4.1)  Set(suppgp (7)) C AL U---UAg and suppgp(m) # Ay + -+ + Ay

REMARK 4.2. The condition in the above proposition that §(A;) x o
reduces is equivalent to v* € A; (Theorem 13.2 of [T5]).
Recall that if A is balanced, but not selfdual, then §(A) x o is irreducible.

PROOF. First we prove (ii). Let = 6(A1) x -+ x 6(Ag) ® o (clearly,
is irreducible). Write

Mg (0" piv™ pi])) =

(4.2) = o & s
= ([ pis v pil) x ([ piy v py]).
k¢:—ni
The above sum runs over k; € n; + Z such that —n; < k; < n; + 1 (such
convention we shall also use in the sequel). Then, (1.4) implies
$.8.(sgL(0(A1) X -+ x §(Ag) ¥ 0)) =
= Mg (6(A1)) x -+ x Mg (0(Ag)) ® 0.

Note that for k; = —n; or n; + 1, the term in the sum (4.2) is 6(4;). There-
fore, multiplying these terms in (4.3), we get that the multiplicity of 8 in
sar (6(A1) x -+ x §(Ag) x o) is at least 2F.

Now, we shall see that § can appear as a subquotient of sgr, (§(A1) X - -+ X
d(Aj) x o) only in the above way. We shall discuss when § can be obtained
as a subquotient of the product in (4.3). Choose i such that A,  A; for
1 € {1,...,k},i # i1 (this choice is possible since A;’s are mutually differ-
ent). If we want to get 8 in the product of the right hand side of (4.3),
then in the i1-place in the product, we must take a term in the sum (4.2)

(4.3)
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corresponding to —n;, or m;, + 1 (since v~ p;, is in suppgr(f), and be-
cause no other terms in the sum except these two can give v~"1p;, in the
G L-support, nor can other terms in the product give v~"1p;, in the GL-
support, thanks to the condition A;, Z A; for ¢ # 4y). This proves that
in the i;-th place 8 can come only from terms corresponding to k = —n;,
or n;; + 1. Now, choose io € {1,...,k},ia # i1 such that A;, € A; for
1€ {1,...,n}\{i1,i2}. Then, repeating the above type of argument with the
G L-support (and v~ "2p,,, ), we obtain that we can get § in the product only if
in the is-th place, we take a term corresponding to —n;, or n;,+1 (one needs to
work with suppar (8) — A;,, where — denotes subtraction between multisets).
Choosing 3,144, ...,% in an analogous way and continuing with the above
type of argument, we obtain that 3 can appear only in the way that we have
described. Therefore, the multiplicity of 8 in sgr (6(A1) X -+ X §(Ag) X )
is 2F. This proves (ii).

Theorems 4.9, 6.4, 6.5 of [Go] and Proposition 2.3 of [H] imply (i) when
char (F') = 0. In the case of positive characteristic, (i) is proved in the fifth
section.

Claim (iii) follows from the fact that (Hle 5 (AZ)) ®o must be a quotient

of sgr(7) (which follows from Frobenius reciprocity and the unitarizability of
(A1) x -+ x 0(Ag) % o), using (i) and (ii).

It remains to prove (iv). The first claim in (iv) follows from (4.3) and (4.2).
Now, suppose 7 as in (iv) comes from a term 3’ = 7{ X- - - x 7}, on the right-hand
side of (4.3), with 7] an irreducible subquotient of M, (d(A;)). From the
above considerations, this can happen only if for some ¢/, 7/, is a subquotient
of a term (in the expression (4.2) for Mg, (6(A;))) with —ny < ki < ng + 1.
Denote (for above ') the set of all such indexes i" by X (i.e., the set of
all indexes i’ where enters a term corresponding to —ny < ky < ny + 1).
Choose ig such that A;;, € A; for any ¢ € X\{ip}. Now, it is easy to see
that suppgp(m) # A1 + -+ + Ay (consider the multiplicity of v~ p;; in
suppey (m) and in Ay + -+ - + Ag; they are different).

We do not need the following theorem in this paper (which is Theorem
13.2 of [T5]). We mention the theorem because it gives additional insight into
some of the conditions in the following proposition.

THEOREM 4.3. Let A = [v%p,vPp] € S(C), where o, 3 € R, and p is
unitarizable. Assume char(F) = 0. Let o be an irreducible cuspidal represen-
tation of Sq. Suppose that (p,o) has reducibility in o € (1/2)Z, o > 0, if p is
selfdual. Then, §(A) x o reduces if and only if p’ X o reduces for some p' € A.

PROPOSITION 4.4. Let A; = [v™™ip;,v™ip;] € S(C), i = 1,...,k, where
pi are selfdual, m;,n; € (1/2)7Z, and let o be an irreducible cuspidal repre-
sentation of Sq. Assume that (p;,o) has reducibility in o; € (1/2)Z, o; > 0,
fori=1,... k. Suppose that the following three conditions hold:
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(a) n; >m; fori=1,...,k.
(b)) v¥ip; € AiNA; or A;NA; =0 and —n; = «;.
(c) If pi & pj for some i # j, then either m; < n; or mj; < n;. Letl =

card({A; N Ayi = 1,... kW\{0}) = card({i;1 < i < k and n; > 0}). Then:

(i) The multiplicity of (Hle 5(Ai)) ®0 in representations SGL( (Hle 5(Ai))
><10) and sgr ((Hle(d(Ai\Ai) X 8(A; N Ai))) X a) is 2L,

(i) Let T be an irreducible subrepresentation of (Hle (A N Al)) x o. The
multiplicity of (]_[f:1 5(Ai)> ® 0o in sqr ((Hle 5(Ai\Ai)> p 7') is one.

(iii) Let T be as in (ii). The representation (Hle (5(Ai\Ai)> X T has a
unique irreducible subquotient 7, such that (Hle 5(Ai)) ® o s a subquotient

of sar(mr). Further, the multiplicity of m in (Hle 5(AZ\Al)) X T is one.
We shall denote w, by
0(A1, ..., Ak, 0)r.

The multiplicity of (Hle 5(Ai)) ® o in ser(6(A1,...,Ak,0)r) is one.
() 6(Aq1,...,Ak,0)r is a subquotient of §(A1) X -+ X 6(Ak) X 0.
(v) If ™ is a subquotient of 6(A1) X -+ X 6(Ag) X o such that §(A1) X

- X 0(Ak) ® o is a subquotient sgr(m), then w is isomorphic to some
(A1, ..., Ag, o). (vi) If A, ... AL and o' is some system which satisfies

(a) - (¢), and T is an irreducible subrepresentation of (H LO0(ALN A’))
o', then 6(Aq1,...,Ap,0)r = 6(AY, ... AL, 0") implies {Aq,..., Ay} =
{A],..., AL} and o =o',

Later, we shall prove that in (vi) we must also have 7 2 7/.

REMARK 4.5. (i) Let k = 1. If A; N A; = (), then Proposition 3.1 implies
that §(Aq,0), defined in the above proposition is just the square integrable
representation §(Ay, o) = §(Ay, o), from Proposition 3.1. Suppose A; NA; #
(). Now, Theorem 3.3 implies that the representation §(A1, o), defined above
is the square integrable representation from Theorem 3.3.

(ii) Assume that char (F') = 0. Then, the conditions (a), (b) and (c) on
Ay, ..., A € §(C) and o in the last proposition are equivalent to the following
conditions

(@) If 1 <i < kand A; NA; # 0, then §(A; N A;) x o reduces.
(B)If1<i<kand A;NA; =0, then v p; x o reduces.

(7) e(6(A;))>0fori=1,... k.

(0) A NA; ;E@forsome1<z;£]<k then

AiUAigAjﬂAj OI"AjUAj%AiﬂAi.
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PROOF. Assume that Ay, ..., A, and o satisfy conditions (a) - (c) in the
proposition.

The proof of (i) is similar to the proof of (ii) and (iii) of Proposition 4.1.
We shall modify that proof to the present situation. Write 8 = §(Aq) x - -+ X
d(Ag) ® o (condition (c) provides that 3 is irreducible) and

M (O([v™" pi,™ pil)) =
mi+1
4 = 3 (v ) x 8(v iy ™ i)

J=—mni
(the sum is over j € —n; + Z such that —n; < j < m; + 1). Now, as before,
sarL(6(A1)X -+ x §(Ag) x o) =
= Mgy (6(A1)) x -+ x Mg (6(Ak)) @ 0.

For j = —n,, the term in the sum (4.4) is §(A;). If n; < 0, then this
is the only term in the sum (4.4) where §(A;) can appear as a subquo-
tient (all other terms have support different from the support of §(A;)). If
n; > 0, then —nm; < n; + 1, and the term for j = n; + 1 in the sum is
S([v=™i pi, v pi]) x §([v™ T s, v™i p;]), which has §(A;) for a subquotient (the
multiplicity is one). These are the only two terms in the sum where §(A;) can
appear as a subquotient (again, all other terms have support different from
the support of 6(4;)). Multiplying the above 6(A;)’s in (4.5), we get that
multiplicity of 8 in sgr (0(A1) x -+ x §(Ag) x o) is at least 2!,
If n; > 0, write

ML (6™ i, v™ pi])) =

(4.6) matd . _
= > (T T T ) X ([ ps ™ i)

Ji=ni+1

(4.5)

For n; < 0, put
Mg (5([v* pis v™ pi])) =

(4.7) L i
= 3 S g v i) x ([ iy ™ ).
Ji=0

Then,

(4.8) s.s. (SGL ( ( ﬁ(&(Ai\Ai) X §(A; N Am) X 0))

=1

= (ﬁM@L(Ai\Ai)> X (ﬁMéL(AimAi)) ®o

i=1 i=1
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(take M, (A; NA;) as it is defined in (4.2) if n; > 0, and Mg, (1) = 1).
In the first product on the right hand side of (4.8), one takes terms in (4.6)
corresponding to j; = n; + 1 if n; > 0 and j; = «; if n; < 0, and one takes
(Hle 5(A; N Az)) ® o from Hle Mg, (Ai N A;) (more precisely, one takes
terms in (4.2) corresponding to k; = —n; or n; + 1 if n; > 0). In this way,
one gets 2! times (Hle (5(AZ\AZ) X (AN Al))) ® o (in the Grothendieck

group). The last representation contains 3 = (Hle 5(Ai)) ® o as a subquo-

tient, and the multiplicity is one.
Now, we shall show that § can appear only in this way. First introduce

(o) = {—ni—l if n; >0

n;=—ao; ifn; <0

Suppose that (§ is a subquotient of some

k
V= <H5([Vji“pi, A0 1)) x 8([V i, Vmipi])) x

=1

( 11 5([V‘ki“pi,vmm])X&[V’“mvmpi]))®07

1<i<k,n; >0

where n; +1<j; <m;+1ifn; >0and o; < j; <m; +11ifn; <O0.

Take 41 such that A;; € A; for ¢ € {1,...,k},i # 41 (this choice is
possible because of (¢) and (a)). Suppose n; > 0. Recall that v p;, is in
suppgrL(fB), and v~ ™17 1p, is not in the G L-support (for this use (c)). This
implies j;, = ni, + 1. Using that v~ "1 p;, is in the GL-support of 3, we get
that k;, = —n;, or n;, +1if n;, > 0.

Suppose n;, < 0. Again directly follows j;; = «;, for the same reasons as
above.

Further, choose io € {1,...,k},ia # i1, such that A;,, € A, for i €
{1,...,k}\{i1, 42} and repeat the above argument considering supports (more
precisely, suppB—A;,. One shall get j;, = n;, +1if n;, > 0 and o, if ny, <0,
and further k;, = —n,;, or n,;, +1if n;, > 0.

Continuing in this way, we get we can get 3 as a subquotient only in the
way that we have already described above. Therefore, the multiplicity is 2'.
Using (4.9), we get a complete proof of (i).

Note that s.s.(scr((TTi; (ANA:)) x 7)) = (T15, M&L(ANA:)) x
sqr(7T) (here x in the right hand side multiplies Hle Mg (ANA;) with
the terms on the left hand side of ®, which show up in s (7); more pre-
cisely, of s.s. (sgr(7))). In the product on the right hand side of this formula,
take the term in (4.6) corresponding to j; = n; + 1 if n; > 0 and j; = «;
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if n; < 0, and take (Hle J(A; N Al)) ® o from sgr(7) (see (iii) of Propo-
sition 8.1). In this way, one gets (Hle (5(AZ\Al) X 0(A; ﬂAl))) ® o in

s.s.(sGL((]_[f:1 S(ANA,)) 7)), which contains = (Hle 5(Ai)) ®o as a
subquotient. Therefore, the multiplicity is > 1. Now (i) and (i) of Proposition
3.1 (and (4.9) imply that the multiplicity is exactly one. This completes the
proof of (ii).

A direct consequence of (ii) is (iii).

Write (T, 6(A; NA})) x 0 = @27, where 7; are irreducible. Then,
we have the following relations in the Grothendieck group:

(4.9) (f[lé(Ai\Ai)) ” (@5;1Tj)
(
(

Since the multiplicity of (Hle 5(Ai)) ® o in SGL((Hf_l 5(Ai\Ai)) X

(SR T==

6(Ai\Ai)> X (f[lami mAQ) X o

S(ANA;) x 6(A; N Ai)> X o> (f[amg) X o

1

(@?1_17']‘)> and in sgr ((Hle 6(Ai)) >40) is 2! by (i) and (ii), and

(Hle 5(Ai)) o < (Hf:1 5(Al\Al)) X (@?;173) , (1), (ii), (iii) and Propo-
sition 4.1 imply (iv). Similar argumentation gives (v).

We get (vi) using the fact that if two representations, parabolically in-
duced from irreducible cuspidal representations p’ and p”, have an irreducible

subquotient in common, then p’ and p” must be associate (see [C], Theorem
6.3.6 and Corollary 6.3.7).

The main aim of the rest of this section is to prove that representations
0(Aq,...,Ag,0), introduced in the last proposition are square integrable.
Along the way, we shall get a number of useful and interesting facts about
these representations. We shall first prove three lemmas.

LEMMA 4.6. Fiz an irreducible cuspidal representation o of Sq. Let p € C
be selfdual. Assume that (p,o) has reducibility at o« € (1/2)Z, o« > 0. Let
ni,m; € (1/2)Z,i=1,...,k, such that m; —n; € Z for anyi,j € {1,...,k},
and

ny<mp<ng <mog <ng<mg<---<Mi_1 <N <mg.
Let A; = [v™™p,v™ip|. Suppose v¥p € Ay NA; or A;NA; =0 and —ny = «a.
Let T be an irreducible subrepresentation of (Hf:1 (A N AZ)) x o. Then:
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(i) If k > 2 and i/ € {1,...,k}, then there exists an irreducible subrepresen-
tation 7' of (ngigkﬂ-#, 5(A; N Az)) X o such that

5(A1,...,Ak,0')-,— < 6(A1/) X (S(Al,...,Ai/_l,Aiq_l,...,Ak,O')T/.

(i) There exists a positive integer ¢, depending on Aq,...,Ar and o, such
that

(4.10) SGL (5(A1, ey Ak, 0’)-,—)
Ini

k
<c|IT Do st p,vmp)) x 6w p,v™pl) | @0

1=1a;,=—n;

(ii) If w is an irreducible subquotient of sqr, (6(A1,..., Ak, o)) which sat-
isfies m % (Hle 5(Ai)) ® o, then supper(T) # supparL ((Hle 5(Ai)) ® O')

PRrOOF. For k = 1, we know from the previous section that the lemma
holds. Therefore, we shall suppose that k& > 2.

If n1 <0, define (A1) = 1. Otherwise take ¢(Aq) = 0.

First, suppose ny > 0 or i’ > 1. Proposition 4.1 implies that we can write

~ Qkflfe(Al)
[ II 6(AmAi)}>w: ® T, [

- ok—e(A1)
H 6(AZQAZ):| XNo = b 7y
1<i<k,i#i

@
1<i<k J

[ 11 6(Am5i)}>¢0= ®

1<i<k,i#i

where 7; and TJ/» irreducible. By an argument similar to that in the proof of
Proposition 4.4, in the Grothendieck group, we get

k

<H5(Ai\&-)) y <2ké§A1)rr> _ (ﬁzS(Ai\Ai)) x <ﬁ6(Ai mAi)) o

’ r=1 . :
=1 =1 =1
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= (S(Al/\AZ/) X (S(Al/ n Al/) X ( H 6(A1\Al)>

1<i<k,ii
X < H 5(A1 QAZ)) X o
1<i<k,i#i
x( H A\A)) ( II 6(AiﬂAi))>40
1<i<k,iti
Qkflfe(Al) ,
X( [T saas)« (e 7)
1<i<k,i#s
2k 1—e(Aq)
X < Z Alv"'aAi’lvAi’+1a"'7Akao')T]{>

j=1
ok—1-e(Aq)
= 5(Ai/)><5(A1,...,Ai/_l,Ai/+1,...,Ak,O').,—J/_.
j=1

From formula (1.4), (iii) of Proposition 4.4 and (4.4), it follows that the multi-
plicity of (Hill 5(Ai)) ®0 in sar, (5(AZ—/) % O(A1, .o Aur—1, A, Mg, U)TJ,,)
is > 2. The above inequalities and (iii) of Proposition 4.4 imply that the mul-
tiplicity is 2. From the multiplicities, one concludes that each

5(A1, ces ,Ak, O')TT < 5(A1/) X 5(A1, ceey Ai/,l, Ai'Jrl; v ,Ak, 0’)7-]/_
for some 7;. This proves (i) in the case that ny >0 or 7’ > 1.

Now, suppose n1 < 0 and ¢/ = 1. Write

< 11 5(AmAi)) X o= < 11 5(Am&)) X o:jkejllfj,

2<i<k 1<i<k

where 7; are irreducible. Then,

(f[la(Ai\Ai)) y (Q%IT) — §(A) (H5 ANA, ) y CE_;ITJ)

2k—1 2k 1
X(Z(S(AQ,A3,.. , Ay, 0) ) D 6(A)X6(Ag, Ay, A, 0)s,.
j=1 j=1

Using (1.4), (iii) of Proposition 4.4 and (4.4), we get that the multiplicity of
(Hle 5(Ai)) ® 0 in sar (3(A1) x 6(Ag, As, ..., Ay, o), ) is > 1. The above

inequalities and (iii) of Proposition 4.4 imply that the multiplicity is 1. This
implies (i) in this case (n1 < 0 and 4" = 1). Thus, the proof of (i) is complete.
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Using (i), we shall prove (ii) by induction with respect to k. Let k > 2
and suppose that (ii) holds for &’ < k. From (i), we know that

§(A1, . Agy o) <[ p, ™ p]) X O(A1, ..y Ag—1,0) 7

for some irreducible subquotient 7/ of (Hf;il (AN Al)) x 0. The inductive
assumption and (1.4) imply

(411) SGL (5(A1, ce ,Ak,U)T) <

me+1 ) )
(X s < s g )

Jk=—ng
k-1 |n4l

! < II >. st p,vmpl) x 8([v"p, Vm"p])) ® 0.
=1 a;=—n,;

Further, §(Aq, ..., Ag,0)r < 6(A1) x8(As, ..., Ag,0) for some irreducible
subquotient 7" of (Hf:2 (A N Al)) X o implies

sar(0(Ar, ..., Ak, 0)7)

mi+1 ) )
(X0 ot < 60 )

Ji=—n1

(4.12)

ko Inil
x C2(H > s v pl) x 6" p, V"“p])) ® 0.

1=2a;=—n;

The above formula shows that v=™#p,py~™+ly =" =1s are not in
suppe (m) for any irreducible subquotient 7 of sgr(8(A1,...,A Ak, 0)7).
Therefore, we can sharpen the estimate (4.11) to the following estimate:

ne+1 ) )
so1 081 Aua)) < (X0 8 pm) x 8 )

Jk=—ng
k—1  |n4l
X < II > st p,vmpl) x 8w p, V"”p])) ®o.
=1 a;=—n,;

Note ny > 0, since k > 2. The above formula implies that to prove (ii), it is
enough to prove that if 7 ® o is a common irreducible subquotient of

(4.13) ([ p, v p]) x §([™Fp, ™ p])

k—1  |nil
x (H > (e, v p]) x S([v i p, l/’"ip])) ®o

=1 a;=—n;



A FAMILY OF SQUARE INTEGRABLE REPRESENTATIONS 43

and the right hand side of (4.12), then 7 ® ¢ is an irreducible subquotient of
the right hand side of (4.10).
First write (4.13) in a slightly different way:

[n1] na

(414) 5([V_nkp, ynkp]) % 6([V’ﬂk+1p7 l/mkp]) % ( Z Z
k-1 k—1 a1=—n1 az=—n2
Y 2 (6([1’_‘”“0, V")) x 8([v% p, u"“pD)) 20
ag—1=—Nk—1 i=1

Now, we shall point out some properties of the factors in the line (4.15).
Consider segments A} = [p=%tlp pripl AV = [p%p,v™ip] for i =
1,...,k — 1, where —n; < a; < |n;|, and consider all multisets a =
(AL A AL AL AL, AY ) that we get in this way (if some A = 0,
then we omit () from the above definition of a). Set AL = [y "k p, vk
ALT = [yt p v™kp]. Using the conditions on n; and m; in the lemma, one
checks directly that the following properties hold:

1L ALAYCALCAyforany1<i<k-—1.

2. For any 1 <4 < k — 1, neither A} nor A/ is linked with AL, ALT or

Ag.

3. Linking AL and ALT one gets Ag.

Let m ® 0 be a common irreducible subquotient of the right hand side of
(4.12) and of (4.13) (let m be a subquotient of 5(AL) X 6(ALT) X Hf;ll(é(Ag) X
§(AY)) coming from (4.13)). Write 7 = L(6(T'1),...,d(I'y)) with I'; € S(C).
Because 7 ® o is a subquotient of (4.13), (1) - (3) directly imply that
(T1,...,T) =a+ (AL,ALT) or a + (Ay) for some multiset a in S(C). Note
that if L(6(T}),...,0(I'},)) ® o is a subquotient of the right hand side of
(4.12), and some A] ends with v™*p, then Al contains also v™*p. Since 7 ® o
is a subquotient of the right hand side of (4.12), (T'y,...,T%) = a + (Ag).
Now, (1) implies 7 = §(Ag) x 7’. Since §(Ay) x 7’ is a subquotient of
S(AL) x 6(AITY x TIFZ1(6(AY) x 8(AY)), (1) - (3) imply that it is a sub-
quotient of d(Ag) x Hf;ll (0(AL) x 6(A)). All irreducible subquotients of
the last representations are §(Ay) x 7", where 7" runs over all irreducible
subquotients of Hf;ll (6(AL) x 6(AY)). This implies that 7’ = " for some 7
as above. Thus, 7 ® ¢ is an irreducible subquotient of the right hand side of
(4.10). This completes the proof of (ii).

We shall prove (iii) by induction. Suppose that (iii) holds for k& — 1.
Let m be an irreducible subquotient of sgr (§(A1,...,Ak,0)7) such that

s () = T & (= sppcy, (TS0 8(80) © o)) Sice 17y s
suppgyr (), ™ can appear as a subquotient of a product 7 on the right hand
side of (4.10) only if ar = —nj. Since Ay contains each segment which shows
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up in the right hand side of (4.10), 7 = §(Ag) x 7', where 7’ is an irreducible
representation of some GL(p’, F) x Sq. Since

s.s.(sar(6(A1, ..., Ax,0)r))

ne+1 ) )
(4.16) (X s <o) )

Jk=—"nk

x sar (0(Ar,..., Ap_1,0)7)
for some 7/,

(4.17) §(Ag) x ' < §([v™ T p, v p])
x 8([v7k p, ™ p]) x sqr (6(A1, ..., Ap_1,0)).

Since v~ ™k p is in the support of the left hand side of (4.17), jx = —ny or
jk = ng + 1. Since neither Ay N A, nor Ak\Ak is linked with any other
segment which shows up in the upper bound for sgr, (6(Aq,...,Ar—1,0)),
one directly gets 6(Ay) x 1" < 0(Ag) X sar (6(A1,...,Ak_1,0), ). This im-
plies 7’ < sqr (6(A1,...,Ar_1,0).). Since suppgr (7) = A +suppg (1) =

Zle A;, then suppey (7') = Zf;ll A;. Now, the inductive assumption im-

plies 7’ = (Hi:ll 5(Ai)) ® o. This finishes the proof of (iii). Therefore, the

proof of lemma is complete.

Let o', p"” € C. We shall say that they are are strongly Z-disconnected
if there does not exist A € S(C) such that p’,p” € A or p/,(p")” € A. For
I'1,T2 € §(C), we say that they are strongly Z-disconnected if any p; € I'y is
strongly Z-disconnected with any ps € I'y. The following lemma is related to
[Jn2] (it is a very special case of a general ideas studied there).

LEMMA 4.7. Let pi,....p%, pY,...,ph, € C and let o be an irreducible
cuspidal representation of S,. Suppose:

(a) Any p} is strongly Z-disconnected with any pj .

7' is an irreducible subquotient o X oo X ph, X o and ™ is an irre-
b) 1 is an irreducible subquotient of p, ol d " is an i
ducible subquotient of pi x --- x pil, x . Write s.s.(sqr(7")) =+ ® 0 and
s.8.(sgr(n) =" ®o0.

c) m is a representation which satisfies m < p} x - x pl, x 7 and «w
1 k

<
P X - x pil, xw'. Then, there exists a positive integer d such that sqr(m) <

d(v' x " ® o).
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PROOF. From (1.4) and (b), it follows that

sar(m) < (ﬁ(ﬂé + (P§)~)> x7" ®oa,
=
s () < (_1_11@;' +0in) x ' we

Let 8 be an irreducible subquotient of sgr (7). Then, (4.18) and (a) imply
B =d x¢"®0 =a"x¢'@c, where ' is an irreducible subquotient of 7/, @’ an
irreducible subquotient of v, ¢’ an irreducible subquotient of Hle (pi+(p5)7)

and ¢ an irreducible subquotient of H?;l(p;’ + (p)7). Obviously, supp(¢')
consists only of elements from {p}, pl;1 < i < k'}, while supp(¢”) consists
only of elements from {p7,p};1 < j < k”}. Also, supp(a’) consists only of
elements from {p},pi;1 < i < Ek'} and supp(a’) consists only of elements
from {p7,p;1 < j < k”}. Further, suppgy(8) = supp(a’) + supp(¢”) =
supp(a”’) + supp(¢’). Now, (a) implies supp(a’) = supp(¢’) and supp(¢”) =
supp(a”).

Now, we use the following fact from the representation theory of general
linear groups. Let X1, Xo C C. Suppose that any element of X is strongly Z-
disconnected with any element of X5 (a weaker condition would be enough for
what follows). Let A1, A, A2, A be irreducible representations of general linear
groups such that supp(A1), supp(\}) consist only of elements from X; and
supp(Az), supp(A5) consist only of elements from X5. Then, A x Ag &2 N\ x \)
implies A1 = A} and A2 = X, (this follows easily from Proposition 14 and
Remark 5.3 of [Ro], applying Theorem 2.3 and Corollary 3.9 of [A], or the
fifth section of [ScSt]; see also [Z2]). The above fact implies o’ = ¢’ and
¢" = . Therefore, = o' X & ® o. This implies 5 < (71 X ¥2) ® 0. From
this, the claim of the lemma follows.

LEMMA 4.8. Suppose that A1, ..., A, 0 and T satisfy the assumptions of
Proposition 4.4. Then
(i) Let 1 < i’ < k. There exists an irreducible subrepresentation 7' of

(Hﬁ;l (AN Al)) x o such that

5(A17A27 e Almo)‘r S (Hé(Az)> X 6(Ai’+17Ai’+27 s -7Ak70-)7"
i=1

(note that now the order of A;’s is again arbitrary).
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(i) For some positive integer ¢, the following holds:

SGL( 5(A17'- .7Ak,0)7—)

< (f[ ( S5 st el x S pop) ) @ o

=1 a;=—n;
(i) If 7 is an irreducible subquotient of sqr (6(Aq,...,Ag,0),) which sat-
isfies m ¥ (Hle 5(Ai)) ® o, then suppar(mw) # Zle A;.
(iv) (Hle 5(Ai)) ® o is a direct summand in sgr (0(A1,..., Ak, 0)7).
PROOF. Let I = card({i;¢ +1 < i < nand A; N A, # ls

0}, lo =
card({i;1 <i <4 and A;NA; # 0} and | = card({i; 1 <i <n and A;NA; #
(}. Then, l; + I = I. By Proposition 4.1, we can write

( ﬁ §(A; N Az‘)) X o= 69?217{, (ﬁé(Ai N Ai)> N o= @fl:lﬁ-,
i=1i'+1 i=1
Now, in tJrhe Grothendieck group, we have
(ﬁa(m\&)) X (@Lrj) Xo = (f[lami\&)) x (f[la(AmAi)) o
= <11E[15(A1\A1)) X (f[lzi(AiﬂAz)) X <i_1f[+15(AmAz)) X o

_ (ﬁé(AAAJ) x <§6(A1 0A1)> x (9227

> (f[f@g) x (i_ﬁla(Al\AzQ ” (@fgmf.)

- (fla) (o5 (11 000) )

> (I8 # (St
o
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The multiplicity of (H?Zl 6(Ai)) ® o in SGL((Hf_l 5(Ai\Ai)> X
(@%l:lﬁ') X 0) is 2! by (ii) of Proposition 4.4. From (ii) of Proposition

4.4 and (1.4), one easily gets that the multiplicity of (H?:l 5(AZ—)> ® o in

sGr (Z?l:ll (Hi/:l 5(Ai)> XO(Ayr g1,y Ag, O')T]/_) is at least 2/12!2 = 2!, The
above inequalities imply that the multiplicity is exactly 2. Now, we can con-
clude that (i) holds.

We prove (ii) by induction. For k = 1, (ii) holds. Let & > 1. If A;NA; # ()
for all 1 <4 < j <k, then Lemma 4.6 implies (ii). Therefore, we can suppose
that A, N A; = § for some 1 < ¢ < j < n. This implies that we can
make a partition {Aq,..., A} into a union X UY of two non-empty sets of
segments in a such a way that any segment in X is strongly Z-disconnected
with any segment in Y. Now, using (i) and applying Lemma 4.7, the inductive
assumption implies (ii).

From (iii) of Lemma 4.6, using Lemma 4.7, one easily obtains (iii). We
can also prove (iii) directly in a similar way as we proved (iii) in Lemma 4.6
(after renumeration, one can assume that Ay € A; fori=1,... k — 1; after

this one proceeds in the same way as in Lemma 4.6).
Finally, (ii) of Lemma 4.6 and (iii) imply (iv) (use Theorem 7.3.2 of [C]).

THEOREM 4.9. Let Aq,...,Ak,0 and T be as in Proposition 4.4. Then,

(i) 6(A1,..., A, 0); are square integrable representations.
(i) If m is a subrepresentation of (Hle 5(Ai)) xo, thenm 2 §(Ay,..., Mg, 0)r
for some 1. Also, each §(Aq,. .., Ag, o), is isomorphic to a subrepresentation

of (Hleé(Ai)) o
(lll) (5(A1, . .,Ak,0)7)~ = 6(A1, .. .,Ak,é);—.

PROOF. One gets (i) from (i) of the last lemma using the square integra-
bility criterion (one needs the description of Jacquet modules of the right hand
side of the inequality in (i) of the last lemma; to get these Jacquet modules,
apply Proposition 9.5 of [Z1] and the Hopf algebra structure on R).

If 7 is an irreducible subrepresentation of (Hle 0 (AJ) x o, then Frobe-

nius reciprocity implies (Hle 5(Ai)) ® o < sgr(m). Now, (v) of Propo-
sition 4.4 implies that 7 is isomorphic to some 6(Aq,..., Ak, 0),. Further,

(iv) of Lemma 4.8 and Frobenius reciprocity imply that each representation

5(Aq,...,Ag,0), is a subrepresentation of (Hle 6(Ai)) x . This proves

(ii).
We shall use now notation analogous to the notation which we have in-
troduced for general linear groups and groups .S, with the difference that
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the lower triangular matrices are fixed to play the role of the standard
minimal parabolic subgroup. Then, this new notation will be the same as
our standard notation, except that we shall underline this new notation.
So, we are going to work with X, X,ss;,.... More details regarding this
notation can be found in section 4 of [T2] and section 6 of [T3]. From
§(A1, ..., Ap,0)r — 6(A1) X+ X §(Ag) X o, Propositions 4.1 of [T2] and 6.1
of [T3], we get 6(Aq, ..., Ak, 0)r — (A1) X -+ xI(A) x0o. Therefore, there
exists an epimorphism sqy (0(A1,...,Ak,0)r) = 6(A1) X+ X0(Ag)” Q@ 0.
Thus, §(A1)X ..., x0(Ag) @6 — (8¢ (6(A1,...,Af,0)7)) . Since

(sar (6(A1, ..., Aky0)r)) " 2 sarn ((0(A1, ..., Ak, 0)2)7)

by Corollary 4.2.5 of [C], and § (A1) X ..., X0(Ag) = 6(A1)X---xd(Ag), we get
that §(A1)x- - -x0(Ag)®7 is a subrepresentation of sqr, ((§(A1, ..., Ak, 0)7)7).

Recall that §(Aq,...,Ag,0), is a subquotient of (Hle (5(Ai\Ai)) X T.
Therefore, (6(Aq,...,Ak,0);)" is a subquotient of (Hle (5(Ai\Ai)~) X T
This last representation has the same Jordan-Holder factors as
(Hle 5(Ai\Ai)> x 7 (use (1.3)). From the definition of 6(Aq,...,Ag,0)z
in Proposition 4.4, we get §(Aq,..., Ak, 0)7 =Z (0(A1,..., Ak, 0)7) "

Now, we shall get some interesting additional information about the rep-
resentations 6(Aq,..., Ak, 0),

LEMMA 4.10. Suppose that Aq,...,Ag,0 and T satisfy the assumptions
of Proposition 4.4. Then,

(i) The multiplicity of (Hf:1 5(Al\Al)) ® T in p* ((Hle (5(Ai)) p 0) is
one.
(ii) The representation §(Aq,...,Ag,0)r is a subrepresentation of

(Hle S(ANA))) x 7, for some irreducible subrepresentation T' of
(I (AN &) %o
ProOF. First, we compute:

M*(5([v™" ps, ™ pi]) =
=(m®1)o(~®@m")osom™(0([v" pi, v pil))
(4.19) =(m®1)o(~am")

o s( i S pi, v™ip]) @ 8([v " ps, Vaiﬂi]))
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my

—meno(vam)( S bl o S gm0 )

a¢:—n¢—1

SN s v™ipl) x S o v™ i) @ ([ pi, v i)

a;=—n;—1b;=a;

By (1.4), we have

u*<<f[15(Ai> X O') =

(4.20) = (ﬁ( i i S([v™" pi, ™ pil ) %

ai=—ni—1b;=a;
B ) 0 6 i) ) )
x (1®o).
Conditions (a) - (¢) in Proposition 4.4 imply that 8 = (Hle 5(AZ\A1)) QT
is irreducible. Suppose that (3 is a subquotient of the right hand side of (4.20)

Then, 3 is a subquotient of some
(4.21)

k
(H 5([V_Mpi7 I/’”pi]) % 6([1/bi+1pi7 I/mipi]) ® 6([1/ai+1pi7 I/bipi])> X (1 ® o),
i=1
where
(422) —Nn; — 1 S a; S m; and a; S bl S m;.

Write (4.21) as v ® 4/. Since (§ = (Hle 5(AZ\A1)) ® 7 is irreducible, and it
is a subquotient of v ®~/, Hle 5(A\A,) is a subquotient of ~. In particular,

k ~
(4.23) supp(7) = supp ( 11 5(Ai\Ai)> ;
=1
k k
> (i v o] + [ o ™ pi]) = Z(AZ\AJ
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Choose i1 such that A;; € A; for any 1 <14 <, iy # 4. Suppose n;, > 0. Since
we have v™ir Tlp, ymiat2p, 0 p™iip; in the support of v, by, +1 < n;, +1
(i.e., by, < n;, ). Since v~ "1~ 1p; is not in the support of 7, b;, +1 > n;, + 1
(i.e., by > ny ) and —a;, > ng, (e, —my > a;) . Thus, a5, = —ny, — 1
(which now follows from (4.22)), and b;, = n;,. For n;; < 0 we must have
bil +1= —MNy, and (7 +1= —Nq, — 1.

From (4.23), it follows that

S (e vipd + P e v pl) = Y (ANAY).

1<i<k,i#iy 1<i<k,i#i
Choose i € {1,...,k}\{i1} such that A;, Z A; forany: € {1,...,k}\{i1,i2}.
Now, in the same way as above, one gets that we must have a;, = —n;, — 1

and b;, = n;, in (4.21) if ny, >0, and b;, + 1 = —nyy, a4, + 1 = —ny, — 1 if
n;, < 0. Continuing this process, we get that (Hle 5(Ai\Ai)) ® 7 must be
a subquotient of

(ﬁ (505 @ 6™ g)) ) 5 (15 )

=1

where &(n;) are defined in the proof of Proposition 4.4 (we have shown that
this is the only term on the right hand side of (4.20) which can have § as a
subquotient). From this and Proposition 4.1, we get (i).
Now, we shall list some obvious properties of the segments that we have
considered.
1. Among the segments A; ﬂAi, Ai\Ai, 1 <4 < k, the only pairs of linked
segments are AiﬂAi, Ai\Ai when A;NA; # () (this follows easily from
the conditions on the segments A;).
2. 6(A;) = §(ANA;) x 6(A; N A;) (this follows from Proposition 9.5 of
[Z1] and Frobenius reciprocity).

From (1) and (2), we obtain

[ﬁ5(Ai)] X o= [ﬁa(Ai\Ai)} x [ﬁd(AmAi)] X0

i=1 i=1 =1
k
=1

where (Hle 5(A; N AZ)) X o = @?;17']- is the decomposition into a sum
of irreducible representations. Therefore, using (ii) of Theorem 4.9, we get
that each §(Aq,...,Ag,0), is isomorphic to a subrepresentation of some

(Hle 5(Ai\Ai)) x 7;. This completes the proof of the lemma.
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PROPOSITION 4.11. Suppose that A1, ..., Ap,0 and T are as in Proposi-
tion 4.4. Then,

(i) The multiplicity of (H§:1 5(AZ\A1)) QT in p* ((Hle 5(A1\AZ)> X 7')

and
k _ k _
Iy <(H6(Ai\Ai)> x <H6(Ai mAi)> X a>
i=1 i=1
1S one.
(ii) O6(A1,...,Ax,0); is the wunique irreducible subrepresentation of

(HL 5(AZ—\A1-)) T
(lll) IfTI ;% 7'//, then (5(A1, N ,Ak,U)T/ ;% 5(A1, N ,Ak,U)Tw.
PROOF. Let 3 =[], 6(A\A;) and
k k
v = <H 6(Az\Al)> X <H 6(A1 N AJ) X o
i=1 i=1
(note that § is irreducible). To prove (i), it is enough to prove that the

multiplicity of 3 ® 7 in p*(7y) is one (use Frobenius reciprocity). For n; > 0
compute:

M (8([" pj, ™ ps])) = (m@1) o (~ @m™) o s 0om™ (8([v"F pj,v™ py]))

— (m®1)o(~®m*)o ( S S g ™)) © (1, uaﬂ'pm)

aj;=mn;

=(m®1)o(~ ®m*)< > 6([w T pg, v ps)) ®5([Vaj+1pjaumjpj]))

Qaj=mn;

= >0 S pn v ) x (W py, v ) @ 8([°H g, v ).

aj=n; bj=a;

For n; < 0 we have

(4.24)  M*(5([v™ pj,v™ p;))) = M*(8(A;\A;)) = M*(8(A;))

= 3 S (g v ) xS (W g ™ o @S ([ g 1% ).

aj=-n;—lbj=a;
If n; > 0, then
(4.25)

M* (3([v™™ pi, v pi])) = (m@1) 0 (~ @m*) o som™ (§([v™"" pi, v™ pi]))
—mono(vamyos( 3 8ol © 60 )

—
ai=—n;—1
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=(m®1)o(~ ®m*)( S (v s vipi]) @ ([ i, V’“pi]))
al=—mn;—1
= Y > a(w s v pi)) x S i v pi]) @ 8([v T p, v ).
al=—n;—1b,=a
For n; <0, M*(6(0)) =1®1.
First consider the case n; >0 foralli=1,..., k:
(4.26)
k k
o) =u ((TL6W om0 )  (TTo0 o) )
j=1 i=1

k
H< S (v ps v pg]) x 8 g, v ™ ps])

1:=1 aj=n; bj=a;

xS (v pa]) x ([ i, v pi])

Sy 1 B —p!
a;=—n;—1b;=a;

® 6([* T pj, v ps]) x 5([Va;+1piavb;pi])) e

(see (5.2) for the computation of M*(A; N A;)). Suppose that 8 ® 7 is a
subquotient of some

<

k k
vey" =[111 (5([,/—%% v pg]) x ([P pj, v pi])

j=1li=1
—a o ikl ni
X O([v™% ps, ™ pi]) X §([v7 T ps, v pi])®

® ([ pj, % pj]) x 5([V“i+1puvbim]>> X 0,

where a;, a;j,a; and b; are as in (4.26). Since S ® 7 is a subquotient of v/ ®~",
3 is a subquotient of 4'. Then, supp(y’) = supp(S).

Choose i1 € {1,...,k} such that A;;, € A, fori € {1,...,k}\{é1}. Then,
supp(y') = supp(f) implies b;, + 1 < n;, + 1, since v™1Hp, is in supp(3).

Since n;, < a;; < by, < nyy, we get a;; = by, = ny,. Since v™1p;, is not
in supp(f), we have n;, < —a; and n;, < b +1 (ie. aj < -n; —1 and
ni, < b} ). This implies a] = —n;, —1 and n;, = b; . One continues arguing

as in the proof of Proposition 4.1 (consider supports), and gets that for all 4,
a; = bl = Ny, ag = —Nn; — i7 b; = N;. Then7 ’Y/ ®’Y” = (Hle 6(A1\Al)) &®
(Hle o(A; N Az)) x 0. Proposition 4.1 implies that the multiplicity of S®7 in

' ®~" is one. This finishes the proof of (i) in this case. The other case follows
in the similar way. Suppose for example A;; Z A, fori € {1,...,k}\{i1} and
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n;, < 0. Then we must have b;, +1 < —n;, (since v~ ™1 p;, is in supp(fF)).
Now —n;, — 1 < a;; < b;; < —ny, — 1, which implies a;;, = b;; = —n;, — 1.
There is no need to consider a;, and b}, since A;, NA;, = 0. We can deal with
the case of n; < 0 at any step in the same way, since the supports determine
the indexes (and we are subtracting supports). Therefore, we shall get again
the multiplicity one.

Lemma 4.10 implies that the representation 6(Aq, ..., Ag, o), is a subrep-

resentation of (Hle 4] (AZ\Al)) x7j, for some irreducible subrepresentation 7;

of (Hle 0(A; N AZ)) x 0. Frobenius reciprocity implies (Hle 5(AZ\Al)) ®
i < p*(6(Aq,...,Ag,0)-). Suppose T # 7;. By (iil) of Proposition 4.4,
§(Aq,..., A, 0); is a subquotient of (Hle 5(A1\A1)) x 7. This implies that

the multiplicity of (Hle 5(AZ\AJ) ® 75 in

/L* ((H 6(A1\Al)> X (H 6(A1 ﬂA”) X U)

would be at least two, which contradicts (i)). Therefore, 6(Aq,..., Ak, 0), is
(an irreducible) subrepresentation of (Hle 5(AZ\A1)) x 7. Frobenius reci-
procity and (i) imply that this is the only irreducible representation, which is
the claim of (ii).

Finally, one gets (iii) from (Hle 5(A1\AZ)) QT < p* (§(A1,..., Ak, 0)7)
(which follows from (ii)), and (i) of Lemma 4.10.

Note that we can also get (i) of Lemma 4.10 easily from (i) of the above
proposition.

Information about the Langlands parameters of the square integrable rep-
resentations 0(Aq, ..., Ay, o), (defined in Proposition 4.4) in the conjectural
local Langlands correspondence for the groups S, can be found in the sixth sec-
tion of [Mil] (at least for generic o). A number of information can be found in
other papers, for example [GrP]. One should look at these papers for more de-
tails. One can find in [GrP] a discussion of a precise form of the Langlands pa-
rameterization conjectured by D. Vogan ([Vol]), in the case of SO(2n+1, F).
There seems to exist naturally defined characters of the corresponding group of
components attached to the representations 6(Aq,..., Ak, o), (which should
exist by the Vogan description).

REMARK 4.12. (i) Suppose char (F') = 0. G. Mui¢ has proved that each
generic irreducible square integrable representation of the groups Sy is equiv-
alent to some of the representations §(Aq,..., Ay, o), introduced in Proposi-
tion 4.4 ([Mi2], Proposition 2.1; one can find there precise description).
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(ii) We constructed in [T4] square integrable representations which are not
equivalent to the representations constructed in Proposition 4.4.

(iii) C. Jantzen has pointed out to us an example of an irreducible square
integrable representations which does not belong to the square integrable rep-
resentations §(Aq,..., Ak, o) of Proposition 4.4 (the first of them shows up
for SO(13,F)). These square integrable representations are members of a
wider family of square integrable representations, which can be introduced
in a similar way as the representations 0(Ay, ..., Ak, 0), (and whose square
integrability can be proved similarly).

5. APPENDIX

In this appendix we shall present a proof of (i) in Proposition 4.1 which
works also if char (F') > 0.

PROOF (%) of in Proposition 4.1. We shall prove (i) by induction. Sup-
pose (i) holds for k£ (note that (ii) and Frobenius reciprocity imply that (i)
hold for & = 1). After renumeration, we can assume that Apyq € A; for
1 <i < k. Now, (ii) implies that for the intertwining algebra,

(5.1) dime (End((lﬁé(Ai)) X 0)) < 2FF1

Let 7 be any irreducible subrepresentation of (Hle 1) (Al)) x 0. Using
(1.4) and (2.1), we compute:
(5.2)
W (M) % 7) = M (5(A41)) 5 4 (7)
= M (8([v7+ prgr, v prya])) Xt (7)
— (m®1)0 (~ ®m") o5 0m*® (5([V~™ prr, v pra])) X (1)

MNk+1

=(m®1)o(~®@m")o S( Z S ppg, v preya])

apr1=—Ng+1—1

®0([ ™" prega,s V“’““pk+1])> X (7)

MNk+41

—manoven)( 3 A i )

apr1=—Nng+1—1

5 g ) ) ()
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Nk41 Nkt1
- ( Z Z S([™ " py1, V" prya])

ap41=—Ngy1—1bpr1=ar41

X SV pry1, V™ prga]) @ S([ ™ pppa Vb’““pkﬂ])) X p*(7)

From the above formula, we see that the multiplicity of §(Ag41) ® 7 in
1 (0(Agy1) ¥ 7) is 2, since 6(Agp11) ® T can come only from terms corre-
sponding to indexes ax4+1 = —ngs1 — 1, bgr1 = ar+1 = —nk4+1 — 1, and
k411 = Mgt1, bk41 = ak41 = Npy1 (consider the term v~ +1pp ¢, which
cannot come from p*(7)). Using the same type of analysis as above and
the inductive assumption, we see that the multiplicity of §(Axi1) ® 7 in

" ((Hf:f 5(Ai) . a) = M*(6(Apsr)) X p* ((HL 6(Ai) . a) is two.
Note that the inductive assumption and (5.1) imply that for the proof

of (i), it is enough to prove that §(Ag41) x 7 reduces. Suppose that it does
not reduce. We know 6(Agy1) x 0 = ¥y @ Uy, for irreducible ¥; and Us.

Therefore, §(Apt1) X 7 < (Hle(é(Ai)) x W for some ¥ € {¥,P¥y}. This
implies that the multiplicity of §(Ag4+1)®@7 in p* ((Hle(é(AZD X \IJ> is two.

Now, in the same way as (5.2), we gt
M*({f[lﬂﬁi)} X ‘Ifz') = [f[lM* (5(Ai))} Xt (W) =
(5.3) :[ﬂ [ i i S([v=% pi, v pi]) x

i=1 ~a;=—n;—1b;=a;
<O i) 0 80 M) | ().

Frobenius reciprocity implies that the multiplicity of 6(Ag+1) ® 0 in sgr(¥;)
is one. This and (5.3) imply that the multiplicity of 6(Ag+1)®7 in (5.3) is > 1,
for ¢ = 1,2. Using the first part of the proof, we get that the multiplicity must
be one. This implies that the multiplicity of 6(Ag41) @ 7 in p* (6(Ag41) X 7)
is < 1. This contradicts the multiplicity of 6(Aky1) ® 7 in (5.2). Thus, (i)
holds. O
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