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PERIODIC SOLUTION OF A FIRST ORDER NONCOVEX
HAMILTONIAN SYSTEM
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ABSTRACT. The first order Hamiltonian system is considered with
T—periodic Hamiltonian that is sub-quadratic at infinity. Two kinds of
sub-quadraticity are considered. The existence of T—periodic solution is
proved using variational methods.

1. INTRODUCTION AND MAIN RESULT

In this paper we shall consider a Hamiltonian system
(H) 5= JH.(t,2)

where J(z,y) = (—y,x), for all 2 = (z,y) € RY x RV, and H € C'(R x
R?N:R). The prime denotes the derivative with respect to the variable z.
We suppose that the Hamiltonian H (¢, z) is T-periodic in time, i.e. H(t+
T,z) = H(t,z),t € R,z € R?N and sub-quadratic at infinity in the following
sense:
There exist 7,61, 02, p positive real numbers, 0 < ©; < O, 1 < p < 2,
and % > %, such that for all |z| > r > 0 we have (uniformly in t):

(H1) [H'(t,2)] < O2l2P7,
and
(H2) O1)2|P < H'(t,2) - 2.

Here we prove the following theorem:

THEOREM 1. Assume (H1) and (H2). Then (H) has a T-periodic solution
obtained as a critical point of the functional VU(z) defined by formula (2.1).
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The resonant case, when the Hamiltonian H is of the form

k
H(t,z)=H(t,z) — §|z|2, k>0,

where H satisfies conditions (H1) and (H2), is considered as well. Then:

THEOREM 2. Assume that k < 1 and let there exist a natural number
l € N such that lg—: € N. Then, equation (H) has an [T-periodic solution.

Theorems 1 and 2 are also proved under the weaker conditions (H1’),
(H2’) and (H3) introduced on page 112. For the convenience we rewrite them
here:

H'(t
(H1) lim sup % =0 uniformlyont € R;
|z|—o00 z
H'(t,2)z
(H2") — >0,
|H'(t, z)| 2]
outside a ball of radius r > 0 uniformly in ¢, and
(H3) |H'(t,2)||2] = 8> 0,

for |z| > 7 > 0 uniformly in time.
Let us point out here that in [8] we proved the existence of T-periodic
without the hypothesis (H3), using the topological degree.

2. SOME BASIC PRELIMINARIES

A natural, and widely used approach to solvability of the problem (H) is
to consider the functional

T T
(2.1) U(z) = %/0 —J,é-zdt—/o H(t,z)dt

defined on the Hilbert space E := Hl/Q(O,T;RQN) of T-periodic functions

per
from R to R2Y of class C!, with the norm

1/2
2l = (%Z el VI |n|2)

ne
induced by the scalar product
(z,0)g = 2772,2" “vpV/ 14 |nf2
ne

Here vy, z, € R?Y are the Fourier coefficients of the expansion

(2.2) z= Zznei”%ﬂt.

and 2, - v, denotes the scalar product in R?". The norm on R?" is denoted
by | - |. The space E is continuously embedded in L? for all p > 1.
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Let us introduce the following notation:

E" = span{ei"%ﬂt},

E- = span{¢'"F!|n <0},
EO — RQN

ET = span{ei"%ﬂt | n > 0}.

where n € Z. Then
E=E oE'@E"
is an orthogonal decomposition of E.

The elements from (E°)+ will be denoted by u and these functions co-
incide with elements of E' having zero mean. Each function z € E can be
written in the unique way as

zZ = u+m
= u +m+u’
where u* € E* u=ut +u~, and m € EO.
On the space £~ @ E™ we shall introduce the equivalent norm

1/2
el gore = (27r S ol |un|2)

neZ
n#0

and the equivalent scalar product
(W, V)12 =2m Z [n |y, - vy
nez
n#0
Functional U is Fréchet differentiable on E and ¥'(z) has the form

V'(z)=Lz— K(z)

where
T
(Lz,v)gp = / —Jz-vdt
0
= 27 Z NZp * Un
nez
n#0
and

T
(K(2),v)p = / H'(t,2)vdt, forallve E.
0

Moreover, L : E — E is self adjoint, ker L = E® = R?¥, and the restriction
L/p-gp+: E- ® Et — E~ @ E* is invertible with continuous inverse. The



104 L. CAKLOVIC

spectrum of L is

The numbers A, = W, n € Z, n # £1 are eigenvalues of L and the
corresponding subspaces F,, have dimension 2N.

Because of (H1) the operator K : E — FE is uniformly continuous on
bounded sets in E in the sense of Krasnosel’ski. Moreover, being derivative

of a weakly continuous function it is compact.

3. PALAIS-SMALE-CERAMI CONDITION

Let us derive some elementary but important facts about L and the be-
haviour of H (¢, z) at infinity.

LEMMA 1. For all z € E we have

T
(33) | =Tz st = e =
T
(3a) / —Jz-utdt = ||u+||§ll/2
0
T
(3b) / —JZ-u dt= —||u_|\§{1/2
0
PROOF. The derivative of function z has expansion
. 27 . int
Z = — inzpe' T
T‘nGZ

obtained from (2.2). Then,

. i 21
—JZ — T nzne”th,
nez
T
21w
/ —Jz-zdt = TZTTL|ZH|2
0 nez

and because of z = u~ +ut, we have

T T T
/ —Jé-zdt:/ —Jif~u_dt+/ —Jut uTdt
0 0

0
= 21 ) Inllzal’ =27 Y Inf|zaf?

newz nez
n>0 n>0

= lwF e = ™72,
which proves formula (3.3). Formulas (3a) and (3b) follows immediately using
the same technique. O
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LEMMA 2. Let us assume (H1) and (H2). Then, there exist real numbers
C1,C5 such that for allt € R and z € R™

(34) C’1—|—%|z|p SH(t,Z)SOQ+%|Z|p, Ol,OQGR

PROOF. To prove this, put s = |z|,29 = z/s. Then

H(t,szg) = H(t,rzo)+/ H'(t,720) - zod T
°1
> H(t,rzo)—i-/ —O1|720|PdT
. T
P P
> inf {H(t )} - 2 O
|z|<r p p

tER

which proves the left-hand inequality. In the same way one can prove the
remaining part. O

LEMMA 3. Assume that H(t,z) satisfies (H1) and (H2). Then ¥ satisfies
the Palais-Smale-Cerami condition in the following sense: If (z,) C E, n € N,
is such that

(3.5) {\If(zn) is bounded and

1%’ (zn) [ [ 2nll 2 — O
then (z,) has a convergent subsequence.

The sequence which satisfies (3.5) is called the PSC-sequence.

PROOF. 1% step: (z,) is bounded in LP-norm.

By the assumption ¥'(2,)z, =: €, — 0, which can be written in the form

T T
(3.6) / —J % - zp dt — / H'(t,2,) - zn dt =&, — 0.
0 0

On the other side, boundedness of ¥(z,) can be written in the form

1 T T
(3.7) —C< 5/ — T - 2 dt — / H(t,z,)dt<C, CEeR
0 0

and consequently:

1 /T T
—C§5n+§/ H’(t,zn).zndt—/ H(t,zp)dt < C
0 0



106 L. CAKLOVIC

where €,, — 0 and it can be omitted in the above formula by the appropriate
choice of C'. Using the left-hand inequality and (3.4) we have

(S]] 1 (T
—Ct Dzl < - / H (1, ) - 2 dt

p 2 Jo

1 T

< —/ (O2|2,|P + O2rP7 |2, | ) dt

2.Jo
(SP}
< 5 lelze + Clizallze
where C' is a generic constant. Finally,
©:1 O
(5 - 5 MzallLe <€+ Clizallzr.

Hence, we have proved the first step since % — % > 0.

284 step: [|ut || g1/2 is bounded.

Using the assumption that z, is PSC-sequence, it is easy to prove that
U’ (2p,)u converges to zero too, which can be written in the form

T T
/ —Jz'n-u:{dt—/ H'(t,z,) -ub dt =: ¢, — 0.
0 0
But, using the definition of H'/2-scalar product we have

T
/ Tt dt = | [P,
0

which implies that

T
Il 20 < ent / (OslznP~t + O)u | dt

T T
< et [ Gafal uflare [ Cluflar
0 0
p—1 1
T » P T p
< e, +6, /(|zn|1’—1)ﬁdt /|uj;|1’dt +
0 0
T
+/ Cluyy | dt
0
< C+ Ozl ! e + C ) || ze

where C' is a generic constant. The previous inequality and the embedding
H'Y? < LP imply that there exists a constant K > 0 such that |ju;} || <
[ |1 /2 and

laf 32 < O+ @2k |lzallts it vz + KC Nt | e,
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The boundedness of ||u;}|| g1/2 now follows from the boundedness of ||z,||L»
proved in the first step.

3'd step: |luy, || g1/2 is bounded.

Because of lemmas 1 and 2, inequality (3.7) implies that
1 1, r e
~0 < Sl = 3l s = [ (C+ e

and
Lo e L2 P
iHun 72 <CA+T)+ 5”“71 712 — —llznll7s-
The right-hand side of this inequality is bounded by steps one and two.

41 step: Conclusion

From orthogonal decomposition z, = u,, + m, + u,; we have
lenll =l I + Tlmal® + sy -

The norms || - ||g and || - || g1/2 are equivalent on E~ & ET and |m,,| is bounded
because | zp||r» is bounded and (my) is contained in a finite-dimensional
space. This implies that ||z,|g is bounded. If z, — 0 we have nothing
to prove. Otherwise, ¥/(z,) — 0. Then using the fact that Lz, = Lu, and
since the restriction Lo = L/g-g g+ is invertible we obtain

Louy, — K(z,) = ¥'(z,) — 0,
U, = Ly'W'(z,)+ Ly K (zy,).

The right-hand side has a convergent subsequence because K is compact and
(zn) is bounded in E. Hence (u,) has a convergent subsequence. The sequence
(my,) is also bounded and, passing eventualy to a subsequence, we have the
conclusion because z, = u, + my,. O

4. PROOF OF THEOREM 1

The decomposition of the space E below allows us to use the theorem of
Benci-Rabinowitz in the Appendix. The functional ¥ is of the form ¥(z) =
1(Lz,z) — K(z) where L: E — E is a self adjoint linear operator and K (z)
has compact derivative. Let us consider the orthogonal decomposition

EF=F & E,
where F1 = R?2Y @ E~ and E, = ET.

On E; we have ¥(z) — —oo when ||z]|p — +o0.




108 L. CAKLOVIC

To see this take z € F;. Then,

W) = gl s - /th

IN

——Ilu o = el - T
H1/2 D

If z € E~ this conclusion is immediate, while if u € R" this follows from the
fact that all norms on a finite dimensional space are equivalent.

W is coercive on Es, i.e. ¥(ut) — +oo when ||u™| g1/2 — +o00.

To prove that we use lemmas 1 and 2 to conclude that

1 (T T
U(ut) = = —Jut utdt— H(t,u")dt
2 0 0

1 T
2 0
1 O,

> §||U+||§11/2 - CoT — ?HUJFHE

Now let us recall the fact that the space H'/2? is embedded into L?, p > 1,
and that ||ut||zr < K||ut||g1/2 for some K > 0. The consequence of this is

oK

1
Stz = w2 — OO T < W(u™)

which proves the coercivity of ¥/ g+ because 1 < p < 2. Now the conclusion
follows from the theorem of Benci-Rabinowitz.

5. THE RESONANT CASE

In this part we shall consider the Hamiltonian of the form
- k
(5.8) H(t7z):H(t7z)—§|z|2, k>0

where H(t, z) satisfies conditions (H1) and (H2). Equation (H) can be written
in the form
—Ji+kz=H'(t,2),

and the associated functional ¥, : E — R is
1 (7 1 (7 T
(5.9) Up(z) = 5/ —J,é-zdt—|—§/ k|z|2dt—/ H(t,z) dt.
0 0 0
Evidently,
[ 1, _ k. o T
(5.10)  Wi(z) = gllu sz = Sllw” sz + 5 lzlze ~ | H(t,z)dt.

which follows from lemma 1.
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Let us investigate some basic properties of the linear operator Ly : £ — E
defined by

T
(5.11) (Lpz,v)p = / (=Jz+ kz)v, z,v € E.
0
We shall assume that

T
(5.12) k— =K e N.
2

Obviously, Ly : E — FE is self adjoint, ker L, = E~% = span{e*iK%ﬂt}, the
restriction Lk/(E—K)L is invertible and the spectrum of Ly is

(L) = {M Ine z} U{=1,1}.

L+ [nf?

LEMMA 1. If we assume (5.12), then Wy, satisfies the Palais-Smale-Cerami
condition.

PROOF. The idea of the proof is the same as that of lemma 3. Let (z,,) C

E be a sequence such that

(5.13) {l‘I’k(zn)l < C and

W% (zn) | &l 2nll 2 — O

15 step: (2y) is bounded in LP-norm and in L2-norm.

The same calculation as in lemma 3 gives
1 /T . T
—C<en+ 5/ H'(t,zn) ~zndt—/ H(t,z,)dt <C,
0 0

where e, — 0, and the boundedness in LP-norm follows. Boundedness in
L?-norm follows from the embedding LP «— L2, for p < 2.

284 step: |lut||g1/2 is a bounded sequence.

W) (zn)u,b is convergent because
0 < Wy (zn)uy | < W5 (zn) | 7 2nllE — 0.

This means that

T T
/ Lkzn-u:{dt—/ H'(t,2z,) - ub dt =: &, — 0.
0 0
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On the other hand we have the following expression for (Ljz,v)p:

T
(Lxz,v)g = /Lkz-vdt
0

T
/ Liz-vdt
0

= 27 Z (n+ K)zp - vn.
n#—K

If we use it in the above formula we obtain

T
27 Z (n+ K)|z,|? zan—i—/ H'(t, z,) - ul dt,
0

n#—K
n>0

and

2 T
||u:[|\%p/2+%KZT|zn|2 gn—l—/o H'(t,z,) - ul dt;

n>0

T
laf 2o + klud 22 = ent / (1, 20) - dt.
0

Using (H1) and repeating the same arguments as in the ond

we finally have

step on page 106

-1
[ e + kllwf i < O+ Cllwtllare + COlznllyy ud 2,

where C'is a constant such that supe,, < C. Using the imbedding H'/? «— L?
the conclusion follows.

3* step: |luy, || g1/2 is bounded.

Ui (zn) is a bounded sequence which implies that

1 (T T
C < —/ Lkzn-zndt—/ H(t,z,)dt
2 Jo 0

1 1, _ k 0,
< §||U:§||§11/2 - 5”% 31/2 + §||Zn||2L2 - CiT - ?HZnHZim

where ©1, C; are the constants from lemma 2. Since |[u;} || g1/2, |20 |22, || 20| Lr

are already bounded we conclude that |lu;, || z1/2 is bounded.

40 step: Conclusion

We can write 2z, = ujf +my, +u; = uf +m, + 2, % + 4, where uf € EF,
my, € B 278 ¢ E7K 457 € E-\ E7¥ and u;, = 2, % + 4, . The spaces
E~X and E° are finite dimensional and all the norms on finite dimensional
spaces are equivalent. As (z, %) and (m,,) are bounded sequences in LP-norm,
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they are bounded also in E. Finally, (z5,) is bounded in E. On the other hand
U (zn) — 0,

U (2n) = Liin — K(2n) € E'

where K is a compact operator and the restriction Ly = Lk/(E—K)J_ is in-
vertible. Then

2y = LW (2) + Ly ' K (20),
which implies that (2,) has a convergent subsequence. The sequence (z,, %)
also has a convergent subsequence because it is a bounded sequence in a finite
dimensional space. Therefore (z,,) has a convergent subsequence. O

6. PROOF OF THEOREM 2

Let us denote Ty = {T. Then H and H are T;-periodic and we can apply
previous considerations to Ti-periodic functions. Put K = ]“2% Then K € N
and

T
U T L E 2, - lfl t,z)dt
k(2) = Sl e = Slu™ e + 51207 (t, z) dt.
2 2 2 0
where we have used the same notation i.e. H'/? in the context of T}-periodic
functions. From lemmas 1 and 2 we have inequality
sllut ez = gllu™ 3. + 5ll2l72 — CoT — 2|27,
< U(2) <
sllutlla = gllu™ 70, + 5112072 — O T — SHl2|7,-

This inequality suggests to decompose the space into the orthogonal sum
E = E, @ E; where By = E~ and Ey, = E° + E*. Now, the following two
claims are easy to prove:

1. Wy is coercive on Es, i.e. ¥y(z) — 400 when ||z|| — +00,z € Es.

2. Ui(z) — —oo when ||z||g — 400, z € Ey

The first one is evident because p < 2, and the second requires some
technical calculations. Recall that for u € E~ @ E1 we always have ||ul[z2 <
||| gr1/2. So, for any u € Ey there holds

_ 1, _ k., _ 01, _
Ui(u™) < =gl e + 5l II%2—01T—7HU [

1 _ O, _
< 5(/‘? —Dfu” 312 — CiT — ?HU 7
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Here k < 1 and the last expression evidently tends to —co when ||u~| — +oc.
If u € ker Ly = E~X then

©
Tiu) < ~O0T = =Hu,

which implies that Uy(u) — —oo when |lul|L» — +o00. It should be noticed
that E~% is finite dimensional and all its norms are equivalent. So, ¥y, (u) —
—oo when |Ju|» — +00, what we wanted to prove.

To finish the proof of the theorem let us point out that we are exactly
in the situation described in the saddle point theorem (theorem A2 in the
Appendix). O

COROLLARY 1. Assume that Hamiltonian system (H) is autonomous and
H satisfies (H1) and (H2) for some 0 < k < 1. Then, (H) has a T-periodic
solution for any T > 0 of the form T = %n, n € N.

PROOF. We can choose T > 0 such that 1 = %T Theorem 2 gives the
existence of nT-periodic solution for all n € N. O

7. RELAXED SUBLINEARITY
The conditions (H1) and (H2) seems to be quite restrictive and that there
is still enough room for relaxation. A weaker form of sub-linearity is that

[H'(t,2)]

||

(H1) lim sup

|z| =00

=0 uniformlyont € R;

From dynamic point of view one expects periodic solutions to appear as
a consequence of attractive force, attractive at least outside a ball centered
at the origin. If F(q) is a force at position ¢ € R™ then the force is attractive
at q if it satisfies

o T (q)
lq| [F|
for some « > 0. A slight generalisation of this condition is
H'(t,z) 2
(H2) L= >a >0,
|H'(t, 2)] |=]

outside a ball of radius r > 0 uniformly in .

Another reasonable dynamic condition is that the force should not vanish
at infinity. The condition |F'| > § > 0 outside some ball seems to be too
strong. A weaker condition is |F||g| > 6 > 0 outside a ball. Still weaker
condition is

(H3) |H'(t,2)]|z| > B8 >0,

for |z] > 7 > 0 uniformly in time. A Hamiltonian that satisfies conditions
(H1) and (H2) satisfies also (H1)’, (H2)’ and (H3) with § = ©/06s.
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We want to prove the existence of T-periodic solution of hamiltonian
system (H) with new, relaxed conditions. The first step in that direction is to
prove that functional ¥ : E — R defined by (2.1) satisfies the Palais—-Smale—
Cerami condition. If we have inequality of the form

(7.14) [t oo < S| + 7, 0<d<1

where z, = u, + My, fOT Unpdt = 0, m,, € R?YN for a PSC-sequence u,,, then
we could prove the Palais-Smale condition for ¥ using the same technique as
in [7].

LEMMA 1. Let (z,) C E be a PS-sequence that satisfies (3.5). Then
(7.15) [unl a2 < 8lmn| + 7,

2eT1/2

1—2¢’
is arbitrarily small.

where 6 = e > 0 andy € R. Moreover, € can be taken such that § < 1

The passage from inequality (7.15) to inequality (7.14) is ‘not possible’
because the space F is not included in L*°. At the moment it seems that the
best we can prove is the inequality

(7.16) [unllLe < 8lmn| + 7, 0<d<1,

for 1 < p < +o00, but this inequality is still not sufficient to prove PSC-
condition.

PROOF OF LEMMA 1. Because of (3.5) we have
<‘P/(Zn)7U?:>E/,E =:,—>0 n— 400

This means that
T T
/ —Jén-u:;dt:/ H'(t,2,) - ulb dt + .
0 0

Condition (H1’) is equivalent to the following one
(Ve >0)(3C. € R) such that |H'(t,z)| <elz|+ C. uniformly in ¢.

Using this on the right-hand side of above equality and formula (3a), Lemma
2, on the left-hand side we obtain

T
[wf 32 < Jo (elen] + Coluildt+ en
<ellzall 2 lluflle + CeT2|uf || + en
<e (llunllzz + T2 mal) fufllze + CTV 2wt ||z + en

< e (Nunllze + T2 mnl) lluf oz + CTV2|uf | e + en,
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where we used that for u € E,

21 Z ||

nez
n#0

20" Il un

n#0

lullZ:

IN

= JullFe
Using the triangle inequality |[un||g1/2 < [Jw)l || g1z + |Ju;, || g1/2, after rear-
ranging we obtain

(L= )lluf 312 < ellug vzl e + T2 elmal + Co)llu s + en,
and in the same way

(1= el 1372 < ellug szl e + T2 (elmal + Cellug iz + en
The second inequality follows from

(W' (zn), —uy,

n) =¢€n — 0, n — +o0.

Summing up both of them we obtain
(1= &)(lun 12 + w1 Fa/2) <

2ellur, szl v + T2 (elmn] + Ce) (lust e + llug l[pr172) + 220,

Using the notation oo = |luy, || g1/2, 8 = ||u;f || g1/2, & = a+ 5, and the inequality
(a+ B)% < 2(a? + 3?) we have

E-9@+8? < ra+p?—c+p?

<
2 = 2

< ?+ 3 —c(a+B)?

< TY2(elman| + C) (o + B) + 2¢,,.

If we take € < % and use the inequality ¢ < BHV/B°+44C ﬁ% < % +4/ % whenever
A€?2 < BE + C where A, B, C are positive, then,

2(e|my| + C.T*/? o deyp )i/2

7.17 0<€<
( ) S 1-2¢ 1-2¢
or , ,
2eT1/? 20.TV? 4 2./, (1 — 2¢)1/2
<¢E<L
Junllsers < € < 22— fma] e

which proves the lemma. O

To prove inequality (7.14) one needs a relation between || - || L~ norm and
| - [z norm (or || - || g1/2 norm). The continuity of L1 in this pair of norms

is just what we are looking for. Here is a slight generalisation of required
inequality.



PERIODIC SOLUTION OF A NONCOVEX HAMILTONIAN SYSTEM 115

LEMMA 2. Let us assume (5.12). Then, for each 2 € (E~¥)L we have

(7.18) 12l <4/ 15 HLkZIIL2

PROOF. Let z = Z Zn ¢ " he the Fourier expansion for 2. Then
n#—K
5 2m in2tt
Lkz:T (n+ K)zpe'" T,

nez
n#—K

en hence

. ot 1/2
ILkzlee = = (D (ot K)Plaf?)

n#—K
|2(t)] < Z |2
n#—K
= In + K| |zn|——=
P A
1/2 1 1/2
= (X m+EPl) (X o)
n#E—K n#—K (n+K)
T T1/2
= Z5 gy Il
Tl 2 R
= = |LZl2. O

243 |
In the special case when k = 0, we have Ly = L and inequality (7.18) can
be rewritten in the form |lul|p~ < \/&|Lufz2 for all u € E such that

fOT u(t)dt = 0. Inequality (7.14) is now a consequence of this inequality,
lemma 1 and the fact that the constants § and « in (7.14) do not depend
upon n. O

LEMMA 3. Assume that conditions (H1’), (H2’) and (H3) ere satisfied.
Then ¥ satisfies the PSC-condition.

PROOF. We repeat the proof given in [7] without going to the details.
First, we prove that

(%) H'(t,z) -m > const >0, for |m| big enough,
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where m = £ [ z(t)dt is the constant part of z. Because of (H2’) and (H3)
we have

H'(t,2(t)) -m = H'(t,2(t)) - (2(t) — u(t))
H'(t,2(t)) - 2(t)  H'(t,2(1)) - u(t) )

= [H'(t,2(1))||=(0) <|H’(t,z(t))||2(t)| I CEOIEC]
Ju(®)|
25(“‘ |z<t>|>'

Now, using (7.14) we can write
[2(0)] = (1 = 8)|m| =,

for |m| > R > 0 and R big enough (recall that 0 < § < 1). Using this a priori
bound we get

|u(®)] 8lm| +~
@O~ m|(1-6)—~
__6+9/Im|
(1=0)=~/Im|’

and the expression on the right hand side can be made less than & when

2
|m| — +o0. This proves (x).
Let us suppose now that that (z,) is PSC-sequence. Then,

(7.19) 19" (zn) | - [l ]| = .

On the other side we always have inequality
1l ol = | [ 1t 2) ]

We want to conclude that ||m,]|| is bounded. If not, then, for R big enough
and |m,| > R > 0 the right hand side of above inequality is bounded bellow
by a positive constant, because of (%), which contradicts (7.19).

Till now we have proved boundedness of |m,,| and boundedness of |z, (t)].

To finish the proof we should follow the same arguments as in the 4th step of
the proof of lemma 3. O

Now, it is easy to see that theorems 1 and 2 remain true also under relaxed
conditions (H1’), (H2’) and (H3).

8. APPENDIX

Let ¥ € CY(E,R). We say that ¥ satisfies the Palais-Smale-Cerami
(PSC) condition in an open interval («, 3) C R, if for any ¢ € («, 8) and any
sequence (u,) C E such that U(u,) — c and || (up)|| ||un|| — O there exists
convergent subsequence of u,, .
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This definition is a slightly generalized version of (PS)—condition where
the precompactness is required for a wider class of sequences (u,,) for which
U(up) — ¢ and ¥ (u,) — 0.

The following result, known as Deformation theorem, plays an important
role in the study of critical points. We shall state a simplified version that is
still sufficient to prove the existence of critical points.

THEOREM A1l (Deformation theorem). Suppose that ¥ € C'(E,R) satis-
fies the following assumptions:

(U1) W(u) = 3(Lu,u) — b(u), where
(i) L is continuous self-adjoint operator on E;
(ii) b€ CY(E,R) and b is a compact operator.
(U2) E =@E) where E)’s are eigenspaces of L of finite dimension.
(¥3) U satisfies (PSC)-condition or (PS)-condition in R.
Given ¢ > 0, if ¢ is not a critical value of U, then there exist constants
€ >¢e >0 and a homeomorphism n: E — E such that
(a) n(\I}C-‘rE) C \IJC_E,
) nu)=u Yug ¥ (c—¢&c+2]).
Moreover, n can be chosen to be of the form
(c) n(u) = e*u+ K(u),
where « : E — R is a continuous linear functional and K compact, and such
that all n’s of the form (c) form a group, which we denote by G.

The proof of this theorem is technically quite complicated and it is given
in [3].

THEOREM A2 (Benci-Rabinowitz). Let us suppose that ¥ € C'(E,R)
satisfies (¥1), (¥2) and (¥3) and

E=WeV (orthogonal sum)

is a decomposition of E into the sum of two L-invariant subspaces. Further-
more, assume that

(i) ¥(w) — —oo when ||w| — +oo,w € W;
(ii) The restriction W/V is bounded from below.
Then ¥ has a critical point u € F.
PROOF. Let R > 0 and @ = {w € W | |lu|]| < R} be such that
sup ¥(0Q) < inf U(V).

This is possible because of (i) and (ii). Then @ and V intersect with respect
to Gag (the subgroup of G that leaves 0() fixed). A number

c= geiggQ sup ¥(g(Q))
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belongs to interval [inf ¥(V'),sup ¥(Q)]. We claim that ¢ is a critical value of
V. Assuming the contrary, according to Deformation theorem, there exists a
homeomorphism 7 : E — E and &€ > € > 0 such that

p(WEte) © gee
n(u) =u for u & V(e — & ¢+ &]).
By the definition of ¢ there exists h € Gpg such that
sup ¥ (h(Q)) < c+e.
Then n o h € Gag because u € 9Q = n(h(u)) = n(u) = v and

sup ¥(n(h(Q))) <c—e,

which contradicts the definition of c. O
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