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AN IMPROVED INEQUALITY FOR k-TH DERIVATIVE OF
A POLYNOMIAL

V. K. JAIN
I. I. T., Khavagpur, India

ABSTRACT. For a polynomial p(z) of degree n, we have obtained
(k) < nn-1)(n-2)....(n—k+1) [ 1 .
P (8)] < e |3 {Ip(8)] + max lp(5=)1}+

1
(1= gebr) max [p(8b0)l] 8 #0 & k> 1,

a refinement ot the well known Bernstein’s inequatily

ma [p)(2)] < n(n = 1)(n = 2) - (0 — b+ 1) max [p()],

=] =]

2145 220unns , 2n being the zeros of z™ 41 and b1, b2, ..., b2y, the zeros of 221,
The inequality is sharp.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let p(z) be a polynomial of degree n. It easily follows from the well known
Bernstein’s theorem [3] that
n
1.1 max |p/(2)] < = max |p(z)|, R > 0,
(1) ma [1/(2)| < 7 max ()
with equality in (1.1) for p(z) = az™. On applying inequality (1.1) again and
again, we get

S De(n—k41
(1.2) g}gglp(“@)l < el R(: - )g'lgglp(z)ly R>0&k>1,

with equality in (1.2) for p(z) = az™.
We have been able to improve the inequality (1.2) and obtain a new
inequality, which is sharp. More precisely, we prove
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THEOREM 1.1. Let p(z) be a polynomial of degree n. Then

(k) < nn—1)..(n—k+1) 1 .
p9(8)] < et (55 (98] + s (320}
1
(13) + (1 g ) g, BOROLO A0, & k21
where 21,29, ..., 2y, are the zeros of z" + 1 and by, bs, ..., ba, are the zeros of

22 — 1. The inequality is sharp and the extremal polynomial is p(z) = az™.

2. LEMMAS

For the proof of Theorem 1.1, we require the following lemmas.

LEMMA 2.1. Let p(z) be a polynomial of degree n and z{, 2y, ...,z be the
zeros of 2" +a, a # 0. Then for any complex number B such that ™ +a # 0,
we have

n "

/ _ ng" ! a+p" 7 Zi
(2.4) p'(B) = a+ ﬂnp(ﬂ) + na ;p(zl ) (2! = 3)?

1 — 2! B nB"
(2.5) Z (Z;/ _ 5)2 - (B + a)2'

This lemma is due to Aziz [1].

LEMMA 2.2. Let p(z) be a polynomial of degree n. Then

2.6 / < b
(2.6) max [p(2)] < n max |p(be)l,
where by, bs, ..., by, are as in Theorem 1.1.

This lemma is due to Frappier, Rahman and Ruscheweyh [2].

LEMMA 2.3. Let p(z) be a polynomial of degree n. Then for s > 1 and
16l =1,

@) OOl < ST E) ¢ max e l))),

2 1<m<n—s+1
where uy,u, ..., uy, | are the roots of

(2.8) 2 4 =0
a= ei'y(n—s-i-l)
and

v =argf3
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PrROOF OF LEMMA 2.3. As
B a4,

we have on applying Lemma 2.1 to the polynomial p(6=1(z),

(n—s+1)"" ()

P (B) = oy (8)
n—s+1
gt +a { (s=1)(, Uy,
o —m
(n—s+1)a mZ::l P (tm) (u!, — B)?
which implies
—s+1 9 n—s+1 o
2.10 (s) <D TET - - - __m
@210) bOE) <O+ g O
(5=, y = P81 o
L ax [P ()| = ———— 1P (B)]

2 n—s+1 u, 6 ( 1)
- _mr= s— /
Tt 2 g s e T )

1<m<n-—s+1

n—s+1
fn_5+1 (s—1) 2 ’U,;nﬂ
max [p©~ D (ul, )],

1<m<n—s+1

’

as 7(1;@%)2 is a negative real number for m = 1,2,...,n — s + 1. Now by the
second part of Lemma 2.1, (2.10) can be written as

(1) ) (n — s+ 1)26n—s+1a
|p (ﬂ)H—n—s—l—l{ (6n—s+1+a)2

(=1 y = PSS
Lo max [P~ (un,)| — I (B)]

2 1
= _ 1)2= (s=1)¢, 1
n—s+ 1(n s+1) 4 1§mH§1%)Es+1 P (10|

n—s+1
2

P (B)] <

and this completes the proof of Lemma 2.3.

3. PROOF OF THEOREM 1.1

Let
(3.11) T(z2) = p(B2).
Then
(3.12) |¢“wnzﬁ%uﬂwm
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Now by Lemma 2.3, we have for k > 2.

n—k+2
2

(313)  |[TW()| < {TEVW+ | max (T (u)[}

<m<n—k+1
where 1, ug, ..., Upn_g41 are the roots of 2" **1 41 = 0. Again by Lemma
2.3, we have

n—k+2 - -
——— (7% D)+ max  |[T®D(w;)]},

(k—1) <
(3.14) |T (1) < B 1<j<n—k+2

where wy,ws, ..., W, k12 are the roots of 2" ~%+2 4+ 1 = 0. Combining (3.13)
and (3.14), we obtain

n—k+1ln—~k+2

TP < 2 TR 1))+
2 2 lﬁjglnafkw I (w;) |+
—k+1
DL ax TR (u)].
2 1<m<n—k+1

Continuing similarly, we obtain for k£ > 2

—k+1n—Fk+2
TR < F g ST
n—/;+1n_§+2...glrg%xn|T(Zi)|
— ]; - ]; = 1<j Skt 7" (wy)]
(3.15) + H_TM <m ekt 5D ()

where z1, 2o, ..., 2, are the roots of 2 +1 =0, x1,xs, ..., x,_1 are the roots of
2" 14+ 1=0,dy,ds,...,dy_o are the roots of 272+ 1 =0, and so on.

Now, by Lemma 2.2 and Bernstein’s theorem [3], we have from (3.15), for
k>2

n

2

n—k+1ln—~k+2 n
2 2 2 1<i<n
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n—k+1ln—k+2 n—1

2 2 5 ", TGl
n—k+1ln—-%k+2 n—2
5 5Ty (n—l)nlggnIT(bt)I
n—k+1ln—~k+2
5 5 (n—k+3)---n max [T(b)]
n—k+1

n—k+2)(n—k+3)---n max |T(b)]

2 1<t<2n

= (0= k41— k+2) -+ (= Dalge {IT0)]+ mas [T(:0)]}

(3.16) +(1—2k—1_1) max

a
1<t<2n

|T'(be)]

Further, for £k = 1, we have by Lemma 2.3

(3.17) T'(W)] < FUTO)] + max [Tz},
On combining (3.16) and (3.17), we get for k > 1
(3.18) 7™ (1) < (n—k+1)(n_k+2)...n[2ik{|T(1)|
(3.19) + max |T()[} + (1 = =) max |T(b)]]
which, by (3.11) & (3.12), implies
B20) OB < g —k+ D= k2l p(9)
1
(3.21) + max p(Bzi)[} + (1 = =)  Tax Ip(Bbe)]]

thereby proving Theorem 1.1.
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