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SYMMETRIC (66,26,10) DESIGNS HAVING Frobss AS AN
AUTOMORPHISM GROUP
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ABSTRACT. Up to isomorphism there are three symmetric (66, 26, 10)
designs with automorphism group isomorphic to Frobss . Among them
there is one self-dual and one pair of dual designs. Full automorphism
groups of dual designs are isomorphic to Frobss, and full automorphism
group of the self-dual design is isomorphic to Frobss X Dig. For those
three designs corresponding derived and residual designs with respect to a
block are constructed.

1. INTRODUCTION AND PRELIMINARIES

A symmetric (v, k, A) design is a finite incidence structure (P, B, I), where
‘P and B are disjoint sets and I C P x B, with the following properties:

1. |[P|=|B| =,

2. every element of B is incident with exactly k elements of P,

3. every pair of elements of P is incident with exactly A elements of B.

Mapping g = (a, 8) € S(P) x S(B) with the following property:
(P,z) e I & (Pa,zpB) €I, for allP € P,x € B,

is an automorphism of a symmetric design (P, B, I). The set of all automor-
phism of the design D is a group called the full automorphism group of D,
and it is denoted by AutD. Each subgroup of the AutD is an automorphism
group of D.

Let D = (P, B,I) be a symmetric (v, k, A) design and G < AutD. Group
G has the same number of point and block orbits. Let us denote the number of
G —orbits by ¢, point orbits by Py, ..., P, block orbits by By, ..., B, and put
|Pr| = wr, |Bi| = Q;. We shall denote points of the orbit P, by ro, ..., 7w, -1,
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(i.e. Pr ={ro,...,rw,—1}). Further, denote by ;. the number of points of
‘P, which are incident with the representative of the block orbit B;. For those
numbers the following equalities hold:

t
(1.1) > v =k,
r=1
t Q.
(1.2) Doy = A+ (k=)

r=1 "
DEFINITION 1. The (¢t X t)-matriz (v;r) with entries satisfying proper-
ties (1) and (2) is called the orbit structure for parameters (v, k,X) and orbit

distribution (w1, ...,w), (Q1,...,Q).

The first step of the construction of designs is to find all orbit structures
(7ir) for some parameters and orbit distribution. The next step, called index-
ing, is to determine for each number ~;, exactly which points from the point
orbit P, are incident with representative of the block orbit B;. Because of
the large number of possibilities, it is often necessary to involve a computer
in both steps of the construction.

DEFINITION 2. The set of indices of points of the orbit P, indicating
which points of P, are incident with the representative of the block orbit B; is
called the index set for the position (i,7) of the orbit structure.

First symmetric (66, 26, 10) design is constructed by Tran van Trung (see
[10]). Full automorphism group of that design is isomorphic to Frobss x D1g.
M.-O. Pavcevi¢ and E. Spence (see [9]) have proved that there are at least 588
symmetric (66,26,10) designs. Only one of them, namely the one constructed
by Tran van Trung, has Frobss as an automorphism group.

2. CENTRALIZER OF AN AUTOMORPHISM GROUP

During construction of symmetric designs we shall use elements of a nor-
malizer of an automorphism group in the group S = S(P) x S(B) to avoid
construction of mutually isomorphic designs (see [3]). Therefore, we need to
determine which permutations belong to this normalizer. Moreover, we shall
determine some elements of a centralizer of an automorphism group in the
group S.

THEOREM 1. Let X be a finite set, G < S(X), z1,22 € X and GY, = G,
for g € G. There exists a bijective mapping o : x1G — x2G, such that

(za)g = (zg)a, for all g € G, x € x1G.

PROOF. Mapping a : £1G — z2G, defined as follows:
za = (219 )a = x2gg’, for allx € 1G,
has the property from the theorem. O
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COROLLARY 1. Let X be a finite set, G < S(X), x1,20 € X and GY, =
Gy, for g € G. There exists a € Cg(x)(G), such that (v1G)a = 22G.

PRrROOF. Permutation « : X — X is defined as follows:
(z19")a = 2299’, for x € 21G,
za =< (2209 ) =x19g’, for x € x2G,

x, else.

O

THEOREM 2. Let D= (P,B,I) be a symmetric design, G < AutD, and
let A = (v;;) be an orbit structure of the design D with respect to the group
G. Furthermore, let A be (t x t)—matriz and let g = (o, 3) be an element of
the Sy x Sy with following properties:

1. if ia = j, then stabilizers Gy, and G, are conjugated, where B; =

.TEZ'G, Bj = IjG,
2. ifrB = s, then Gp, and Gp, are conjugated, where P, = P.G, Ps =
P.G.

Then there exists permutation g* € Cs(G), such that ic = j if and only if
Big* = B;, and r3 = s if and only if P,.g* = Ps.

PROOF. If o and (8 are identity mappings, then ¢g* is identity mapping. If
« i 3 are not identity mappings, then o = a1 ...am, 8=01...0n, m,n € N,
where ag,...,am, B1,- .., B, are transpositions. From the corollary 1 follows
that for each ag, 1 < k < m, there exists aj € Cs(G), which fixes all points,
such that

iap =4, Biog =Bj, zal <k <m,

and for each permutation §;, 1 <1 < n, there exists permutation 8] € Cs(G),
which fixed all blocks, such that

rh=s< PO =Ps, zal <l<n.
If mappings o and 3* are defined as follows:
af=af...a, GF=p1...0",
then mapping g* = o*(* satisfies the required property. O
DEFINITION 3. Let A = (a; ;) be a (m x n)—matriz and g = («,3) €
Sm X Sp. Matriz B = Ag is (m X n)—matriz B = (b; ;), where biq jg = a; ;.
If Ag = A, we shall say that g is an automorphism of a matriz A. All

automorphisms of a matriz A form full automorphism group of A, which will

be denoted by AutA.

DEFINITION 4. Let A = (v;,) be an orbit structure of a symmetric
(v, k, \) design D with respect to the group G < AutD, and Q;,wy, 1 <i,r <
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t,, lengths of G—orbits of blocks and points. Mapping g = (o, ) € Sy X Sy is
called an automorphism of the orbit structure A, if following conditions hold:
1. g is an automorphism of the matrixz A,
2. ifia = j, then Q; =, foralli,j, 1 <4,5<t,
3. if rB = s, then w, = wy, forallr,s, 1 <r,s<t.
All automorphisms of an orbit structure A form full automorphism group of

A, which will be denoted by AutA.

REMARK. During construction of orbit structures, for elimination of iso-
morphic copies one can use all permutations from S; x S; which satisfy con-
ditions from the theorem 2, but during indexing of an orbit structure A, one
can use just automorphisms from AutA.

3. Frobss ACTING ON A SYMMETRIC (66,26,10) DESIGN

Let G be a Frobenius group of order 55. Since there is only one isomor-
phism class of such groups, we may write

G=(po|pt=10"=1p"=p%.

Let a be an automorphism of a symmetric design. We shall denote by
F(a) the number of points fixed by «. In that case, the number of blocks
fixed by « is also F'(«).

LEMMA 1. Let p be an automorphism of a symmetric (66,26, 10) design.
If |p| = 11, then F(p) = 0.

PrOOF. It is known that F(p) < k + vk — X and F(p) = v(mod |p|).
Therefore, F(p) € {0,11,22}. One can not construct fixed blocks for F(p) €
(11,22} O

LEMMA 2. Let G be a Frobenius automorphism group of order 55 of a
symmetric (66,26,10) design D. G acts semistandardly on D with orbit dis-
tribution (11,11,11,11,11,11) or (11,55).

PROOF. Frobenius kernel (p) acts on D with orbit distribution
(11,11,11,11,11,11). Since (p)<G, o maps {(p)-orbits on {p)-orbits. Therefore,
only possibilities for orbit distributions are (11,11,11,11,11,11) and (11, 55).
Since automorphism group of a symmetric design has the same number of
orbits on sets of blocks and points, G acts semistandardly on D.

Stabilizer of each block from the block orbit of length 11 is conjugated
to (o). Therefore, entries of orbit structures corresponding to point and
block orbits of length 11 must satisfy the condition v;. = 0,1 (mod 5). Solv-
ing equations (1) and (2) we got one orbit structure for orbit distribution
(11,11,11,11,11,11), namely
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OSs1 |11 11 11 11 11 11
1|11 5 5 5 5 5
11 5 5 5 5 5 1
11 5 5 5 5 1 5
11 5 5 5 1 5 5
115 5 1 5 5 5
115 1 5 5 5 5
and one orbit structure OS2
OS2 |11 55
11 1 25
55 5 21
for orbit distribution (11, 55). O

4. ORBIT DISTRIBUTION (11,11,11,11,11,11)

THEOREM 3. Up to isomorphism there is only one symmetric (66,26, 10)
design with automorphism group Frobss acting with orbit distribution
(11,11,11,11,11,11). This design is self-dual. Full automorphism group of
that design is isomorphic to Frobss x Dig, and 2-rank is 31.

PRrROOF. We shall denote points by 1;,...,6;, ¢ =0,1,...,10, and assume
that automorphisms p and o act on the set of points as follows:

p = (Io,Il,...,Ilo), 1= 1,27...,67

g = (Ko)(Kl, K3, Kg, K5, K4)(K2, Kﬁ, K7, Klo, Kg), K= 1, 27 3, 4:7 5, 6.
As representatives of block orbits we shall choose blocks fixed by (o). There-
fore, index sets which could occur are:

0=1{0}, 1={1,3,4,5,9}, 2 ={2,6,7,8,10}.

We have constructed, up to isomorphism, only one design, which is presented
in terms of index sets as follows:

011111
2112 20
21 2 10 2
221 01 2
22 01 21
20 2 2 11

For elimination of isomorphic copies of the constructed design we have
used full automorphism group of the orbit structure OS1, and an element «
of the normalizer Ng(G) which acts on the points as follows:

ria =715, j =2i (mod 11), for 1 <r <6, 0 <:<10.
This permutation induces following permutation of index sets:

(0)(1,2).
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Using the computer program by V. Tonchev we have found out that the
order of the full automorphism group of the constructed design is 550. This
program gave us generators of the full automorphism group, which enables us
to determine that this group is isomorphic to Frobss X D1g. Another program
by V. Tonchev have been used for computation of 2-rank. O

5. ORBIT DISTRIBUTION (11,55)

It would be difficult to proceed with indexing of orbit structure OS2.
For example, there are (gg) possibilities for index sets for the position (1,2)
in the OS2. Therefore, we shall use the principal series (1) < (p) <G of the
automorphism group G. Our aim is to find all orbit structures for the group
(p) corresponding to the structure OS2. We shall construct designs from those
orbit structures for (p), having in mind the action of the permutation o on

(p)-orbits.

THEOREM 4. Up to isomorphism there are three symmetric
(66,26,10) designs with automorphism group Frobss acting with orbit distri-
bution (11,55). Let us denote them by D1, Dy and Ds. Full automorphism
groups of designs D1 and Do are isomorphic to Frobss, and 2—ranks are 31.
Designs D1 and Dy are dually isomorphic. Design D3 is isomorphic to the
design from theorem 3.

PRrROOF. OS] is the only orbit structure for the group (p) corresponding
to the orbit structure OS2 for the group (p,o) = Frobss. We shall proceed
with indexing of orbit structure OS1, knowing that o acts on the set of six
(p)-orbits of blocks as a permutation (1)(2,3,4,5,6), and on the set of point
orbits as (1)(2,6,5,4,3). It is sufficient to determine index sets for the first
and second row of orbit structure OS1. Also, in the first row we have to
determine index sets only for positions (1,1) and (1,2). We shall assume that
automorphisms p and ¢ act on the set of points as follows:

P = (10,11,...,110), I = 1,27...,67

o = (1o)(11, 13, 19, 15, 14)(12, 16, 17, 110, 18), (2i, 334, 49i, 55i, 64i),

1=0,1,...,10.

Operation with indices is multiplication modulo 11. As representatives of the
first block orbit we shall choose blocks fixed by (o). Therefore, index sets for
position (1,1) is {0}. As representatives of the second block orbit we shall
choose first blocks in this orbit, with respect to the lexicographical order.
Index sets which could occur in designs are:

0=1{0}, ..., 10={10}, 11 ={0,1,2,3,4}, ... , 472={6,7,8,9,10}.
To eliminate isomorphic structures during the indexing, we have been
using the permutation «, automorphisms of the orbit structure OS1 which

commute with permutation representation of the o on the set of (p)-orbits,
and permutations 8y € Ng(G), 1 < k < 10, defined as follows:
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LBy =1;, fori=0,1,...,10,

2,0k =24,j = (i +k)(mod 11), fori=0,1,...,10,

6,0k = 6;,7 = (i + 3k)(mod 11), for i=0,1,...,10,
5.0k =5;,7 = (i +9k)(mod 11), for i=0,1,...,10,
4,0, = 4,7 = (1 + 5k)(mod 11), fori=0,1,...,10,

3:0k = 3j,j = (i +4k)(mod 11), for i=0,1,...,10.

We have constructed, up to isomorphism, three designs, denoted by D, Do
and Ds. The statistics of intersection of any three blocks proves that those
designs are mutually nonisomorphic. With the help of the computer program
by V. Tonchev, we have computed that orders of full automorphism groups of
designs D; and D are 55. Using the computer program Nauty (see [5], [8]), it
was determined that D; and Dy are dually isomorphic, and D3 is isomorphic
to the design from theorem 3. Designs D; and Ds are presented in terms of
index sets as follows:

D Dy
0 288 312 384 369 311 0 422 294 225 279 321
13 21 55 163 333 9 13 31 448 129 25 4
177 175 27 423 5 13 177 416 30 235 1 166
214 151 331 4 177 193 214 106 447 3 204 406
194 229 1 214 18 70 194 410 9 83 392 218
21 3 194 40 49 354 21 5 98 269 213 456

0

It is clear that the design Dj3 is isomorphic to the one constructed by Tran

van Trung. Designs D; and Dy were not known before. Therefore, there are
at least 590 symmetric (66,26, 10) designs.

6. DESIGNS 2-(26,10,9) DERIVED FROM SYMMETRIC (66,26,10) DESIGNS

As we proved, there are exactly three mutually nonisomorphic symmet-
ric (66,26,10) designs having Frobss as an automorphism group. Excluding
one block and all points that do not belong to that block from symmetric
(66,26,10) design, one can obtain 2-(26,10,9) design (see [6]). According to
[2], there are at least nineteen 2-(26,10,9) designs.

THEOREM 5. Up to isomorphism there are siz 2 — (26,10,9) designs de-
rived from symmetric (66,26, 10) designs having Frobss as an automorphism
group. Let us denote them by D;; and Dyo, i = 1,2,3, where indices i core-
spond to those from theorem 4. Designs D11 and Doy have trivial full au-
tomorphism groups. Full automorphism groups of designs D12 and Dag are
isomorphic to Zs. Full automorphism group of design D3y is isomorphic to
Z1o and full automorphism group of design Dss is isomorphic to Dig X Zs.
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PRrOOF. Full automorphism groups of designs D1, D, and Dj act on those
designs with orbit distributions (11,55), i.e. in two block orbits. Designs
2-(26,10,9) derived from one symmetric (66,26,10) design are mutually iso-
morphic if corresponding blocks that were excluded belong to the same block
orbit and mutually non-isomorphic if corresponding blocks belong to different
block orbits. Therefore, from each design D;, i = 1,2, 3, one can obtain two
non-isomorphic derived 2-(26,10,9) designs, D;; and D;s. Those six designs
are mutually non-isomorphic. Using the computer program by V. Tonchev,
we have determinated orders of their full automorphism groups. This pro-
gram gave us generators of full automorphism groups, which enables us to
determine the full automorphism groups for designs D31 and D3z as well . As

an example, we present design Di;.

1236711171922
23
2378101214 15
23 24
345811121516
20 24
4689101317 18
2124
047111216 18 19
20 22
1491314161719
20 23
2589121315 17
20 21
03691014 15 18
22 24
015711131419
2123
0125610161821
22
0345101114 16
17 21
156811121517
18 22
0256710121319
23
134679111218
25

D1y

0278141516 18
19 24

0138912131718
19

1245810131519
25

2361113141516
20 25

034579141517
25

16910121314 16
18 25

2478910111617
19

0581114172223
24 25

0146810142023
25

0127910111221
24

123910111320
22 24

0238911121823
25

1359121419 20
21 25

0245612132022
24

134567101521
23

245679111314
22

367813202123
24 25

4781012131416
21 22

067911151920
21 25

0147815182021
22

1248121519 22
23 25

023589161821
23

13615161719 21
2224

2791617212223
24 25

0345913151722
23

014689162023
24

1257141718 20
24 25

2345616181924
25



SYMMETRIC (66,26,10) DESIGNS

3567810171819
20
01210151617 20
21 25
1238101114 17
20 22
2341113161820
2123
0310 12 13 16 17
19 22 25
141112 14 17 18
212324
2491415181921
22 25
34101219 21 22
23 24 25

0101113151820
22 23 25
1511131516 18
19 23 24
024612141719
20 24
013712131415
16 24
0681113171921
24 25
1578913162224
25
261213 14 15 17
18 21 23
3781314181920
21 22
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5910 14 18 19 20
2223 24
6891011141516
19 23
4710 11 13 15 17
18 24 25
5910 11 12 15 19
20 21 24
5681112141621
22 25
6791215161720
22 23
5710 12 16 17 18
20 23 25

7. SOME NEW 2-(40,16,10) DESIGNS

Residual design with respect to a block (see [6]) of a symmetric (66,26,10)

design is 2-(40,16,10) design. The existence of such design follows from the
existence of symmetric (66,26,10) design (see [10]).

THEOREM 6. Up to isomorphism there are sixz 2 — (40,16,10) residual
designs of symmetric (66,26,10) designs having Frobss as an automorphism
group. Let us denote them by D';1 and D'iys, i = 1,2,3, where indices i
corespond to those from theorem 4. Designs D’'11 and D’'o1 have trivial full
automorphism groups. Full automorphism groups of designs D’12 and D'ao
are isomorphic to Zs. Full automorphism group of design D’s3y is isomorphic
to Z1o and full automorphism group of design D’so is isomorphic to Do X Zs.

PROOF. We proceed similarly like in the proof of theorem 5. As an ex-
ample, we present design D’q1.
D'y

026710121316 17 18 20 23 25 1237891014 151619 20 24

28 29 39

01368111214 1920212324

26 28 30

014679131517 1821 22 27

28 29 31

0125781213 1418192224

25 29 32

26 29 33

25 27 34

26 28 35

26 27 36

234689111213 15212324

23459101416 17 20 22 23 25

34571011131516 182021 25
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045810111417 1819 21 22 26
2729 37

156911121516 1719222324
27 28 38

246710111214 202223 30 31
32 33 36

0235811121517 20 21 31 32
33 34 37

13479121318 2021223233
34 35 38

456813141619 21 22 23 28 33
34 35 36

02569101213 141522 34 35
36 37 39

136711141517 18232930 35
36 37 38

047810131516 19202324 31
36 37 38

125789111416 18 21 23 32
37 38 39

0389121516 171819 22 25 30
33 38 39

0124691017 1819 20 26 30
31 34 39

13510111316 17 19 21 27 30
31 32 35 39

1245678131617 2426 30 34
35 38

357891214 1720272829 31
35 36 39

2478915172124 25 28 30 32
36 37 39

35689101213 222629 30 31
33 37 38

049101112 14 16 24 25 27 29
31 32 34 38

015710111213 15 24 26 28 32
33 35 39

018101113 14 17 23 25 27 30
33 34 36 39

129111314 15 16 25 26 29 30
31 34 35 37
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023614151824 262728 31 32
35 36 38

1234610121516 1719 27 32
33 36 37

0345671116 252829 33 34
37 38 39

013567202223 242527 30
31 34 37

146810121821 232526 31 32
35 38 39

25679111819 222526 27 30
32 33 36

2378131819 232627283133
34 37 39

0347891014 19 27 28 30 32
34 35 38

014589 111518202329 31
33 35 36

1569101920 212428293234
36 37 39

02101116 18 20 21 22 24 28 30
33 35 37 38

1237101119 212225282931
34 36 38

346811172022 24 252629 32
35 37 39

0245921232426 2729 30 33
36 38 39

036131416 17 18 21 24 26 29
32 33 34 36

1414151819 20 22 24 25 27 33
34 35 37 39

05712151719 20 21 25 26 30
34 35 36 38

0128121621 22 25 26 27 28 31
35 36 37

0139131620 22232627 32 36
37 38 39

12412131417 20 21 27 28 29
30 33 37 38

2351014151718 21 22 23 24
31 34 38 39
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023411131519 22232829 30
32 35 39

1345121416 18 24 25 28 30 31
33 36 39

45121516 18 19 23 26 28 29 30
3132 34 37

2513171920 23 24 25 27 29 31
32 33 35 38

691113141519 20 21 25 26 28
31 33 38 39

712 14 15 16 20 21 22 23 26 27
29 30 32 34 39

67810 15 16 21 22 24 27 29 30
31 33 35 39

8911131617 18 20 22 24 28 30
31 32 34 36

281

06791416 17 19 21 23 25 31 32
33 35 37

1810 15 17 22 23 25 26 28 29 32
33 34 36 38

7910111217 18 23 24 26 27 28
33 34 35 37

268111216 18 19 20 27 29 34
35 36 38 39

391012131819 21 23 24 25 29
30 35 36 37

4711121314 17 19 22 24 26 31
36 37 38 39

5681013 14 15 18 20 25 27 28
30 32 37 38

O

In [2] there is only information about existence of 2-(40,16,10) designs.

According to this information, at least five of constructed designs are new.

REFERENCES

[1] M. Aschbacher, On Collineation Groups of Symmetric Block Designs, J. Combin. The-
ory 11 (1971), 272-281.

[2] C. J. Colbourn, J. H. Dinitz, The CRC Handbook of Combinatorial Designs, CRC
press, Boca Raton—New York—London—Tokyo, 1996.

(3] V. Cepuli¢, On symmetric block designs (40,13,4) with automorphisms of order 5,
Discrete Math. 128 (1994) no. 1-3, 45-60.

[4] Z. Janko, Coset Enumeration in Groups and Constructions of Symmetric Designs,
Combinatorics "90 (1992), 275-277.

[5] V. Kr¢adinac, Steiner 2-designs S (k, 2k2 — 2k + 1), MSc thesis, University of Zagreb
(1999).

[6] E. Lander, Symmetric Designs: An Algebraic Approach, Cambridge University Press
(1983).

[7] 1. Matuli¢-Bedenié¢, K. Horvati¢-Baldasar, E. Kramer, Construction of new symmetric
designs with parameters (66,26,10), J. Comb. Des. 3 (1995) 405-410.

[8] B.D. McKay, Nauty Users Guide (version 1.5) Technical Report TR-CS-90-02, Depart-
ment of Computer Science, Australian National University, 1990.

[9] M.-O. Pavcevié, E. Spence, Some new symmetric designs with A = 10 having an
automorphism of order 5, Discrete Math. 196 (1999) 257-266.

[10] Tran van Trung, The existence of symmetric block designs with parameters (41,16,6)

and (66,26,10), J. Comb. Theory A 33 (1982) 201-204.

Department of mathematics,
Faculty of Philosophy in Rijeka,
Omladinska 14, 51000 Rijeka, Croatia



