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ABSTRACT: We define the bilinear integral of a measurable multi-
function with respect to a multimeasure and study the properties of
the resulting set-valued set function.

1. INTRODUCTION

The need for multimeasures first arised in mathematical economics when
Vind [28] studied equilibrium theory for exchange economies with production,
where the coalitions and not the individual agents are the basic economic
units. Since then the subject of multimeasures has received much attention
and, as it turned out, developed to be the set-valued analogue of the classical
theory of vector measures. Significant contributions to the theory and ap-
plications (control systems, statistics, mathematical economics, game theory,
etc) of multimeasures were made by, among others, Artstein [3], Debreu and
Schmeidler [10], Schmeidler [27], Wenxiu, Jifeng and Aijie [29] for IR™-valued
multimeasures, by Alé, de Korvin and Roberts [1,2], Costé [7], Hiai [16], Pa-
pageorgiou [22-25] and Kandilakis [18] for Banach space-valued multimeasures
and by Castaing [5], Costé and Pallu de la Barriére [8,9] and Godet-Thobie
[13,15] for multimeasures with values in a locally convex vector space.

Various developments in mathematical economics and optimal control
have led to the study of the measurability of multifunctions. Also, integrals
of multifunctions have been studied in connection with statistical problems
(see Kudo [19] and Richter [26]). Accordingly, many papers dealt with the
basic theory of integration of multifunctions and several approaches were es-
tablished. A beginning of what might be called a calculus of multifunctions
can be found in [4]. In [4], Aumann considered integration of selectors of the
multifunction and his integral turned out to be the appropriate analytic tool
in the applied fields mentioned before. However, when it comes to integration
with respect to a multimeasure, only two approaches can be distinguished.
Kandilakis [18] defined his integral in terms of the Bochner integral while
Papageorgiou [22] considered the bilinear integral of Dinculeanu [11]. Tt is
the purpose of this paper to study some of the properties of the set-valued
bilinear integral of a multifunction with respect to a multimeasure.
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2. PRELIMINARIES

Let T be a non-empty point set on which no topological structure is
required and let X be a linear topological space with topological dual X’.
We denote by P(X) the class of all nonempty subsets of X. Furthermore, by
Ps(X) (respectively, Pr(X)) we will denote the closed (respectively, compact)
sets in P(X). A c after f or k will mean that the set is in addition convex.
A w in front of f(b) (respectively, k) means that the closedness (respectively,
compactness) is with respect to the weak topology w(X, X).

We now let (X, d) be a metric space. Then the distance between a point
x € X and a non-empty set A C X is defined as d(z, A) = inf{d(z,a) |
a € A}. Furthermore, for any A, B € P(X), we define their Hausdorff semi-
metric by d(A, B) = sup{d(a,B) | a € A}, and their Hausdorff metric by
H(A, B) = max{d(A, B),d(B, A)}. In addition, we put ||A|] = H(A,{0})
(the norm of the set A). Whenever we refer to the metric space Py (X), it
must be understood that Py (X) is equipped with the Hausdorff metric H.

For A € P(X), we let A denote the closure of A and A denote the closed
convex hull of A. For all 2’ € X', we set o(2', A) = sup{(a’,z) | = € A} (the
support function of A). Furthermore, if A, B € P(X), then we put

A+B={a+b| ac Abe B}.

For the rest of this section we consider (T, S) where § is a o-ring of sub-
sets of T'.

DEFINITION 2.1. IfY s a linear topological space, then a set-valued set
function M : S — P(Y) is called o multimeasure if
(a) M(0) ={0} and M(AUB) = M(A) + M(B) for every pair A,B € S
of disjoint sets.
(b) for every yi, € M(Ay) the series £3°,yx is unconditionally convergent
and

M <U Ak) = ZM(Ak) = {y €Y | yzzyk, Yk EM(Ak)}-
k=1 k=1 k=1
As for single-valued measures we have the notion of total variation of a
multimeasure. Let Y be a normed space and suppose that M : S — P(Y) is
a multimeasure. For every A C T we define the variation of M on A, denoted
by v(M, A), by
v(M, A) = sup || M(A;)l,
I' el
where the supremum is taken for all the families (4;);c; € S of mutually
disjoint sets contained in A. The set function v(M) is called the variation
of M and the restriction of v(M) to the class S will again be denoted by
v(M). We say that M : S — P(Y) is of bounded variation (with respect
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to S) if v(M,A) < oo for every A € S. Note that the variation v(M) of a
multimeasure M is a positive measure (see Proposition 1.1 on page 98 of [16]).

A set A € S is said to be an atom for a multimeasure M : § — P(Y)
if M(A) # {0} and if either M (B) = {0} or M(A\B) = {0} holds for every
B C A, BeS. We say that M is atomic if there exists at least one atom in
S, and that M is non-atomic if there are no atoms in S. If p: S - Y is a
positive measure on S, then we say that M is p-continuous on S if and only
if for any A € S with u(A) = 0 we have that M (A) = {0}. We call a measure
m:S — Y a selector of M if m(A) € M(A) for all A€ S. We denote by S
the set of selectors of M.

Let Y be a fixed Banach space and let m : S — Y be a vector measure
with finite variation v(m). Then we denote by M(v(m)) the o-ring of all
v(m)-measurable subsets of T' and X (v(m)) is the d-ring of all v(m)-integrable
subsets of T'. The extensions of m and v(m) to X(v(m) will again be denoted
by m and v(m). Consider the class

Ex(v(m)) =

{f T — X | f:inXAi, xz; € X, A; € B(v(m)),i = 1,2,...,n},
i=1
let Z be another Banach space and suppose that (z,y) — xy is a bilinear
mapping of X x Y into Z such that ||zy|| < ||z|/||y||. Then we say that
a function f : T — X is m-integrable if there exists a Cauchy sequence
(fn) € Ex(v(m)) which converges to f v(m)-almost everywhere on 7. The
integral of f with respect to m is the element [ f(t)m(dt) € Z defined by

/f(t)m(dt) = lim [ f,.(t) m(dt).
We denote by L% (m) the space of all m-integrable functions f : T — X.
Furthermore, if f € £%(m) and A € M(v(m)), then fxa € L (m) and we
define

/A F(tym(dt) = / F(O)xam(de).

Let now F' : T — Py(X) be a multifunction. Then we say that F' is
v(m)-measurable if the set F~(C) = {t € T | F(t) N C # 0} belongs to
M(v(m)) for every set C € Ps(X) and if for every v(m)-integrable set A
there exists a v(m)-negligible set N C A and a countable set H C X such
that F(A\N) C H. Furthermore, F is said to be integrably bounded if there
exists a k € L1;(m) such that

IF@®)| < k v(m)—aeonT.

A function f : T — X is called a selector of F if f(t) € F(t) v(m)-almost
everywhere on T. The set of all v(m) - measurable selectors of F' will be
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denoted by Sp. In addition, we put
Sp(m) ={f € Lx(m) | f € Sr}.

Hence Sk(m) denotes the class of all integrable selectors of F. It follows
clearly that Sk(m) is a closed subset of L% (m).

3. INTEGRATION OF MULTIFUNCTIONS WITH RESPECT TO A MULTIMEASURE

Throughout this section we will assume that X, Y and Z are Banach
spaces, T' will denote a non-empty point set on which no topological structure
is required and R is a ring of subsets of T.

DEFINITION 3.1. If M : R — P¢(Y) is a multimeasure and F : T —
P(X) is a multifunction, then for every set A € M(v(M)) we define the
integral of F with respect to M, denoted by [, F(t) M(dt), by the equality

[ ot ={ [ s@ymian)| 7 € spom. me suf.

We note that the integral of F' with respect to M will always exist, even
if F is not v(M)-measurable. Moreover, if Sk(m) = ) for all m € Sy, then
[ F(t)M(dt) = 0. Also, if v(M,A) = 0 for A € M(v(M)) and SE(m) # 0
for m € Sy, then [, F(t)M(dt) = {0}.

EXAMPLE 3.2.

Let T = [0,1], ¥ is the Lebesgue o-algebra of subsets of T and A is
the Lebesgue measure on X. If we define F' : T — IR by F(t) = [0,1] and
M :% — R by M(A) =[0,00), then [, F(t) M(dt) = [0, 00).

THEOREM 3.3. If X is a separable Banach space, M : R — P;(Y) is
a multimeasure of bounded variation v(M) and if F : T — Py(X) is an
integrably bounded v(M)-measurable multifunction, then [, F(t)M(dt) # 0
for every A € M(v(M)).

PRrROOF. From Theorem 2.5 of [16] we obtain a selector m : R — Y of
M. By the integrably boundedness of F', there exists a k € E}R(m) such
that |F(t)]] < k v(m)-almost everywhere on T. Corollary 7.5 of [20] then
provides F' with a v(m)-measurable selector f : T — X. Since || f(¢)|| < k(¢)
v(m)-almost everywhere on T', Proposition 19 on page 136 of [11] implies that
[ € L (m) so that S(m) # 0 for every m € Si; therefore [, F(t)M(dt) # 0
for every A € M(v(M)). O

THEOREM 3.4 ([20], p99, Theorem 10.5). Let X be a separable Banach
space, M : R — P;(Y) a multimeasure of bounded variation and let F': T —
P(X) be an integrably bounded multifunction such that Grp € S(M(v(M)) x
S(Bx))-

(a) If T is a countable union of sets of R and if the bounding function k
belongs to L (v(M)), then [, F(t)M(dt) # 0 for every A € M(v(M)).
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(b) If T € R and if the bounding function k belongs to L4 (M), then
S F@)M(dt) # 0 for every A € M(v(M)).

In our next two results we list some useful properties of the bilinear in-
tegral of a multifunction F with respect to a multimeasure M. The first
theorem is the set-valued version of the results of [11] on page 109. The sec-
ond result shows that if ' and M are both positive, then the integral of F’
with respect to M will also be positive, and vice versa. If X, Y and Z are
Banach lattices, then we denote by X, Y, and Z, the positive cones of X,
Y and Z respectively.

THEOREM 3.5. Suppose that X, Y and Z are Banach lattices, let M :
S(w(M)) — PY) be a multimeasure of bounded variation v(M) and let F :
T — P(X) be an integrably bounded v(M )-measurable multifunction.

(a) If Y = L(X,Z) and if M(A) C Y, for all A € B(v(M)), then for
all A € S(v(M)) the mapping F — [, F(t)M(dt) of T into Z is
increasing.

(b) If M(A) C Yy for all A € X(v(M)) and if F(t) C X4+ v(M)-almost
everywhere on T, then

/F@wmg/F@wm,
E

F
for all EJF € ¥(v(M)) with E C F.
(¢) If N : Z(v(N)) — P(Y) is a multimeasure of bounded variation v(N)
such that M(A) C N(A) for all A € Z(v(N)) and if F(t) C X1 v(N)-
almost everywhere on T, then

/Fwwmg/mew.
A

A
(d) For all A € ¥(v(M)) we have that
F
A

| [ () M) < /A | F(8)[o(M, de).

THEOREM 3.6. Suppose that X, Y and Z are Banach lattices, let M :
S(w(M)) — P(Y) be a multimeasure of bounded variation v(M) and let F :
T — P(X) be an integrably bounded v(M)-measurable multifunction. If Y =
L(X,Z), M(A) C Yy for all A € (v(M)) and if F(t) C X4+ v(M)-almost
everywhere on T, then [, F(t)M(dt) C Z,. Conversely, if X = L(Y,Z),
M(A) C Y, forall A€ S(v(M)) and if [, F(t) M(dt) C Z, then F(t) C X
v(M)-almost everywhere on T .

PROOF. Let M(A) C Yy for all A € B(v(M)) and let F(t) C Xy v(M)-
almost everywhere on T'. From

M(A) = {m(A) | m € Sm},
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follows that (y',m(A)) > 0 for every ' € Y| and m € Sy;. Consequently, for
y €Y, me Sy and f € S;(m) we have that

/f w»:Aﬂmmmw»zo

so that [, F(t) M(dt) C Z.
Conversely, by Lemma 1.1 of [17] we obtain a sequence (fx) C Sk (v(M))
such that
F(t) ={fi@®) | k € N}
v(M)—almost everywhere on T. Since [, F(t) M(dt) C Z, it then follows
that fA fe(®)m(dt) € Z4 for all m € Sy, and k € IN. Consequently, for all
z' € Z! and all A € ¥(v(M)),

( [ seym )=AWm@mw»

Since m(A) € M(A) C Y, it then follows that 0 < (2, fx(¢)) and hence
fix(t) € X4 for each k € IN. We then conclude that F(t) C Xy v(M)-almost
everywhere on T'. O

The next theorem shows that the bilinear integral of a multifunction with
respect to a multimeasure is in fact a multimeasure.

THEOREM 3.7. Let M : R — P#(Y) be a multimeasure of bounded varia-
tion v(M) and let F': T — Py(X) be an integrably bounded v(M)-measurable
multifunction. If for each A € S(v(M)) we define N(A) = [, F(t)M(dt)
then N : X(v(M)) — P(Z) is a multimeasure of bounded variation.

PROOF. We first show that N is of bounded variation. So let (Ax) C T
be a sequence of mutually disjoint sets of ¥ )). From
|

(v(M
|wmnq/ ﬁn</|

follows immediately that N is indeed of bounded variation.
To show that N is a multimeasure, let (Aj) be a sequence of mutually
disjoint sets in X(v(M)) and let A = U2 | Ax. Then we need to prove that

A) = iN(Ak).
k=1

For this purpose, let z € N(Ag) for K € IN. Then there exist sequences
(mk) C Sy and (fk) - Sfl;(mk) such that z; = fAk fk(t) mk(dt) for k € IN.
Define f: T — X by

F()| v(M, db),

o fult) ifteA
f(t)—{ A ifteTA
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and m : X(v(m)) — Y by
m =XM1+ XA, M2+ X\ g ta, Mns
where xyamy(B) = mip(AN B) for k = 1,2,...,n. By the decomposability

of Sp and Sy; we then have that f € S};(m) and m € Sy, respectively.
Consequently, for 2’ € Z’, we have that

(z’,%%) (%;/Ak f(t) mk(dt)>

( / e m(dw) = ( / f(t)m(dt)>

as n — oo. This means that the series > .~ z, converges weakly to z =
Juf A m(dt) and a similar property holds for every subseries of >_/7 | 2. By
the Orhcz Pettis theorem follows that the series > -, zj converges uncondi-
tionally to z € N(A). This means that the series >, | N(Aj) is uncondition-
ally convergent and is contained in N(A).

To prove the inverse inclusion, let z € N(A) with A € £(v(M)). Then

z = [, f(t)m(dt) for some m € Sy and f € Sh(m). Then, as before, the
series Zk 1 fA m(dt) converges to z. This shows that z € 392, N(Ay),
which concludes the proof. O

We have seen from the previous theorem that if N(A) = [, F(t) M(dt)
where M is a closed-valued multimeasure of bounded variation v(M) and F
is an integrably bounded v(M)-measurable multifunction with closed values,
then N is a multimeasure. We now investigate the relationship between Sy,
the selectors of M, and Sy, the selectors of N.

PROPOSITION 3.8. Let M : L(v(M)) — Pr(Y) be a multimeasure of
bounded variation v(M), let F : T — Pr(X) be an integrably bounded
(M) measumble multifunction and for each A € X(v(M)) let N(A) =

JaE(

(a ) Ifm e SM and f € Sk(m), then the measure defined by n(A) =

J 4 f(t)ym(dt) is a selector of N.
(b) Ifn € SN, then there exist an m € Sy and an f € S}(m) such that
= [, f( , A eX(w(M)).

PROOF. (a) Let m € SM (which exists by Theorem 2.5 of [16]) and let
f € Sk(m) (whose existence is guaranteed by Proposition 3.1 of [21]). Then
the measure n : X(v(m)) — Y defined by n(A4) = [, f(t)m(dt) is clearly a
selector of N.

(b) Since N is a compact-valued multimeasure of bounded variation (by
Theorem 3.6), it follows from Theorem 2.5 of [16] that Sy # . Let n €
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Sn. From Theorem 1 of [13] follows that N(A) = {n(A) | n € Sy}. But
Proposition 3.1 of [21] implies that [, F(t) (dt) £ 0, that is, there exist an
m € Sy and an f € SL(m) suchthat S f( dt efA t) M(dt) = N(A).
Consequently, if n € Sy, then n(A) = [, f( , A€ X(v(M)). O

Let ca(Y') denote the space of all Y-valued measures on X(v(m)). We now
discuss the topology of pointwise weak convergence on ca(Y'). If we consider
Er(v(m)) @ Y, then Er(v(m)) @ Y and ca(Y) can be put into duality as

follows:

m,y) = (m,ZXAk ® yé) = . m(Ar)),
k=1 k=1
where {A;,...,A,} is a finite v(m)-measurable partition of 7" and y; € Y,
k=1,2,...,n. Then it follows that the topology of pointwise weak conver-
gence on ca(Y) is in fact the w(ca(Y),Er(v(m)) ® Y')-topology.

THEOREM 3.9. Suppose that X is a separable Banach space and Z is
finite-dimensional. Let M : S(v(M)) — Pyr(Y') be a multimeasure of bounded
variation v(M) and suppose that F : T — Pur(X) is an integrably bounded
U(M) measumble multifunction. If for each A € L(v(M)) we define N(A) =
J4 F( , then N : L(v(M)) — Puwr(Z) is a multimeasure of bounded
vamatwn

PROOF. The fact that N is of bounded variation follows just like before.
By making use of the facts that Sys is w(ca(Y),Er(v(m)) @ Y')-compact and
St (m) is weakly compact in L% (m), it follows that N is closed-valued.

We will now make use of Theorem 1 of [29] in order to show that N
is a multimeasure. Let A,B € X(v(M)) with AN B = (. To prove that
N(AUB) = N(A) + N(B), we only need to show that N(A4) + N(B) C
N (AU B) because the inverse inclusion follows from the definition of N. So,
if z € N(A)+N(B), then z = [, fimi(dt)+ [ fama(dt), where f; € SE(m;)
and m; € Sy, for i = 1,2. Put f = xaf1 + xBfe and m = xami1 + xpma.
Then f € S}p(m) and m € Sj; because both Sy and S); are decomposable,
and therefore z = [, , fdm € N(AUB).

Finally, let (A;) be an increasing sequence in X(v(M)) and put A =
U2 1 Ag. Then

H(N(A), N(Ax)) H(N(Ag) + N(A\Ag), N (Ax))

IN

IV (A\A)|

< /A\A,c | F(@) || v(M,dt) — 0

as k — oo. This shows that N is indeed a strong multimeasure. O
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We now investigate the convexity of [, F(t) M(dt). In particular, we will
see that if Z is finite dimensional, then [, F(t) M(dt) is convex. The convex-
ity fails in the infinite dimensional case; in fact, as it turns out, the closure
of the integral will be convex (see Example 3.2 below). For results on the
convexity of the integral of a multifunction with respect to a vector measure,
see [6], [17] and [4]. Central to our proofs is the Lyapunov convexity theorem.

THEOREM 3.10. Suppose that X is a separable Banach space and Z is
finite-dimensional. If M : B(v(M)) — Pp(Y) is a non-atomic multimeasure
of bounded variation v(M) and F : T — Pyus(X) is an integrably bounded
v(M)-measurable multifunction, then [, F(t) M(dt) is a convez set for each

A € S(v(M)).

PRrROOF. If for A € X(v(M)) we put N(A) = [, F( , then from
Theorem 4.2 of [3] follows that we only need to show that N isa bounded non-
atomic multimeasure. The fact that N is a strong multimeasure of bounded
variation follows from Theorem 3.6. Therefore it only remains to show that
N is non-atomic. For this purpose, if m € Sy, let f € Sk(m) and define the
set functions n : E(v(m)) — Z and v : Z(v(M)) — R4 by

A= [ reymide) and w(a) = [ )] v(0,dt

for each A € X(v(M)), respectively. By Proposition 3.7(a) we have that
n € Sy, and v is v(M)-continuous. We now proceed by showing that n is v-
continuous, because then N will be v(M)-continuous, and hence non-atomic).
Indeed, let A € X(v(M)) and let {A; | j € J} be an arbitrary finite partition
of A into mutually disjoint sets A; € E(v(M)). Then

S 4yl = ZH/ £t

JjEJ jeJ

Z/ 1£(8)]| o(M, di)

jeJ

= > v(4))

JjeJ

IN

= v(4).

Then, since v(n, A) = sup; > ;s [n(A4;)]], it follows that v(n) < v and
consequently n is v-continuous; therefore n is v(M)-continuous. But from
N(A) ={n(A) | n € Sy} follows immediately that N is v(M)-continuous. 0O

ExamMPLE 3.11.
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(i) The following example shows that Theorem 3.9 fails if Z is infinite-
dimensional: Let T" = [0, 1], suppose that ¥ is the Lebesgue o-algebra of
subsets of 7' and X is the Lebesgue measure on ¥. Put Z = L§L(T,Z,\)
and define F : T — IR by F(t) = {0,1} and M : ¥ — LL(T,3,)\) by
M(A) ={xa}. Then

[ ratan = { [ Fyma) | me suf = (R | m e su) = .13

which is not convex.

(ii) The following example shows that Theorem 3.9 fails if the multimea-
sure M is atomic: Let T = {to} and ¥ = {0,T}. Define F : T — IR by
F(t) ={0,1} and M : ¥ — IR by M(0) = {0} and M(T) = {1}. Then M is
atomic and [, F(t) M(dt) = {0,1}, which is not convex.

THEOREM 3.12. Suppose that X and Z are separable Banach spaces. If
M : Z(v(M)) — Ps(Y) is a non-atomic multimeasure of bounded variation
v(M) and F : T — Pp(X) is an integrably bounded v(M)-measurable multi-

function, then [, F(t) M(dt) is a convex subset of Z for each A € L(v(M)).

PROOF. Let 21,20 € [, F(t) M(dt) for A € X(v(M)), let € > 0 and let
€ [0,1]. Then we need to establish the existence of an m € Sy, and an
f € SL(m) such that

||a21+(1—azg—/f m(dt)] < e.

Since z1, 29 € fAF (t) M (dt), there exist m; € Sy and f; € Sh(my), i =1,2,
such that

2= [ Sy ma@n) < § and flza— [ faymatan) < .

Define the set functions n; : M))— Z (i=1,2) by

/fl m(dt),

In the same way as in the proof of the previous theorem we can prove that
each n; is a non-atomic measure. Consider now the Banach space Z x Z with

norm defined by ||(z1,22)]| = +/||z1]|? + ||z2]|> and define the set function
n:X(w(M)) — Z x Z by

() = () ma() = [ f@mi(a). [ 2y ma(an).

Then n is a non-atomic measure with finite variation. Indeed, suppose, on
the contrary that E is a atom for n. Then, for all B/ C E, E' € (A, v(m)),
we have that either n(E’) = 0 or n(E\E’) = 0. This in turn implies that
either ni(E’) = 0 = na(E’) or ni(E\E') = 0 = na(E\E'), contradicting
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the fact that both n; and ny is non-atomic. From the Lyapunov convexity
theorem, it follows that the closure of the range R(n) of n is convex in Z x Z.
Consequently, if A € X(v(M)), then

an(A) + (1 — a)n(d) = an(A) € R(n).
This means that there exists a set A, C A such that

lan(4a) = n(Aa)]l < 7 and (1 = a)n(4) = n(A\Aa)| < 7.
that is

o | stymitat) = [ pioymitan < §

and
€

I =a) [ fieymaan - [ L ma@) < g
for i = 1,2. If we put

[ = fixa, + faxma, and m = xa,m1 + X1\, M2,

then m € Sy, f € Sk(m) and m(A) = m1(As) + ma(A\A,) for all A €
S(v(M)). The result then follows from the fact that

laz +(1— )z — /A £ty m(do)|

IN

laz — o /A £1(t) ma (@] + [l /A £1(t) i (dt) — /A hEym@n)]+

10— a)z — (1 - a) /A folt) ma(db)]| +
11— a) /A falt) ma(dt) — /A 0]

O

By making use of the facts that that Sy is w(ca(Y),Er(v(m)) @ Y')-
compact and Sk (m) is weakly compact in L% (m), we have

THEOREM 3.13. Let T be a countable union of sets of the ring R and
suppose that Y = Z is a separable reflexive Banach space. If F' : T —
Prc(IR™) is an integrably bounded v(M)-measurable multifunction and M :
S(W(M)) = Puwkc(Y) is a multimeasure of bounded variation v(M), then for
each A € X(v(M)) the set [, F(t) M(dt) is a convex and w(Y,Y")-compact
subset of Y.
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In [3] Artstein discussed Radon-Nikodym derivatives of multimeasures
whose values are convex sets in IR™ while Castaing [5] and Godet-Thobie [14]
gave Radon-Nikodym theorems for multimeasures with compact and convex
values in a locally convex topological space. Note that Theorem 9.1 on page
120 in [3] has been shown in [9, pp. 305, 308] to be false. Costé [7] and Hiai
[16] discussed Radon-Nikodym theorems for multimeasures whose values are
closed, bounded and convex sets in a separable Banach space. Papageorgiou
[24] proved two set-valued Radon-Nikodym theorems for transition multimea-
sures, and the results were recently ([25]) extended to the case where the
dominating control measure is a transition measure. We now continue by es-
tablishing Radon-Nikodym-type theorems for our bilinear set-valued integral.
In our first result the range spaces of the multimeasure and multifunction are
finite-dimensional while in the results thereafter we take the range spaces to
be arbitrary Banach spaces.

THEOREM 3.14 (Radon-Nikodym). Let T' be a countable union of sets of
the ring R, 1 s a scalar measure on R and let M : Z(v(M)) — Pr.(IR™) be
a multimeasure of bounded variation v(M). If M is p-continuous on R, then
there exists an integrably bounded v(M)-measurable multifunction F : T —
Prc(IR™) such that

M) = [ P udn
for each A € X(v(M)).
PRrROOF. From Theorem 6 on page 67 of [15] follows that
M(A) = {m(A) | m € Su}
for all A € R. This means that every m € Sy is p-continuous on R. Since p
has the direct sum property, from Theorem 5 on page 182 of [11] follows that

for each m € Sy there exists a locally p-integrable function f,, : T' — IR"
such that

mi) = [ fal®ni@n. A€
A
Put
K ={fmxa € Lin(p) | A€ R,m € Sy}

We first show that K is a closed subset of L. (11). So let f,,, xa € K and let
f be such that f,,, xa — fin L. (u). Since Sys is compact for the topology
of pointwise convergence, there exists an m’ € Sy such that my(A) — m/(A)
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for all A € R. But
dm [ utin) = Jim [ g0t

/m@mm
A

ﬂhwﬁ@Mw

so that f = frxa € K.
Evidently, K is convex, and by Theorem 3.1 of [17] we obtain an integrably
bounded p-measurable multifunction F : T — Py.(IR") such that K = Sk(u).

Then, for each A € R,
{/ fm dt | mESM}

= {[Gxauan | faxae i}

{/ﬂn cﬁ|meSﬂ>}
[ Pyutan

COROLLARY 3.15. Under the hypotheses of Theorem 3.12 follows that
there exists a unique integrably bounded v(M)-measurable multifunction F :
T — Prc(IR™) such that

M(A) = {m(A) | m € Su}

O

M) = [ P utde)
for each A € X(v(M)).
PROOF Let G : T — Pi.(R"™) be a multifunction such that M(A4) =

J4 G( ) for each A € X(v(M)). Define ¢ : Spr — Si(u) by
~ m(dt)

Then it follows that ¢ is a linear isometric bijection and

SE(1) = (Sa) = S& ().

From Corollary 1.2 of [17] follows then that F(t) = G(t) v(M)-almost every-
where on T O



326 H. E. BRINK AND P. MARITZ

COROLLARY 3.16. Let T be a countable union of sets of the ring R and let
w be a scalar measure on R. If M : B(v(M)) — Prc(IR™) is a p-continuous
multimeasure of bounded variation v(M), then

Sm = {/ F@t) u(dt) | f € Sp(p), M(dt) = F(t)ﬂ(dt)} :

PROOF. Let m € Sp. Then for all A € ¥(v(M)) we have that m(A) €
M(A) so that m is also p- contmuous From Theorem 5 on page 182 of [11]
we obtain an f € Ll (1) such that m(A) = [, f(t) u(dt) for every A € X(p).
Then [, f(t) p(dt) € [, F(t)p(dt) for all A e Z( ) This shows that f €
St (u) and consequently

sMc{/ FO) udt) | f e Sk, (dt)—F(t)u(dt)}-

For the inverse inclusion, let f € S3 (1) and consider m(A) = [, f(t) p(dt),
A € ¥(u). Then Proposition 3.7(a) implies that m € Sy, and

{ / ) pldt) | f € Shin), (dt)—F(t)u(dw}gsM.
O

COROLLARY 3.17. Let T be a countable union of sets of the ring R, u is
a scalar measure on R and for i = 1,2 let M; : X(v(M;)) — Prc(IR™) be a
p-continuous multimeasure of bounded variation v(M;). If My(A) C My(A)
for every A € X(v(Ms)), then for i = 1,2 there exists an integrably bounded
v(M;)-measurable multifunction F; : T — Pr.(IR™) such that Fy(t) C Fa(t).

PRrROOF. From Theorem 3.12 we obtain an integrably bounded v(M;)-
measurable multifunction F; : T — Pj.(IR™) such that

M(Ai):/AFi(t)u(dt),i:LZ

Since M7(A) C M3 (A) for every A € B(v(Ms)), it follows that o(p, M7 (4)) <
o(p, M2(A)) for p € R™. Consequently, for p € IR™,

[ o Fi®)niat) = otp. [ Fa(o)utan)
A A
< oo, [ Palt)utde) = [ o Pa(t) it

and we deduce that o(p, F1(t)) < o(p, F2(t)). Since both F} and F, are convex
and compact-valued, it then follows that Fy(t) C Fa(t). O
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COROLLARY 3.18. Let T be a countable union of sets of the ring R and
W is a non-atomic scalar measure on R. If M : S(v(M)) — Pr(IR™) is
a p-continuous multimeasure of bounded variation v(M), then there exists
a multimeasure N : X(v(M)) — Prc(IR™) of bounded variation such that
coM(A) = N(A) for each A € Z(v(M)).

PROOF. From Theorem 3.12 follows that there exists an integrably
bounded v(M)-measurable multifunction F : T — Py.(IR"™) such that
M(A) = [, F(t) u(dt) for each A € X(v(M)). But then

F(t) pldt) = /

A

coM(A) =co /

A

F(t) p(dt) = / co F(t) p(dt),

A

where the last equality follows from the fact that [, F(t) u(dt) is a convex
set, and

o(p, /A Foud)) = [ ol F(t)) udh)

—

- / o(p, co F (1)) u(d)
A

~ o, /A co F(t)u(dt)

for every p € IR™. If we put N(A) = [, co F(t) u(dt), then N is the desired
multimeasure. Indeed, by Lemma 8.3 of [20] follows that co F' is p-measurable.
According to Theorem 3.6 we then only need to show that co F' is integrably
bounded. To start with, first note that from the integrably boundedness of
F we obtain a k € Ll(u) such that ||F(¢)]] < k(t) for every t € T\N,
where N is some p-negligible subset of T'. Let x(t) € co F(¢) for t € T. Then
2(t) = Y007 a(t)x;(t), where ;(t) > 0, Y0 o;(t) = 1 and a;(t) € F(t)
for j=1,2,...,n+ 1. If t € T\N, then it follows easily that ||z(¢)| < k(¢) so
that co F' is indeed integrably bounded. O

THEOREM 3.19. Let T be a countable union of sets of the ring R and let X
and Z be separable Banach spaces such that Y C L(X,Z) and Z = W', where
W is a norming subspace of Z'. If M : X(v(M)) — Pr(Y) is a multimeasure
of bounded variation v(M) and F : T — Ps(X) is an integrably bounded
v(M)-measurable multifunction, then there exists an integrably bounded v(M)-
measurable multifunction G : T — Py(Z) such that

/ Pt) M(dt) = / G(t) v(M, dt)
A A

for each A € X(v(M)).
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PROOF. From Theorem 3.2 we have that [, F(t) M(dt) # 0 for A €
Y(v(M)). Then

o = { [ swyman | e shmme sy

{/A U (t) o(m,dt) | | € Sk(m),m € sM},

where U, : T — L(Y,Z) is the function whose existence is guaranteed by
Theorem 4 on page 263 of [11]. If, for each ¢ € T', we define

G(t) ={(Unf)(t) | f € Sp(m),m € Sy},

then G is the desired multifunction. Indeed, first note that G(t) € Pr(Z)
because both Sy, and S} are compact for the topology of pointwise conver-
gence. To prove the integrably boundedness of G, let z € G(¢) for all t € T.
Then there exist m’ € Sy and f/ € Sk(m') such that z = U,/ (t) f'(¢) for all
t € T. Therefore

Izl = 1Um @)L O < 1T OISO = 17 @,

which implies that G is indeed integrably bounded.

Furthermore, since the mapping ¢ — (U, f)(t) is v(m)-measurable for
each m € Sy and f € SE(m), it follows immediately that G is also v(M)-
measurable. Obviously, for each A € X(v(M)) we have that

/ F(t) M(dt) = / G(t)v(M, dt).
A

A
O

By making use of Theorem 5 on page 269 of [11] and the remarks on page
271 of [11] we now have the following corollary, the proof of which is similar
to the previous theorem.

COROLLARY 3.20. Let T be a countable union of sets of the ring R and
let X and Z be separable Banach spaces such that Y C L(X,Z) and Z = W',
where W is a norming subspace of Z'. Suppose that M : L(v(M)) — Pr(Y)
is a multimeasure of bounded variation v(M) and let F : T — Pp(X) be an
integrably bounded v(M)-measurable multifunction. If u is a scalar measure
on R with the direct sum property such that M 1is p-continuous, then there
exists an integrably bounded v(M)-measurable multifunction G : T — Pr(Z)
such that

/ F(t) M(dt) = / G(t) p(dt)
A

A
for each A € X(v(M)).
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THEOREM 3.21. Let T be a countable union of sets of the ring R and let
w be a scalar measure on R. If M : (v(M)) — Prc(IR™) is a multimeasure of
bounded variation v(M) such that M is u-continuous and if F : T — P(X)
is an integrably bounded v(M)- measurable multifunction, then there exists an
integrably bounded v(M)-measurable multifunction G : T — Py.(IR"™) such

that
/ P(t) M(dt) = / PG u(dt)
A A

for all A € B(v(M)).

PROOF. By Theorem 3.12 we obtain an integrably bounded wv(M)-
measurable multifunction G : T — Ppc(IR"™) such that M(A) = [, G(t) p(dt)
for all A € X(v(M)). Therefore, for m € Sy, there exists a g € S&(u) such
that

mmwiémwmmy

Then, since m(dt) = g(t)u(dt), we have that

[ reyman /f a e [ PG )
for every f € Si(m) and therefore [, F(t) M(dt) C [, F(t)G(t) u(dt) for all
A € E(v(M)). The inverse inclusion follows similarly. O

THEOREM 3.22. LetT be a countable union of sets of the ring R and let X
and Z be separable Banach spaces such that Y C L(X,Z) and Z = W', where
W is a norming subspace of Z'. Suppose that M : L(v(M)) — Puke(Y)
is a multimeasure of bounded variation v(M) and let F : T — Pype(X)
be an integrably bounded v(M)-measurable multifunction. If p is a scalar
measure on R with the direct sum property such that M is p-continuous,
then [, F(t)M(dt) is a convex and w(Z,Z')-compact subset of Z for every
A e E(v(M)).

PrOOF. From Corollary 3.18 we obtain an integrably bounded v(M)-
measurable multifunction G : T — Pyr(Z) such that f A M(dt) =
J 4 G(t) p(dt) for each A € X(v(M)). If we put N(A) = [, G( ), then we
know that N S(Ww(M)) = Pyre(Z) is a multlmeasure of bounded var1at10n
and Sy # 0. Let n € Sy and define ¢ : L, (1) — Z and ¢ : Sy — Z by

ollo) = [o(0)uta).g € o] and o() = 20

p(dt)’
Then 1) is continuous with respect to the norm topologies of the spaces L} (11)
and Z. Also, since ¢ is a linear isometric bijection, it is continuous with re-
spect to the norm topologies of the spaces ca(Z) and L (). Theorem 15 on
page 422 of [12] asserts that ¢ is continuous with respect to the topologies
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w(Ly (), L% (1)) and w(Z, Z') of the spaces L, (1) and Z, while ¢ is continu-
ous with respect to the topologies w(ca(Z), Er(p)®Z') and w(LY (1), LS (1))
of the spaces ca(Z) and L} (). We then have that

G(t) p(dt) = / F(t) M(dt).

A

(40 9)(8x) = b(6(S)) = (k) = [
Since 1o ¢ is continuous with respect the topologies w(ca(Z),Er (1) ® Z') and
w(Z,Z") of ca(Z) and Z, and since Sy is a convex and w(ca(Z),Er(p) ® Z')-
compact subset of ca(Z), we then have that [, F(t) M(dt) is a convex and
w(Z, Z")-compact subset of Z. O

COROLLARY 3.23. Under the conditions of the previous theorem we have
that [, F(t) M(dt) is a convex and closed subset of Z for every A € X(v(M)).

PROOF. By the previous theorem, [, F(t) M(dt) is a convex and w(Z, Z')-
compact subset of Z; therefore [, F(t) M(dt) is also w(Z,Z')-closed. The
result then follows from page 422 of [12]. O

The following corollary is a result of the fact that the weak and strong
topologies coincide on finite-dimensional spaces.

COROLLARY 3.24. Let T be a countable union of sets of the ring R and let
u be a scalar measure on R with the direct sum property. If M : (v(M)) —
Pre(IR™) is a p-continuous multimeasure of bounded variation v(M) and F :
T — Prc(IR™) is an integrably bounded v(M)-measurable multifunction, then
J4 F(t) M(dt) is a convex and compact subset of R™™ for every A € X(v(M)).

PrROOF. If we put Z7 = IR, W = IR™ and consider IR" C
L(R™, R™™), then it follows immediately that Z = W’ and W is a norming
subspace of Z’. By Theorem 3.20 follows then that [, F'(t) M(dt) is convex
and w(IR™™, (IR"™)")-compact, and therefore convex and compact in R™.
a

THEOREM 3.25. Let T be a countable union of sets of the ring R and let
w be a non-atomic scalar measure on R. If M : X(v(M)) — Prc(IR™) is a
multimeasure of bounded variation v(M) such that M is p-continuous, and if
F:T — Py.(IR") is an integrably bounded v(M)-measurable multifunction,
then

/ F(t) M(dt) = / F(t)ext M(dt)
A A

for all A € B(v(M)).

PROOF. We only need to prove that [, F(t) M(dt) C [, F(t)ext M(dt)
because the inverse inclusion follows obviously. By Theorem 3.19 we have
that [, F(t)M(dt) = [, F(t)G(t) u(dt), where G : T — Py.(IR") is an
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integrably bounded v(M)-measurable multifunction. But since F(¢)G(t) =
coext F(t)G(t), we then have that

/ F#)G(t) p(dt) = / coext F(t)G(t) u(dt) = / ext F(t)G(t) p(dt).
A A A

Then we only need to show that [, ext F(t)G(t) p(dt) C [, F(t)ext M(dt).
For this purpose, let h € Sk (1) and m € Su. Then the proof will be
complete if we can show that [, h(t) u(dt) = [, f(t)m(dt) for f € SE(m)
because then

/ w(dt) /f m(dt) eco/f t) ext M (dt) /F ) ext M (dt).

But 1fg€SG( ) and f € Sp(m), then [, h( = [, f( p(dt) =
Juf A m(dt) and the proof is complete O

THEOREM 3.26. Let T be a countable union of sets of the ring R, and
suppose that M : S(v(M)) — Prc(IRP) is a multimeasure of bounded varia-
tion v(M) and F : T — Ps(IR™) is an integrably bounded v(M)-measurable
multifunction. If p is a non-atomic scalar measure on R such that M is
w-continuous and if Z = IR"P, then

/ Pt / F(t) co M (dt)

for all A € B(v(M)).

ProoF. By Theorem 3.19 follows that there is an integrably bounded
v(M) measurable multifunction G : T — Py (IRP) such that [, F(t) M(dt) =
J4 F( Ju(dt) for all A e X(v(M)). Since [, F(t)G(t)p(dt) =
N coF )G( ) u(dt) for all A € X(v(M)), we only need to prove that

/ co F()G(t) p(dt) = / F(t)co M (dt)
A A

for all A € X(v(M)). So let m € Sconr. Then m(A) € coM(A) for all
A e X(v(M)). But

coM(A /F /coF() w(dt),

that is, there is a g € S p(u) such that m(A) = [, g(t) dt Then
since m(dt) = g(t)u(dt), it follows immedlately that [, f(t)m(dt) =
Juf A dt) and the proof is complete. O

THEOREM 3.27. Let T be a countable union of sets of the ring R and let X
and Y be separable Banach spaces. Suppose that M : S(v(M)) — P;(Y) is a
multimeasure of bounded variation v(M) and F : T — P(X) is an integrably
bounded v(M)-measurable multifunction. Then

a) [y F(t)ycoM(dt)=co [, F(t) M(dt) for all A € X(v(M)).
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(b) If M is in addition non-atomic, then [, F(t)co M(dt) = [, F(
for all A € (v(M)).

PROOF. Since Sz pr = €05y (by Theorem 4.2 of [23]), statement (a) then
follows from the fact that

/AF(t)EM(dt) {/f m(dt) | f e Sh(m )mESwM}

= @{ [ soman]| € shm.me su
= @/AF(t)Mdt

for all A € X(v(M)). To prove the second statement, assume that M is
non-atomic. Since J4 F( M(dt) is convex, we have that [, F(t)co M(dt) =
e [, F(t)M(dt) = [, F( ) for all A € X(v(M)). O

Note that instead of assuming that M is non-atomic in the second state-
ment of the above theorem, we may let M be convex—valued Indeed, if this is
the case, then Sy = oSy = Sz so that [, F(t)eo M (dt) = [, F(
for all A € Z(v(M)).

THEOREM 3.28. Let T be a countable union of sets of the ring R and let X
and'Y be separable Banach spaces. Suppose that M : X(v(M)) — Pr(Y) is a
multimeasure of bounded variation v(M) and F : T — Pr(X) is an integrably
bounded v(M)-measurable multifunction. Then

) [y F(t) M(dt) = [, F(t)ext M(dt) for all A € X(v(M)).

(b) If M is in addition convex, then [, F(t)M(dt) = [, F(t)ext M(dt)
for all A € (v(M)).

PROOF. (a) By the Krein-Milman theorem follows that o M = ¢oext M.
Consequently, by applying the previous theorem twice, we have

/F@MW)
A

/F@EMW)
A

= / F(t)coext M(dt)
A

= / F(t) ext M(dt)
A

for all A € X(v(M)). For statement (b), note that since M is convex-valued,
we have that Sy, = ¢oext Sy, and the result follows immediately. O



INTEGRATION OF MULTIFUNCTIONS 333

ACKNOWLEDGEMENTS.
The authors wish to express their gratitude to the referee for his (her)

suggestions and remarks.

[1]

(10]

11]
12]

13]

[14]
(15]
[16]
(17]
(18]
(19]

[20]
(21]

(22]

REFERENCES

R. AlS, A. de Korvin and C. Roberts, p-integrable selectors of multimeasures, Int. J.
Math. Math. Sci., 2 (1979), 209-221.

R. Al6, A. de Korvin and C. Roberts, On some properties of continuous multimeasures,
J. Math. Anal. Appl., 75 (1980), 402-410.

Z. Artstein, Set-valued measures, Trans. Amer. Math. Soc., 65 (1972), 103-125.

R.J. Aumann, Integrals of set-valued functions, J. Math. Anal. Appl., 12 (1965), 1-12.
C. Castaing, Le théoréme de Dunford-Pettis généralisé, C. R. Acad. Sci., 238 (1969),
327-329.

C. Castaing and M. Valadier, Convex Analysis and Multifunctions, Lecture Notes in
Mathematics No. 560, Springer-Verlag, Berlin, 1977.

A. Costé, La propriété de Radon-Nikodym en intégration multivoque, C. R. Acad. Sci.,
280 (1975), 1515-1518.

A. Costé and R. Pallu de la Barriere, Un théoréme de Radon-Nikodym pour les multi-
mesures d valeurs convezes fermées localement compactes sans droit, C. R. Acad. Sci.,
280 (1975), 255-258.

A. Costé and R. Pallu de la Barriere, Radon-Nikodym theorems for set-valued measures
whose values are convexr and closed, Comment. Math., XX (1978), 283-309.

G. Debreu and D. Schmeidler, The Radon-Nikodym derivative of a correspondence,
in Proc. Sixth Berkeley Sympos. Math. Statist. and Probability (Berkeley, Calif.,
1970/1971), vol. II: Contributions to Probability Theory, Part 2, 41-56, (Univ. Cali-
fornia Press, Berkeley, Calif., 1972.

N. Dinculeanu, Vector measures, Pergamon, New York, 1967.

N. Dunford and J.T. Schwartz, Linear Operators, Part 1:General Theory, Interscience,
New York, 1958.

C. Godet-Thobie, Some results about multimeasures and their selectors, in Measure
Theory (Oberwolfach, 1979), edited by D. Kolzow, Lecture Notes in Mathematics No.
794, (Springer-Verlag, Berlin, 1980), 112-116.

C. Godet-Thobie, Sélections de multimesures. Applications a un théoréme de Radon-
Nikodym multivoque, C. R. Acad. Sci., 279 (1974), 603-606.

C. Godet-Thobie, Multimesures et multimesures de transition, Ph.D thesis, University
of Paris, 1975.

F. Hiai, Radon-Nikodym theorems for set-valued measures, J. Multivariate Anal., 8
(1978), 96-118.

F. Hiai and H. Umegaki, Integrals, conditional expectations and martingales of multi-
valued functions, J. Multivariate Anal., 7 (1977), 149-182.

D.A. Kandilakis, On the extension of multimeasures and integration with respect to a
multimeasure, Proc. Amer. Math. Soc., 116 (1992), 85-92.

H. Kudo, Dependent experiments and sufficient statistics, Nat. Sci. Rep. Ochanomizu
Univ., 4 (1954), 151-163.

P. Maritz, Integration of set-valued functions, Ph.D. thesis, University of Leiden, 1975.
N.S. Papageorgiou, On the theory of Banach space valued multifunctions, Part 1:
Integration and conditional expectation, J. Multivariate Anal., 17 (1985), 185-206.
N.S. Papageorgiou, On the theory of Banach space valued multifunctions, Part 2: Set
valued martingales and set valued measures, J. Multivariate Anal., 17 (1985), 207-227.



334

(23]

[24]
25]
[26]
27]
(28]

[29]

H. E. BRINK AND P. MARITZ

N.S. Papageorgiou, On the properties of multimeasures with values in a Banach space,
Annales Societatis Masthematicae Polonae, Series I: Commentationes Mathematicae,
XXXII (1992), 111-121.

N.S. Papageorgiou, Radon-Nikodym theorems for multimeasures and transition multi-
measures, Proc. Amer. Math. Soc., 111 (1991), 465-474.

N.S. Papageorgiou, Transition vector measures and multimeasures and parametric set-
valued integrals, Rocky Mountain J. Math., 27 (1997), 877-888.

H. Richter, Verallgemeinerung eines in der Statistik bendtigten Satzes der Masstheorie,
Math. Ann., 150 (1963), 85-90; 440-441.

D. Schmeidler, Convexity and compactness in countably additive correspondences, in
Differential games and related topics, North Holland, Amsterdam, 1971.

K. Vind, Edgeworth allocations in an exchange economy with many traders, Internat.
Econom. Rev., 5 (1964), 165-177.

Z. Wenxiu, M. Jifeng and L. Aijie, The extension of a compact set-valued measure, J.
Math. Research. Exp., 10 (1990), 35-42.

Department of Mechanical Engineering
Technikon Free State

Private Bag X20539

Bloemfontein 9300

South Africa

E-mail: hbrink@eng.tofs.ac.za

Department of Mathematics
University of Stellenbosch
Private Bag X1

Matieland 7602

South Africa

E-mail: pm@land.sun.ac.za

Received: 07.03.2000
Revised: 19.06.2000



