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THE NUMBER OF DIOPHANTINE QUINTUPLES

YASUTSUGU FuJiTa
College of Industrial Technology, Nihon University, Japan

ABSTRACT. A set {a1,...,am} of m distinct positive integers is called
a Diophantine m-tuple if a;a; + 1 is a perfect square for all i, j with
1 <i<j<m. Itis known that there does not exist a Diophantine
sextuple and that there exist only finitely many Diophantine quintuples.
In this paper, we first show that for a fixed Diophantine triple {a,b,c}
with a < b < ¢, the number of Diophantine quintuples {a,b,c,d, e} with
¢ < d < e is at most four. Using this result, we further show that the
number of Diophantine quintuples is less than 10276, which improves the
bound 101930 due to Dujella.

1. INTRODUCTION

Diophantus posed the problem of finding a set of four (positive ra-
tional) numbers which has the property that the product of any two
numbers in the set increased by one is a square, and found such a set
{1/16,33/16,68/16,105/16}. A set {a1,...,am} of m distinct positive in-
tegers is called a Diophantine m-tuple if a;a; + 1 is a perfect square for all
i, j with 1 < ¢ < j < m. Fermat found the first example of a Diophantine
quadruple, which was the set {1, 3,8,120}.

Euler found that for any Diophantine pair {a, b} the set {a, b, a+b+2r}isa
Diophantine triple, where r = v/ab + 1. We call such a triple regular. In 1979,
Arkin-Hoggatt-Strauss ([1]) found that for any Diophantine triple {a, b, ¢} the
set {a, b, c,d} is a Diophantine quadruple, where d1 = a+b+ ¢+ 2abc+ 2rst
and 7 = Vab+1, s =+vac+ 1, t = v/bc + 1, and conjectured the following.

CONJECTURE 1.1. If {a,b,c,d} is a Diophantine quadruple with a < b <
c<d, thend=d.
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We say that a Diophantine quadruple {a,b,c,d} with a < b < ¢ < d is
reqular if d = d4. Conjecture 1.1 immediately implies a folklore conjecture,
which says that there does not exist a Diophantine quintuple. It is known
that there does not exist a Diophantine sextuple and that there does not exist
only finitely many Diophantine quintuples ([8]). Recently, we ([12]) showed
that if {a,b, c,d, e} is a Diophantine quintuple with a < b < ¢ < d < e, then
d = dy (note that all the quadruples contained in the quintuple, other than
{a, b, c,d}, are irregular; see Section 1 in [12]).

The first result supporting Conjecture 1.1 is due to Baker and Davenport
([2]), which asserts that if {1,3,8,d} is a Diophantine quadruple, then d =
120. This result has been generalized and it is known that the Diophantine
quadruples containing the pairs {k — 1,k + 1} with & > 2 (cf. [4,5,10,11))
or the triples {Fak, Fogta, Forta}t with & > 1 (cf. [6]), where F, is the v-
th Fibonacci number, are always regular. Besides them, the Diophantine
quadruples containing the following triples are regular:

{1,8,15}, {1,8,120}, {1,15,24}, {1,24,35}, {2,12,24} (by Kedlaya [13]),
{4,12,30} (by Dujella [8, p.213]).

Thus, one may easily check that if {a,b,c,d,e} is a Diophantine quintuple
with a < b < c<d<e, then b>8, d> 6440 and

ad > 6888 (coming from {1, 35,48, 6888}),
bd > 16 - 6440 (coming from {3,16,33,6440}).

The last two lower bounds play important roles in proving Theorem 1.2.

We are interested in bounding the number of Diophantine quintuples.
We first consider the number of Diophantine quintuples {a,b,c¢,d, e} with
a<b<c<d<efora fixed triple {a, b, c¢}. Since the above-mentioned result
([12]) implies that d is unique, it suffices to bound the number of the e’s. The
essential tool to do this is an exponential gap principle between the solutions
due to Okazaki (cf. [3, Lemma 2.2]), which we may apply if there exist five
such e’s. Thus, we obtain the following.

THEOREM 1.2. Fiz a Diophantine triple {a,b,c} with a < b < c¢. Then
the number of Diophantine quintuples {a,b,c,d, e} with ¢ < d < e is at most
four.

Using Theorem 1.2, one may easily improve the bound 1093 due to
Dujella ([9]) for the number of Diophantine quintuples. In fact, we reduce it
to about the one-seventh power further by improving the upper bounds for b
and d (in particular, for b).

THEOREM 1.3. The number of Diophantine quintuples is less than 10276,

This paper is organized as follows. In Section 2, we rephrase the assump-
tion that {a,b, ¢, d, e} is a Diophantine quintuple in terms of a system of three
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Diophantine equations, which induces binary recurrent sequences. Then, we
completely determine the initial terms of the sequences. In Section 3, using
some congruence relations we give lower bounds for the solutions. In Section
4, using Baker’s theory we give upper bounds for the solutions and for b and
d. Tt is to be noted that its proof tells that any regular Diophantine triple
{a, b, c} with ¢ = a+b+2r > 10°° cannot be extended to a Diophantine quin-
tuple (cf. Corollary 4.5). In Section 5, we give an exponential gap principle
between the solutions. Combining it with the upper bound for the solutions
we prove Theorem 1.2. Finally, in Section 6 using the bounds for b and d and
Theorem 1.2, we prove Theorem 1.3 along the same lines as Theorem 4 in [9].

2. THE FUNDAMENTAL SOLUTIONS OF THE SYSTEM OF DIOPHANTINE
EQUATIONS

In this section, we transform the problem into solving a system of
three Diophantine equations, which induces binary recurrent sequences
{w}, {vm},{wn}. Then, we determine the initial terms of the sequences,
which we call the fundamental solutions of the system. We also examine the
relationship between [, m and n in the case of u; = v, = wy,.

Let {a,b,c} be a Diophantine triple with a < b < ¢, and r, s,t positive
integers such that

ab+1=172ac+1=s>%bc+1=1t%

Furthermore, suppose that {a,b,c,d, e} is a Diophantine quintuple with ¢ <
d < e, and put

ad+1=2%bd+1=19% cd+1=22
with positive integers x,y, z. Then there exist integers «, 3,7, d such that
ae+1=0a2be+1=p% ce+1=72%de+1=20

from which, by eliminating e, we obtain the system of Diophantine equations.

(2.1) ad? — do® = a — d,
(2.2) b6 —dp* =b—d,
(2.3) c6? —dy? =c—d.

Note that by Theorem 2.1 in [12] we know that d = d = a+b+c+2abc+2rst.

LEMMA 2.1. (cf. [8, Lemma 1],[12, Lemma 2.1]) Let (J, a), (9, ), (d,7) be
positive solutions of (2.1), (2.2), (2.3), respectively. Then there exist solutions
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(b0, 0) of (2.1), (61,01) of (2.2) and (62,72) of (2.3) in the ranges

1 |ava
1< ap <22 < 0.76Vad, 1< 16| < 2—£<0.269d,

2
y+1 " [dvd
1< <3/ 72 1< <3/ —= .14
< B < 5 < 0.723Vbd, <6y < 2ﬁ<0 8d,
z+1 4 dvd
1< < 72 1< <3| —= .14
<m <y < 0.723Vcd, < |6g] < 2\/E<O 8d
such that
(2.4) 5va+ aVd = (8ov/a + agVd)(z + Vad),
(2.5) Vb + BVd = (6:Vb + S1Vd) (y + Vod)™,
(2.6) 5y +yVd = (8a3/c+ 2 Vd) (2 + Ved)"
for some integers l,m,n > 0.
PROOF. This immediately follows from Lemma 2.1 in [12]. O

By (2.4), (2.5) and (2.6), we may write § as follows:
e )

= uy, where

ug = dg, U1 = xdg + dag, Ut = 2xU41 — Uy
e 0 = v,,, where

vo = 01, v1 = Y01 + dB1, Um+2 = 2YUm+1 — Um;
e 0 = w,, where

wo = 02, w1 = 202 + dye, Wpia = 22Wpy1 — Wy

LEMMA 2.2. If 6 = u; = vy, = wy, then Il = m = n = 0 (mod 2) and
8o = 01 = 0 = £1.

PRrROOF. If [ is odd, then by Lemma 8 in [8] we have |§y| = y and |Jo| = z,
which are contradictions. Similarly, if m is odd, then |6;| = «, 01| = 2z, and
if n is odd, then |d3| = z, |02| = y; in any case, we arrive at contradictions.
It follows that I, m, n must be all even. Then Lemma 3 in [7] implies that
dp = 61 = 2.

Put eg = (62 — 1)/d. Then

aeo+1 =02 beg+1=p% ceg+1=r2, deo+1:58.

If 62 # 1, then {a,b,c,d, e} is a Diophantine quintuple with ey < d, which
contradicts d = d4 (cf. Section 1). Therefore, we obtain |§o| = 1. O

LEMMA 2.3. If § =u; = vy = wy, then4<n<m<1[<2n.
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PROOF. From Lemma 3 in [8] we see that
n—1<m<2n+1,n—1<I<2n+1and m—1<1<2m+1,
that is,
n—1<m<2n+1and m—-1<I1<2n+1,
which together with Lemma 2.2 imply that n < m <1 < 2n.

The first inequality n > 4 follows from Lemmas 2.4 to 2.7 in [12] (see also
(12, p. 7]). O

We need the following lemma in order to prove Theorem 1.2.
LEMMA 2.4. If § = u; = vy, = wy, then m > 6.

PRrROOF. It suffices to show that us # v4 and ug > v4. The latter immedi-
ately follows from Lemma 2.10 (1) in [12] and its proof, in view of dg = 61 = £1
and d > 4abc > b. Suppose that uy = vs. By Lemma 2.2 we have

+2a(ad + 1) + (2ad + 1)x = £2b(bd + 1) + (2bd + 1)y.
Since 2(by — ax)d +y — x > 0, we have
2b—a){(b—a)d+ 1} =2(by —ax)d +y — z.

However, d > 4abc > b? implies that (b—a)d+1 < yd and by —ax > (b—a)y,
which are contradictions. O

3. LOWER BOUNDS FOR SOLUTIONS

In this section, we first introduce the notion of “standard triples”. Then,
we give lower bounds for m in terms of d.

DEFINITION 3.1. Let {a, b, ¢} be a Diophantine triple with a < b < ¢. We
call {a, b, c} a Diophantine triple of
(i) the first kind if ¢ > b°;
(ii) the second kind if b > 4a and ¢ > b?;
(iil) the third kind if b > 12a and b°/3 < ¢ < V2.

A Diophantine triple is called standard if it is of the first, the second or the
third kind.

REMARK 3.2. The definition of standard triples in [8] differs from the one
above in the following:

e The condition for the first kind in [8] is ¢ > b*5;

e The second and the fourth kind in [8] correspond to the second kind

above.

We modified the first kind in order to get better upper bounds for b and d,
and combined the second and the fourth kind because dividing those cases
does not affect the bounds (see the proof of Proposition 4.3).

LEMMA 3.3. Any Diophantine quadruple contains a standard triple.
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PROOF. Let {a,b,c,d} be a Diophantine quadruple. In view of the proof
of Proposition 2 in [8], we may assume that {a,b,c,d} is regular and b < 4a.
If ¢ > b, then d > 4abc > b°, whence {a,b,d} is of the first kind. Assume
that ¢ < b%. Then, from the same argument as in the proof of Proposition 2
in [8] we see that either

(i)c=a+b+2r or (ii) ¢>4ab+ 2a+ 2b,

and that in the case of (i), {a,c,d} is of the second kind; in the case of (ii),
d < ¢® and d > 4abc > b*c > /2, whence {a, c,d} is of the third kind. 0

REMARK 3.4. It follows from the proof of Lemma 3.3 that any Diophan-
tine quadruple {a,b,c,d} with @ < b < ¢ < d contains a standard triple
{4,B,C} with A< B<(C=d.

LEMMA 3.5. Suppose that {a,b,c,d,e} is a Diophantine quintuple with
a<b<c<d<e. Assume thatd > 10,

(i) If {a,b,c,d} contains a triple of the first kind, then m > d°025.
(ii) If {a,b,c,d} contains a triple of the second kind, then m > d*-24.
(iii) If {a,b,c,d} contains a triple of the third kind, then m > d*1°.

Proor. Let {A, B,C} be a standard triple with A < B < C contained
in {a,b,c,d}, and {V;} and {W}}, which are two of {w;}, {vn} and {w,},
the attached sequences with 4 < k < j < 2k. Put § = vAC+1 and
T = +BC + 1. It suffices to show that

(i) k> %025 (i) k > CO%,  (iii) k > C%19.
(i) Suppose that k < C%925. By Lemma 9 in [8] and Lemma 2.2, we have
+A5% 4+ Sj =+BEk*+ Tk (mod 4C).

Since Aj? < C92.40%% < C, §j < V/O12+1.2099% < O, Bk? <
C02C00 <« O, Tk < /C12 +1C%09%5 < C, we have

(3.1) +Aj% + Sj = £BEK* + Tk.
Squaring (3.1) twice, we have
(3.2) {(Aj2 = BK*)? — j> — k*}* = 45°k* (mod O).
Since k < C%9% yields
{(Aj2 . Bk2)2 7]-2 . k2}2 < (Bk2)4 < 008002 _ C,
452k < 16k* < 16CY! < O,
the congruence (3.2) is in fact an equation, that is,

(3.3) Aj? — BE? = F(j + k).
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By (3.1) and (3.3), we have j(S F1) = k(T £ 1), which together with (3.1)

implies that
2
Ll T+1 B k:T—S(Til).
STl S¥1

It follows from C = d > 10'%° that
(S+1)(T+S) - AC
(AT+BS—A+B)  B(2S+1)

which contradicts the assumption. Therefore, we obtain k > C9:025,
(ii) Note that in this case Lemma 4 in [8] and k > 4 together im-
ply that j < 3k/2 + 1/2 < 1.625k. Suppose that k < %24 Since
A2 < 1005 (16250024 < €, §j < (/iCY5 41162509 < C,
BE? < €95 (00‘24)2 < C, Tk < V/C¥5 +1C%* < (O, we have the equa-
tion (3.1). We now have
Aj - JVA _ 1.625C024.0.5C02°
S JO 0.5
B_k _ k‘\/E _ (0-24(0.25
T VO C0-5

It follows from (3.1) that 1.0812555 > 0.9Tk, that is,

Z> 09 z>0832\/§>1664
k-~ 1.08125 S ' A U

which contradicts j < 1.625k. Therefore, we obtain k > €024,
(iii) Note that in this case Lemma 4 in [8] and k& > 4 together im-
ply that j < 8k/5 + 3/5 < 1.75k. Suppose that k < C°19.  Since

A2 < £C06 (1.75C019)% < €, §j < (JEHCHE 41 1TC0Y < (),
BE? < C96 (00‘19)2 < O, Tk < V/C16 +10%" < C, we have the equa-
tion (3.1). In the same way as (ii), we see that

k=3 > 0.49C°3 > 000,

=0.8125C~ %% < 0.08125,

=C7 %0 <0.1.

Aj < 0.05052 Bk <0.1
5 . T 1,

and that 1.05052S5 > 0.9Tk, that is, j/k > 2.965, which contradicts j <
1.75k. Therefore, we obtain & > C%19. This completes the proof of Lemma
3.5. O

4. UPPER BOUNDS FOR b AND d

In this section, combining Lemma 3.5 with a theorem of Matveev ([14])
we give upper bounds for b and d. In its proof, it emerges that if d > 109,
then d > b°, which implies that any regular Diophantine triple {a, b, c} with
c¢=a+ b+ 2r > 10°0 cannot be extended to a Diophantine quintuple.
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We begin by quoting the theorem of Matveev.

THEOREM 4.1 ([14]). Let A be a linear form in logarithms of N mul-
tiplicatively independent totally real algebraic numbers aq,...,an with ra-
tional integer coefficients b1,...,bn (b # 0). Let h(a;) denote the abso-
lute logarithmic height of a; for 1 < j < N. Define the numbers D, A;
(1<j<N)and E by D = [Qas, ..., an) : Q], 4; = max{ Dh(o), |log o },
E =max{l,max{|b;|A;/An; 1 < j < N}}. Then,

log |A| > —C(N)CoWo D*Q,
where
8
(N -1)!
Co = log(e** N+ N5°D? log(ex D)),
Wy = log(1.5exEDlog(exD)), Q2= A;---An.

C(N) = (N +2)(2N + 3)(4e(N + 1))V +1

PROPOSITION 4.2. Suppose that {a,b,c,d,e} is a Diophantine quintuple
with a <b<c<d<e. Then,
m

————— < 2.786 - 10"*(log d)*
log(351m) < (log d)
with m as in the equation (2.5).

Proor. Let A, B,C,S,T and V;, W}, be as in the proof of Lemma 3.5.
We may assume that C(= d) > B%? and C' > 6440 > 10? (cf. Section 1). Put

A = jlog& — klogn + log u,

where
VB(WC + VA)
= VA = v B =————=".
E=S+VAC, n=T+VBC, VANC < VEB)
Then, by (60) in [8] we know that
(4.1) 0<A< %AC{%.

We apply Theorem 4.1 with N =3, D =4, a1 =&, as =1, ag = u. We have
Ay =2loga; < 2log(2v/AC + 1) < 210g(2.0001C°®) < 1.8007 log C,
Ay =2logay < 2log(2v/BC + 1) < 210g(2.0001C%®) < 1.8007 log C.
Since the minimal polynomial of y is
A%(C — B)?X* 4+ 4A’B(C — B)X® +2AB(3AB — AC — BC — C*)X?
+4AB?*(C — A)X + B*(C — A)?
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up to a multiple of a constant, the leading coefficient ag of the minimal poly-
nomial of y satisfies

i(%_l) <ap < A%(C — B)*.
Since
\/F\/_i\/_) \/F(\/5+\/§)2
VAWC-VB) ~ VAC-B)
VB(1++/B/0) B
VA(—B/C) <1.67O9\/;7
B _ VB(WC+VA) _ VBT - VB
A~ VANC +VB) VA(C - B)
>< \/7> \/>>05607\/§
we have

Az = 4h(p) < log (1.6709°B*(C — B)?) < 3.34891og C,
and noting that {A, B, C'} is a standard triple with C' > 10® we have

B(C-B

Az > log (0 56072 e )> > log(C'/%) = 0.210g C.

Since k < j, we have

jA
E
< = e < 9.0035;.

Hence we obtain the following:
c3) = ; -5-9(16e)* < 6.4407 - 108,
Co = log (€?"2 - 3% . 16log(4e)) < 29.8847,
Wy = log (6exE log(4e)) < log(3517),
Q= A;A2A3 < 10.8583(log C)3.
Since g . g '
log §AC’§’2J < log 50(40)’] < —1.20067 log C,
Theorem 4.1 and (4.1) together yield
1.20065 log C' < 6.4407 - 10% - 29.8847 - 16 - 10.8583(log C)* log(351),
whence we obtain
I
log(3515)
Proposition 4.2 now follows from j > m and C = d. 0

< 2.786 - 10*%(log ).
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PROPOSITION 4.3. Suppose that {a,b,c,d,e} is a Diophantine quintuple
witha < b < c<d<e Then d< 1080 and b < 10'%. Moreover, if
d > 10199, then d > b°.

PROOF. We may assume that d > 10%°. In case {a,b,c,d} contains a
triple of the first kind, by Lemma 3.5 we have m > d%92%, which together
with Proposition 4.2 implies that

m
fm) = log(351m)(logm)2
Hence we have m < 5.45 - 1020, It follows that d < m* < 10830 and b <
%% < mB < 10166,

In case {a, b, c,d} contains a triple of the second or the third kind, m >
d%19 and Proposition 4.2 together imply that f(m) < 7.718-10'3, which yields
m < 7.2-10'. On the other hand, the assumption d > 100 implies that
m > d®' > 10'°, which is a contradiction. Therefore, we obtain d < 1083°
and b < 101%. In addition, we have proved that {a,b,c,d} cannot contain a
triple of either the second or the third kind. Hence {a,b, ¢, d} has to contain
a triple of the first kind, which yields d > b°. O

< 4.458 - 10%°.

COROLLARY 4.4. Suppose that {a,b,c,d, e} is a Diophantine quintuple
with a <b<c<d<e. Then, | <1.1-10%%.

PrOOF. If [ > 1.1-10%!, then by Lemma 2.3 we have m > 5.5 - 10%°, and
Proposition 4.2 implies that

m E
d > > 21083
P \/2.786 7102 1og(351m) ’

which contradicts Proposition 4.3. 0

COROLLARY 4.5. Let {a,b,c} be a Diophantine triple with ¢ = a + b +
2r, where r = \ab+ 1. If ¢ > 10°°, then {a,b,c} cannot be extended to a
Diophantine quintuple.

PROOF. Suppose that {a,b,c,d, e} is a Diophantine quintuple. We may
assume that ¢ < d = d; < e by Theorem 1.2 in [12]. Since ¢ > 10°° means
d > ¢ > 1099, we see from Proposition 4.3 that d > 1°. On the other
hand, since d < 4b%c and b > 8, we have ¢ > b%/4 > 16b, which contradicts
c=a+ b+ 2r < 4b. O

5. PROOF OF THEOREM 1.2

Let {A, B,C} be a Diophantine triple with A < B < C and let S =
VAC +1, T = y/BC + 1. In this section, we first give an exponential gap
principle for the solutions of

(5.1) AZ> - CX*=A-C, BZ*-CY? =B-C,
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using Okazaki’s idea (cf. [3, Lemma 2.2]). Then we prove Theorem 1.2 com-
bining the gap principle with Corollary 4.4. We may express the solutions of
(5.1) as Z =V; = Wy (j > 0, k > 0) with some binary recurrent sequences
{V;} and {W}} (cf. Section 2).

LEMMA 5.1. Suppose that Vy = Wy = +1 and that there exist three pos-
itive solutions (X;,Y;, Z;) (1 <1i <3) of (5.1) with Z1 < Zy < Zs that come
from the same fundamental solution Z = Vo = Wy. Put Z; = V;, = Wy,
(1 <4 <3) with j1 < ja < j3. Then we have

3

Ag¥]
8AC é‘ Ogn?

(5.2) jz — J2 >
where

ko — k1 k‘g—k‘g

§S+\/AC,7;T+\/BC,A‘. RN )
J2—J1 J3—J2

PROOF. The proof proceeds along the same lines as that of Lemma 2.2
in [3]. Let e = Vp = Wy. By Z = V; = Wy, we have

1 j —j
- m{(ﬁﬂm)g — (VO - e/}

1 k —k
= 55 (VO + VBl — (O~ By}

whence we can find three points

Z

(pi» @) = (Jilog&, kilogn) (1 <i<3)

on the curve

F(p,q) =(VC + eVB)e? — (VT — eVB)e 1
(5.3) - \/g {(\/6 + eVA)e? — (VO — Eﬂ)efp} 0

Since
Fy(p,q) = (VO +eVB)e? + (VO — eVB)e > 0

for all p and ¢, we may implicitly differentiate (5.3) to obtain

{(\/5 +eVB)el + (VO — €\/E)€_q} (Cil_;])

(5.4) = \/g{(\/aJr eVA)el + (VC — e\/Z)e*p} ,
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which yields

dg {(\/5—1— eV A)er — (VT — e\/Z)e—p}Q +4(C — A)
dp A/B {{(\/5 +eVB)et — (VT — 6@)6_[]}2 4 B)}

) [(VO + evAyer — (VT — Ay r )} +4(C — 4) 1
. = 5 > 1.
{(VO+evAer — (VT - e/A)er} +4(AC/B - 4)

Similarly, we may implicitly differentiate (5.4) to obtain

{(\/5+e\/§)eq+(\/_f€\/_) _q}

+ {(\/E—l—e\/E)eq (VC — eVB)e _‘1 (d—q)
= (VC +eVB)e? — (VO — eVB)e™
which yields

s 1 1( ) (VT + eVB)et — (VT — eV/B)e~
' (VC + eVB)et + (V/C — eV/B)e1

<0.

From (5.5) and (5.6) we see that

(5.7) O<Q2-Q1_Q3-Q2<QQ—Q1_1.

P2—p1 PpP3—p2 P2—Dn
On the other hand, we may transform V;, = Wy, (i = 1,2) into inequalities
for linear forms in three logarithms of algebraic numbers

8 .
0<pi—q+logu< §AC£’2"' (i=1,2),

where

_ VBWC + eVA)
VAT + /B)

(cf. (4.1)). Hence we have
8 )
0<p2—q2+logpu <pr—qi+logp< §A0572J17
which yields

(5.8) 0<(q2—q)— (p2—p1) < 21405_%-
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It follows from (5.7) and (5.8) that

- - —q1) = (po — 8AC
0 < 2 —q1 43— Q2 < (g2 —q1) — (p2 —p1) < —.
P2 —P1 P3—D2 P2 — P1 3(p2 — p1)&20

Substituting p; = j; log & and ¢; = k; logn, we have

ko — ki ks — k2 SAC
< = v .
Jo—J1  Jz—Jo  3(j2—j1)&%rlogn

0
Therefore, we obtain

3 .
s — jo > —— AL ]
Js—J2> gam £ logn,

as desired. O
We are now ready to prove Theorem 1.2.

PROOF OF THEOREM 1.2. Suppose that there exist five Diophantine
quintuples {a,b,c,d,e} (¢ < d < e) containing the fixed triple {a,b, c}. Since
d = d4 by Theorem 1.2 in [12], we have five such e’s, which yield five positive
solutions

d=up, =Um, =w,, (1<i<5)

with {1 < Iy < I3 < Iy < 5 of the system of Diophantine equations (2.1),
(2.2), (2.3). Let {A, B,C} be a standard triple with A < B < C contained
in {a,b,¢,d} and Z = V; = W), the solutions of (5.1). Then, Vo = Wy = %1
by Lemma 2.2 and we have three positive solutions (X;,Y;,Z;) (1 < i < 3)
of (5.1) that come from the same fundamental solution. Hence, putting Z; =
V;, = Wy,, we have the gap principle (5.2). Since we may assume that C' = d,
we know that AC' > ad > 6888 and BC' > bd > 16-6440 (cf. Section 1), which
together with Lemma 2.4 imply that

271 2/ad)2m
io > % > 212(ad)® > 6.35 - 102,

logn > log(2Vbd) > 6.46.

Moreover, since each of I;, m; and n; is even by Lemma 2.2, we have A = 0
(mod 4), which yields A > 4. It follows from (5.2) that

Is > js > 1.5-6.35-10%% . 6.46 > 6.15 - 10?3,

which contradicts Corollary 4.4. This completes the proof of Theorem 1.2.
O
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6. PROOF OF THEOREM 1.3

In this section, we prove Theorem 1.3 along the same lines as Theorem 4
in [9].

PROOF OF THEOREM 1.3. Suppose that {a,b,c,d,e} is a Diophantine
quintuple with a < b < ¢ < d < e. We know by Proposition 4.3 that d < 10830
and b < 101, We first bound the number of the {a,b}’s. If b < 10192, then
the number is at most 102°4. Assume that 10192 < b < 101, By (8) in [9]
we have

(6.1) logb > %w(b) log w(b),

where w(b) denotes the number of distinct prime factors of b. If 2¢(%) > p0-3,
then (6.1) implies that w(b) < 101.6, which yields b < 10192 a contradiction.
Hence we have 2¢(®) < 193 and the number of corresponding {a,b}’s is less
than the following (see the proof of Theorem 1 in [9]):

10166 _1 10166 _1 10166

oot M i< 2/ b db < 10°'°,
b=1010241 b=10102 41 10102

Therefore, the number of the {a,b}’s is less than 10%16.

Secondly, for a fixed {a, b} the number ¢ such that {a,b, ¢} is a Diophan-
tine triple belongs to the union of finitely many binary recurrent sequences,
and the number of the sequences is less than or equal to the number of so-
lutions of the congruence z2 = 1 (mod b) with —0.716%7 < 25 < 0.716%7°
(cf. [7, Lemma 1]). If b < 10°, then the number of the sequences is
2.0.71-10%%075 < 5.10%. Assume that 10°® < b < 10'%5. We see from
(6.1) that 2¢®) < b'/3 in the same way as above. Hence, the number of the
sequences is less than 2 - 290+ < 4p1/3 < 9.10% (cf. [9, Lemma 1]). More-
over, the number of elements contained in each of the sequences is less than
log,(10%39) < 600 (see the proof of Theorem 4 in [9]). Therefore, the number
of the ¢’s is less than 9 - 10%° - 600 < 6 - 10°8.

Consequently, we see from Theorem 1.2 that the number of Diophantine
quintuples is less than 10216 .6-10%8 .4 < 10276, which completes the proof of
Theorem 1.3. o
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