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1. Introduction

Let p be a prime number and let IF; be a finite field of characteristic p with g elements.
Let A € F4[z] be a monic polynomial. We say that a divisor d of A is unitary if
d is monic and ged (d,A/d) = 1. Let w(A) denote the number of distinct monic
irreducible factors of A over F, and let o(A) (resp. ¢*(A)) denote the sum of all
monic divisors (resp. unitary divisors) of A (o and o* are multiplicative functions).
We denote by N the set of non-negative integers and by N* the set of positive integers.
We denote by R the set of real numbers and by C the set of complex numbers.

If 6(A) = A (resp. 0*(A) = A), then we say that A is a perfect (resp. unitary
perfect) polynomial. In 1941, E. F. Canaday [4], the first doctoral student of Leonard
Carlitz, began the study of perfect polynomials by working on the prime field Fs.
Later, in the seventies, J. T. B. Beard Jr. et al. extended this work in several
directions (see e.g. [2, 3, 1]). Recently, [6, 7, 8, 9, 11], we became interested in
this subject. In our first two papers, we considered the smallest nontrivial field
extension of the ground field, namely F,4, while in the three others, (we continued to
work on the binary case, by considering “odd” and “even” perfect polynomials we
say that a polynomial is even (resp. odd) over F, if it has some root in F, (resp. if
it is not even)). A polynomial splits over F, when all its roots are in F,. Our first
results about splitting perfect polynomials are in [10] and [12], where the fields are
respectively Fp» and F,2, the Artin-Schreier extension and the quadratic extension
of Fp.

Beard [1] was the first to consider splitting polynomials over F,. First of all, he
considered the case of perfect splitting polynomials and then in another paper [2]
the case of unitary splitting polynomials.
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In both cases he succeeded in classyfying these polynomials over IF,,. However,
his methods are not able to work on more general settings, e.g., when considering
the analogous problem over finite extensions of I, instead of merely over the prime
field IFp.

In our papers (see [10, 12]), we introduced a new method, that uses some linear
algebra; more precisely, we use some properties of circulant matrices and more gen-
eral types of matrices of the same kind (see section 4) to translate some properties
of splitting perfect polynomials in properties of these matrices and vice versa. In
the present paper we are able to adapt the new method to work also in the case
of splitting unitary perfect polynomials. A priori this was not clear since while the
unitary perfect polynomials seem by definition simpler than the perfect polynomi-
als, to be able to get results about them is of the same order of difficulty. Indeed,
by using our linear algebra method, we discovered (see Theorem 3 and the end of
this section) a new family of unitary splitting perfect polynomials over F,» without
analogue in the classical case of splitting perfect polynomials.

The objective of this paper is to classify some splitting unitary perfect polyno-
mials over F,2, where p is a prime number (see sections 3 and 4).

For a positive integer m, we consider the set:

QO = {NENN|pm—1},1fp:27
P {NeN: 2N |p™—1}, ifp>3.

If a splitting polynomial

A= ][ @-n"

’YEIFP'm

is unitary perfect over F,m, then each integer h(7) is of the form N ()p™("), where
N(v) € QU {0} and n(y) € N. Moreover, if h = min{h(y) : v € Fym, h(y) > 1},
then by Lemma 2, the integer card({y € Fym : h(vy) = h}) is divisible by p.

Since the product of coprime unitary perfect polynomials is unitary perfect, the
following definition is useful for splitting polynomials. We say that A is trivially
unitary perfect over = if it is unitary perfect and if it may be written as a product:
A= Ay---A,, where for each i,j one has

w(A;) = p and A; is unitary perfect of the form: H (x—v —17)
jeF,

N; p"i
Y

")/iEIFq, N; € Q™ n; € N.

p

Note that this definition is slightly different from that of a trivially perfect polyno-
mial in [12]. The case when ¢ = p was already considered by Beard [2]. He showed

that a polynomial
A= @ =)V
v€F,

is unitary perfect over I, if and only if the following condition holds:

(¢) : There exist N,n € N such that ¥V v € F, : n(y) =n, N(y) =N € Q}.
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Thus, the only unitary splitting perfect polynomials over F, are of the form:
(P — 2)M?" where n € N and N € Q.

If F, is a nontrivial extension field of F,, then condition (¢) remains sufficient (see
again [2]) but not necessary any more (see Theorem 1, in the case ¢ = 22).
If a splitting polynomial

A= I @—mpNew

’ye]Fpm
is unitary perfect over IF,=, then two natural cases arise:

Casel: There exists N € N such that Vv € Fpm : N(y) = N € Q"
Case2: There exists n € N such that V v € Fpm : n(y) = n.

In order to get some progress in the classification of unitary splitting perfect poly-
nomials over a nontrivial extension field of F),, we work on the smallest nontrivial
extension field of F,, namely the quadratic extension 2. If p = 2, in Theorem 1
we obtain the list of all splitting unitary perfect polynomials over Fy. We see in
particular that Case2 does not imply Casel. If p is odd, we would like to know if
Casel implies Case2. The answer is positive only for some cases (see Theorems 2
and 3).

We fix an algebraic closure F, of F,. We put
Fo=F,e={ja+i:i,jeF,}=F,a]

2 .
= 4+x+1,if p=2,
here a € Fy is a root of {x2 —c, c is not a square in F,, if p is odd.

If p is odd, we consider the following condition:

-1
p is odd.

(e): Niseven, N|p—1and
Observe that condition (e) implies that 2N {p — 1.

Our main results are the following. Let A be a nonconstant unitary splitting
perfect polynomial over F,. Then A is of the form A = BP" for some n € N where:

a) If ¢ = 4:

(
2 (22 +x+ 1), rseN,
W, N e {1,3},

=@+dP@+d+a) (z+d+1)*(z+d+a)?, de{0,1},
=23(x+1)3 (z+d)*(xz +d+1)5 deFy\{0,1}.
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b) I g=p% poddand if B = [ (z—7)™"", with 2N [ ¢ - 1:
v€F,

B is trivially unitary perfect if 2N | p — 1,

B = (29 — )N if 2N {p — 1 and if (e) does not hold,

B= ][] @-ja—dN?" neNfori€cTF, if(e)holds.
4,5 €F,

If we compare our present results to those referring to perfect splitting perfect
polynomials given by [6, Theorem 3.4] for ¢ = 4 and by [12, Theorem 1.1] for ¢ = p?,
we see that we essentially obtain analogous results except that in the case of unitary
perfectness, there exists an additional family:

(22 +2)32" (2 +d)>"" (@+d+1)32"" de{a,a+1}, neN, if g =14,
H (x — jao— ) NP n; €N, if (¢ = p? is odd, and N satisfies (e)).

i,j€F,

2. Preliminary

We need the following results. Some of them are obvious, so we omit their proofs.
We put ¢ = p™, for some m € N*.

Lemma 1. Let A = H (x — 'y)hh) be a unitary perfect polynomial over F,. Then
V€F,
each integer h(7y) is of the form N(~)p™"), where N(v) € Qy u{0}.

Proof. The proof is obtained from the following two facts:
e every positive integer h may be written as h = MpY, where p{ M and v € N.
e any nonconstant polynomial (z—+)™?" +1 splits over F, if and only if M € Q.
O

Lemma 2 (see also [2], Theorem 1). If A = P ... PPQ" ... Q% is a nonconstant

unitary perfect polynomial over F, such that:
hideg(Py) = - = h.deg(P,) < k1 deg(Q1) < --- < ks deg(Qs).

Then r =0 (mod p).

A A
Proof. By definition one has 0 =¢*(4) — A = o +-+ o +---
1 T
. . . A A
In particular, the leading coefficient of it + -+ i equals 0. O
1 T

Lemma 3. Assume that A = Ay Ay is unitary perfect over Fy and that ged(A1, As)
= 1. Then Ay is unitary perfect if and only if Ao is unitary perfect.
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Lemma 4. If A(z) is unitary perfect over Fy, then for any a € Fy and for any
n € N, the polynomials A(x + a) and AP" are also unitary perfect over F,.

Remark 1. If A is a splitting unitary perfect polynomial over Fy, then w(A) is not
a priori divisible by p. However, by Lemma 2: w(A) > p if A# 1.

Proposition 1. Let A = H (x — yj)ijnj be a nonconstant unitary perfect poly-
j€F,

nomial over Fy, where N; € Qpt U{0} for all j € Fp.

Then:

(i) There exist N,n € N such that for each j: Njp™ = Np™, p { N.

(ii) Moreover, if 2N | p—1, then there exists v € Fq such that, after a permutation
of indices: vj = v + j, for each j € Fp.

Proof. i): By Lemma 2, w(A) = p and there exists h € N* such that for each j:
N;p" =h = Np"™ for some N,n € N, p{ N.

Now, we may write
N
A=T[@—-p™r
Jj€Fp

ii): If 2N | p — 1, then there exists j € F, such that ;¥ +1 = 0. So the monomial
(x — v — j) divides o*((z — 70)V?") and hence it divides 6*(A4) = A. Thus, (z —
70 —§)NP" divides A. By the same argument, the monomial (z —~o —17)V?" divides
A, for any [ € F,. We are done. O

Remark 2. Part ii) of the previous proposition may be false if 2N + p — 1. For
exzample, the polynomial 2% (x+a)?(z+2a)? is unitary perfect over Fg, where a € Fy
is such that o® +1 = 0.

3. Case Fy

We put Fy = {0, 1, , &}, where a®> + o+ 1 =0 and & = « + 1. We shall use

Lemma 5 (see [6], Lemmas 2.1 and 2.5). Let P,Q € Fy[x] be irreducible and such
that 1+ --- + P?" = Q™ for some m,n € N, then n =m = 0.

We prove the following result:

Theorem 1. A splitting polynomial A is unitary perfect over Fy if and only if it
may be written as A = B?", where n € N and B has one of the following forms:

i) 0,

i) (x+d)(z+d+1),d €Ty,

i) (22 +2)¥ (22 +2+1)%,rs €N,

) (z* + )N, N € {1,3},

v) (x+d)>(x+d+a)(x+d+ 1)z +d+a)?,d e {0,1},
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vi) 23(x +1)%(z + d)*(x +d+ 1)%,d € {a, a}.

Sufficiency is obtained by direct computations. So, we only prove necessity.
According to Lemmas 1, 2 and 4, a nonconstant splitting unitary perfect polynomial
over [Fy is, after a suitable translation, of the form:

A=gN2" (x + a)N'Qn (x 4+ b)M'2m (x + c)R'QT, a#b#ec,

where a,b,c € {1,a,a}, N € {1,3}, M, R € {0,1,3} and n,m,r € N.
We see that A is unitary perfect if and only if:

N2 = (x4 a)’ (x4 b)) (z + )P,

(x +a)N?" = 2% (z + b)2 (2 + ¢)%, (1)
(@ + o)M= = 2% (2 + a)* (z + )%,

(z+ )% = 2%z + a)*(z +b)*,

in which the exponents on the sides are non-negative numbers (so that some of them
may be zero) and satisfy:

b1+cl+d1:N~2":a2—|—62+d2:a2+a3+a4=b1+bg—|—b4,
az+bz+d3 =M 2" =c; + 3 + ¢y, (2)
a4+b4+04:R‘2T:d1+d2+d3.

3.1. Case N =1

Subcase a = 1: In that case, 2" (x + 1)?" is unitary perfect. So by Lemma 3, the
polynomial (z + b)M2" (2 4+ ¢)#2" is also unitary perfect. Hence b = ¢+ 1 €
{a,a}, M = R € {0,1}, m =r. We obtain parts i), ii) and iii) of Theorem 1.
Subcase a € {«, @}: Since o and @& play symmetric roles, we may suppose that a = «,
b=1, c=a. In system (1), we obtain

b3:d3, a4 = C4, 61:2n:d2, b1:d1:0:a2282:0.

Thus system (2) gives
asz + aq4 = 2",

b3 + by =27,
ci+ 2% =M. 2™,
ds +2" =R-2",

CL3+b3+d3=M-2m,
as +by+cy=R-2%.

It follows that:
M,R>1,bs=ds=R-2"—2" a4y =cy = M-2M—2" a3 =2"—qa, = 2" "1 —M.2™.

So
M- 2™ =q3+bg+ds=—M-2"+2R-2".

Hence
M=Re{1,3} and m=r.
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If M = R =1, then by equations (E3) and (F4), we have
a3:2m, b3:d3:0:a4204.

Hence 2" =2" =2" and r = m = n.

We obtain part iv) of Theorem 1, with N = 1. If M = R = 3, then still by
equations (F3) and (F4), we have now:

a3 =b3=d3=2"and ay = by =c4 = 2".
Thus:
2" —2M =gy =2",3-2"-2"=¢, =2"2" =d3=3-2"-2".
We conclude that n = m + 1 =r + 1 and obtain part v) of Theorem 1, with d = 1.

3.2. Case N =3

Subcase a = 1: We may suppose that b = «, ¢ = @ Moreover, M (resp. m) and R
(resp. r) play symmetric roles. In system (1), we obtain the following:

b1201=d1:2n:a2202=d2, a3:b3, &421)4.
Thus system (2) gives now:

2"+ a3z +ag =327,
2 4 by + by =327,
2"+ 2" ey =M - 2™,
2 49" 4 dy=R-2,
a3—|—b3—|—d3:M-2m,
ag+byg+cys=R-2".

It follows that M, R > 0 and hence M, R € {1,3}. f M = R =1, then ag=b3=0
= a4 = by and we get the contradiction: 2" = 2" 4+az+a4 =32". f M =1, R=3,
then we obtain ag = b3 =0, ay = by = ¢4 =2". Thus, 2"+ 2" = a3+ a4 +2" = 3.2"
and 2" + 2" 4+ 2" =2" 42" 4 ¢4 =2™. Weget r =n+ 1, m = n+ 2. We obtain
part vi) of Theorem 1, with d = «. If M = 3, R = 1, then we similarly have
m=n+1, r =n+2. We obtain part vi) of Theorem 1, with d = a. If M = R = 3,
then we obtain agz = b3 = d3 = 2™, a4 = by = ¢4 = 2". Hence r = m = n. Thus, we
obtain part iv) of Theorem 1, with N = 3.

Subcase a = a: We may suppose b =1 and ¢ = @. In system (1), we obtain

b1201=d1=2":a2202:d2, b3=d37 as = C4.

Thus system (2) gives
2" +az3+ag =327,
2" + b3+ by =327,
M 4N ey = M-2™,
M 4o 4y — R-2"
a3+bg+d3:M~2m,
ag+bys+cy=R-27.
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It follows that M, R > 0 and hence M, R € {1,3}

g = cqg = M -2™ — 2"

by =ds =R-2" —2"t!

as = M -2™ — R. 2" 4 ont2
by =R-2" — M .2m+1 4 ont2,

If M = 1, then by equation (E3), we have 0 = b3 = d3 = R- 2" — 2"*! and hence
R=1, r=n+1. So by equation (E4):

0:a4:c4:M.2m_2”+1 :2m_2n+1-

Thus, m = n + 1. We obtain part v) of Theorem 1, with d =0. If M =3, R =1,
then we get the contradiction: 0 = a4 = ¢4 = 3.2m — 2"+, If M = R = 3, then
a3 =bs =d3 =2", ag = by = c4 = 2". Thus, we get r = m = n. We obtain again
part iv) of Theorem 1, with N = 3.

4. Case [z, p odd

A bit of notation is necessary in this section. We put ¢ = p?, where p is an odd
prime number.
4.1. Notation

Let N € N be a positive integer such that 2N | ¢ — 1. The set of integers
U = {0,1,...,p — 1} will also be considered as the prime field F,. We denote
by (i,...,¢n € Fy the N-th roots of —1.

We recall (see the Introduction) that:

F,=F, ={ja+i:i,j € U} =F,la], with a®? =c € F,, a € F,,.
We also recall the following condition:

p—1

(o) : Niseven, N|p—1and is odd.

Each element ja+i € F, will be, if necessary, identified to the pair (j,7) € F, x Fp.
We define the two following order relations:

eonlF,:0<1<2<.-.-<p—1,
e on F, (lexicographic order):
(jOajl) < (lo7l1) if: either (]0 < ZO) or (]O =ly, 1 < ll)-

For P,Q € F,[z], P™ || Q means that P™ | Q and that P™T! § Q.

For v € F,, we put

AN={eF;: v=0)N=-1}={y—=C,....,7—Cn}.
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Observe that:
AV £, if 2N | g — 1,
AN C{y+j:j€eF,}, if2N|p—1,
A ={5+j: 6 €A}, for any j € F,,.
The following straightforward result is useful:

Lemma 6 (see [2], Lemma). A polynomial @Q is unitary perfect if and only if for
any trreducible polynomial P € Fylz], and for any positive integers my, ma, we have

P Q, P™ [ 0%(Q) = (m1 = ma).
We obtain an immediate consequence:

Proposition 2. If N > 1, then the polynomial A = H (z —fy)anm is unitary
v€F,
perfect if and only if

Np™) = Z P vy e F,.
dENY

Proof. For every v € F;, we may apply Lemma 6 to the polynomial P = z — v,
where m; = Np*() > 1. By consideration of:

U*(A) — H U*((m _ 5)an(5)) _ H ((.13 _ 6)an(5) N 1)

5€F, 5€F,

N
= [ [[@-6- &)L

SeF, j=1

we see that the exponent of P in o*(A) is exactly the integer ms = Z p9),

deNY
Moreover, mo > 1 since A7 is not empty. O

4.2. The results

Let o
A= H (x_,y)anw

v€F,

be a splitting unitary perfect polynomial over F,.
Our first main result reads.

Theorem 2. If 2N | p — 1, then A is trivially unitary perfect, so that the integers
n(vy) may differ.

Our second main result follows.

Theorem 3. We have:
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i) If Condition (e) holds, then:

n(i)=n(a+i)=---=n((p—1)a+1i), foranyieU.
it) If 2N t p — 1 and if Condition () does not hold, then:

n(y) = n(8) := n(say), for any~,s € F,, so that A = (x9 — x)NP".

As in the case of the splitting perfect polynomials (see [12]), we consider suitable
(block) circulant matrices (see [5, Sections 5.6 and 5.8]) to prove our results.

Observe that our method fails if ¢ = p™ with m > 3, since we cannot ap-
ply Lemma 9.

4.3. Circulant matrices

In this section, we recall some results about circulant matrices and block circulant
matrices (see [5, Chapters 3 and 4]), that will be useful in the proof of our main
results.

Definition 1. Let n be a positive integer. A circulant matriz of order n is a square

matriz C = (c])o<i,j<n—1 such that the entries c] satisfy

d=d |, d=c} for1<ij<n-—1.

? (2

Definition 2. Let n,m be positive integers. A block circulant matriz of type (n,m)
is a square matriz, of order nm: S = (S})o<i j<n—1 such that

each matriz Sf is a square matriz of order m,

S§) =807l 80 =8t for1<i,j<n-—1.

3

Furthermore, if every Sf s a circulant matrix, then S is called a block circulant with
circulant blocks.

Notation: If C' is a circulant matrix of order n and if we denote, for 0 < j <n — 1:
Cj = C%V
then C' may be written as:
Co C1 ... Cph—1
. Cn—1 €0 -+- Cp—2
C = CII'C(C(), ceay Cn—l) =
C1 Co ... (O
Analogously, a block circulant matrix S may be written as:

So S1 ... Sp—1

Sp—1 50 ... Sn_a
S = beire(Sp, ..., Sn-1) = ) oL ,

St S2 ... So
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where S; = S8J, for 0 < j <n— 1.
We will use several times the following result for n = p.

Lemma 7 (see [5], Section 3.2). Let n be a positive integer. Any circulant matriz
C = circ(cg, . . . ,cn—1) is diagonalizable on C, and admits the following eigenvalues:

|
—

co+cwf + -+ cn_l(wk)"_1 = a(Wh)l, fork e {0,...,n— 1},
1

I
<

where w = cos(2m/n) +isin(2w/n) € C is an n-th primitive root of unity.

For the rest of the paper we put
w = cos(2m/p) + isin(2w/p) € C.

Lemma 8. Let j € U\ {0} and uy,...,up—1 € Q such that

Z ur(wj)r =0,

relU
then u, = ug for any r,s € U.

Proof. Since {1,w?,...,(w/)P71} = {1,w,...,wP™1}, we may assume that j = 1.
It suffices to observe that the cyclotomic polynomial ®,(z) =1 + --- + P~
which is irreducible, is the minimal polynomial of w. O

Corollary 1. Let C = circ(cy, ..., cp—1) be a circulant matriz of order p such that
¢; # ¢y for some j, k€ {0,...,p—1}.

p—1

i) If Zci =0, then 0 is a simple eigenvalue of C.
i=0
p—1

it) If Zci # 0, then 0 is not an eigenvalue of C'.
i=0

Proof. i): By Lemma 7, C admits the following eigenvalues:

co+ -+ epa =0,
co+awk -+ cp_l(wk)pfl # 0, for any k > 1, by Lemma 8.

So, 0 is a simple eigenvalue of C'.
ii): By the same argument, 0 is not an eigenvalue of C. So we are done. O

Lemma 9 (see [5], Theorem 5.8.1 and § 2.3). Let n be a positive integer and let
S = beire(So, ..., Sn—1) be a block circulant of type (n,n), with circulant blocks,
then Sp,...,Sn—1 are simultaneously diagonalizable on C. Furthermore, a complex
number X\ is an eigenvalue of S if and only if there exists k € {0,...,n — 1} such
that X is an eigenvalue of the circulant matriz Hy = Sy +wkS -+ (wk)”’lSn,l,
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Proof. The fact that Sp,...,S,—1 are simultaneously diagonalizable is given by
Theorem 5.8.1 in [5]. The same theorem says that the eigenvalues of S are given by
the following n matrices:

Tk = F0+ka1 + -+ (wk)n_ll—‘nfl, 0 < k <n-— 1,

where for each 0 < 7 <n — 1, the diagonal matrix I'; gives the eigenvalues of S;.

It remains to observe, by simultaneous diagonalizability of Sp,...,S,_1, that for
each k, T gives the eigenvalues of Hy. O
Corollary 2. For eachl € U, let S; = circ(a o, - .., a1,p—1) be a circulant matriz of

order p such that:

a0 > 2, aj; € {—1,0} if (4,7) # (0,0), Z a;; =0 and Sp, # 0 for some m > 1.
i,jeU

Then the following holds.
i) If Hy=So+ -+ Sp—1 # 0, then Hy has rank p — 1.
ii) The matriz Hy, = So + w*S1 + -+ + (w*)P~1S,_1 has rank p, for any k > 1.

p—1
Proof. i): Observe that Hy = circ(t, ..., tp—1), where ¢; = Z a;;, forany i € U.
j=0
If Hy # 0, since
t0+...+tp71 = Z aj,i :O’
i,jeU
there must exist j,k € U such that t; # ¢5. Hence, Corollary 1 implies that 0 is a
simple eigenvalue of Hy.

p—1
ii): Hy = circ(tg0,...,tkp—1), where ty; = Zaj’i(wk)j, forany i € U.
7=0

Since ag,0 > 2 and since ag1 € {—1,0}, we have ag o # ao,1. S0tk # tk,1, by Lemma
8. The fact that m > 1 implies that a,,; € {—1,0} for any i € U. Moreover, since
Sm # 0, there exists [ € U such that a,,; = —1. So we get

ao,0 +ao1 + -+ agp-1 = E aji =0,
i,jeU
and:
am,0 + am,1 + -+ Am,p—1 S —1.

It follows that: ago + ap1 + -+ @0 p—1 # Gm,0 + @Gm,1 + -+ + am p—1, and hence,
by Lemma 8:

p—1 p—1
> thi=Y (ajo+ a1+ +aj, 1) (W) #0.
i=0 §=0

Thus, Corollary 1 implies that 0 is not an eigenvalue of Hy. O
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Corollary 3. Let S = bcire(So, . . ., Sp—1) be a block circulant matriz, with circulant
blocks S; = circ(ajo,...,a;p—-1), for each j € U. We suppose that:

a0 > 2, aj; € {—1,0} if (4,7) # (0,0), Z a;; =0 and Sp, # 0 for some m > 1.
i,5€U
Then the following holds.
i) If Hy=So+ -+ Sp—1 #0, then S has rank p? — 1.
i) If Hy = 0, then S has rank p? — p.

Proof. i): If Hy # 0, then by Corollary 2, Hy has rank p — 1 and Hy has rank p
for any k > 1. Hence, by Lemma 9, 0 is a simple eigenvalue of S. So S has rank:

plp—1)+p-1=p* -1
ii): By the same argument, if Hy = 0, then 0 is an eigenvalue of S of order p, and
the other eigenvalues are not equal to 0. So S has rank: p(p — 1) = p* — p. O

4.4. The proof

For v € Fy, we put z, = p" ). If we identify v = i+ j and § = ra + s to the pairs
(1,7), (r,s) € ]Fp2, we may order the unknowns z;; and z,, as follows:

Lij S Tps (17]) < (ns),
according to the order relation on F, defined in Section 4.1. From Proposition 2, we
obtain a linear system of ¢ equations in ¢ unknowns the x,’s:
Nz, = Zx(;, v €T, (3)
deNY

We denote by S the matrix of that linear system. For i,7 € F,, we consider
the square matrix S? of order p corresponding to the coefficients of unknowns
ZTjasTja+1 - -+ Tjatp—1, i0 the p equations:

Nz, = Z x§, where v € {ia,ia+1,... i +p—1}.
SENY
By direct computations, we have the following results:

Lemma 10. The matriz S can be written as a block matrix:
S = (Sg)ogi,jgpA, where each S7 is a square matriz of order p.
From the definition of A7, for v € Fy, we obtain:

Lemma 11. If (€})yn is the entry in row m and column n of S, for 0 < m,n
<p-1, then:

(e{)mn =N if ja+n=ia+m),

(€)mn =—1if ja+ne Aletm e ((i — j)a+m —n)V = —1,

(eﬁ)mn = 0 otherwise.
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It follows that:
Lemma 12. One has

{sf}:sg"f, SY =87}, for1<ij<p-—1,

4
(eé)mn = (eg))m—l n—1; (€é)m0 = (eg))m—l p—1, fOT 1< j7 m,n < b—= 1.

By putting Sg = 5}, from Lemma 12 we deduce the following two lemmas:
Lemma 13. The matriz S is a block circulant matriz:
S = beire(So, . .., Sp=1)-

Lemma 14. Every matriz S;, j € U, is a circulant matriz of order p:

S; = circ((eg)oo, ey (e%)op_l).
In the following, for i,j € {0,...,p — 1}, we put
a;i = (€))oi, (the entry in row 0 and column i of ;).
Thus, the matrix S; becomes
S; = circ(ajo,...,05p—1)-
We immediately obtain
Lemma 15. One has
i) apo =N, a;; =—1, if ja+i€ Ao,am- =0 elsewhere;
iW) Y aji=0;
(i,7)€eU?
ii) 2N divides p — 1 if and only if for any j #0, S; = 0.

Proof. We consider the equation corresponding to v = 0 = (0,0), in the linear
system (3). Part i) is obtained by direct computations. ii) is obtained from

Z a;i = aopo+ Z (—1) = N — card(A°%) = 0,

(i,5)€U? 5EN0

since A7 contains exactly IV elements, for any v € F,.
iii): If 2N divides p — 1 and if j # 0, then for any i € F):

aji # N, and a;j; # —1 since ((0 — j)a+0 — )" # —1.

Thus, a;; = 0 for any ¢ € U and S; = 0. We prove the converse by contraposition.

If 2N does not divide p — 1, then consider a primitive element 3 of IF,. We see that

v = ﬁ% is of order 2N. So, we must have: vV = —1. Moreover, v ¢ F, since

2N 1 p—1. We may write: v = jo + ¢ for some 4,j € F,, such that j # 0, then
Aj4 = —1. Hence Sj 7£ 0. L]
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If p is odd, by ¢ we denote the order of c in I, so that a is of order 2¢ in F,,.
Without loss of generality, we may assume c to be a primitive element, and hence
¢ =p—1. We consider then the following condition:

(ee) : N is even and ¥ + ¢~ % splits in Fp.
Corollary 4. We have Sy + -- -+ Sp—1 = 0 if and only if Condition (ee) holds.
Proof. Necessity: Firstly, Sy + -+ Sp—1 = 0 if and only if for each i € U,

So by Lemma 15, a;; = 0 for any 7 > 1. Moreover, since ag,g = N, there must exist
distinct ji,...,jn € F, such that:

aj,0="-=0ajy0=—1, and a;0 =0, for any j & {j1,...,jn}
Hence, for each 1 <1 < N, we have (—j; o)V = —1. It follows that o™ € F,, so that

N must be even. Moreover, for any [ € {1,...,N}:

N
2

G+ F) e =N 41 = (—jie)N +1=0.

Hence, j1,...,jn are the roots in IF,, of the polynomial: N 4%,
Sufficiency: Let ji,...,jn € F, be the roots of 2%V + ¢~ %. Foreach 1 <[ < N, we
have:

(=i )N =5V o = —c
Hence, for any (j,4) & {(j1,0),...,(jn,0)}, (—j a — i)V # —1so that a;; =0. O

p—1

We recall that (e) denotes: N is even, N |p—1 and
Observe that

is odd.

Proposition 3. Condition (e) is equivalent to Condition (ee).

-1 _
Proof. Necessity: Put pT = M odd. If u € F, satisfies: u” + = 0, then

NM p—1

=(-1)M ¢ 72 =(=1) ¢z =1, cnot being a square.
Thus, u € F,. So the polynomial # + c splits over F,,.

Sufficiency: It is clear that N is even. Now, we prove that N divides p — 1.

If ji,...,jn € F, are the roots of z + C*%, then (j;/71)N = 1, for any | €
{1,...,N}. So the polynomial 2" — 1 splits in F,. Since p { N, we conclude that
N | p—1. It remains to show that M = p — 1/N is odd. By hypothesis, any root u
of 2N + ¢ N/2 lies in F,, so that uP~! = 1. Hence, since c is not a square, we have

= (@M = ()M ¢ = ()M T = ()M

We are done. O
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4.4.1. Proof of Theorem 2

Lemma 16. If 2N | p — 1, then Sy has rank p — 1 and S is the block diagonal
matriz:

S = bcire(Sy, 0, . ..,0) = diag(So, . .., S0)-

Proof. The rank of Sy is obtained by Corollary 1. By Lemma 15- iii), S; = 0 for

all j € U\ {0}, so that S = diag(So,...,S0). O
Corollary 5. If 2N | p—1, thenn(y) =n(y+1) =+ =n(y+p—1), for any
v e,

Proof. By Lemma 16, the matrix S is exactly the diagonal matrix diag(So, ..., So),
so the linear system (3) splits into p linear systems (each of which is of matrix Sp)
in p unknowns x, Ty41,. .., Tytp—1:

Nayj= Y w5, fory=ia, i,j €F,. (4)
SeEAYTI
Moreover, Sy has rank p — 1. It remains to observe that (1,...,1) belongs to the

kernel of Sy, since

a0,0+"'+a0,p—1Zzao,i+ozzao,i+ Z aj; = Z aj; =0,

ieU icU i,j€U,57#0 (1,5)€U?

by Lemma 15 ii). O

4.4.2. Proof of Theorem 3

In this subsection, we suppose that 2N does not divide p — 1. So, by Lemma 15 iii),
there exists m > 1 such that S, # 0. Moreover, ag,g0 = N > 2. Corollaries 3 and 4,
and Proposition 3 give

Proposition 4. One has
If Condition (e) holds, then the matriz S has rank p* — p.
If Condition (e) does not hold, then the matriz S has rank p? — 1.
We obtain now Theorem 3:
Corollary 6. One has
i) If Condition (e) holds, then:

n(i)=n(a+i)=---=n(lp—1)a+1i), foranyiecU.

i) If () does not hold, then n(y) = n(d) for any v, € F,.
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Proof. i): In this case, the matrix S has rank p? —p = ¢ — p, so its kernel Ker(9S)

is of rank p. Now, consider v = (20,0,%0,1,---,%0,p—1) € RP and its transpose o',

Since S = bcire(So, S1, - ., Sp—1) with So+--- +S,_1 =0, we get

vl So v +S v+ 45,0 vt 0
ol Sp_l"UT—FSQ"UT—F"'—FSI,_Q'UT 0
S' . - . = .
vl Sl~vT+~-~+Sp,1ovT+SO'UT 0

Hence, Ker(S) contains the vector space E of dimension p:

E={(v,...,v) € (RP)" :v = (20,0,%0,1,---,T0p-1) € RP},

= {(IE0707 EERER R 7xp—1,p—1) e R?: Zo,g = = Tp—1,i;s Vie U}

We are done.
ii): Here, the matrix S has rank p? — 1 = ¢ — 1. Furthermore, (1,...,1) belongs to
the kernel of S, since
Z aj; =0,
(4,5)€U?

by Lemma 15 ii). O
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