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ABSTRACT e This paper presents numerical analysis of stress and strain conditions of a three-dimensional
furniture skeleton construction and its joints. The finite volume method is used in the calculation. Orthotropy of
the wood material is accounted for by approximating it with an isotropic material whose elastic modulus and
Poisson’s ratio are calculated by employing the least-square method. The displacement of the edge point for the
loaded joint was also determined experimentally. The agreement of results of the calculation and experimental
data can be considered satisfactory. The numerical results presented in this paper also provided an opportunity
for identification of the region with the largest load and strain in the complex chair skeleton construction, which
is one of the most complex pieces of furniture.
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SAZETAK * U radu Je prikazana numericka analiza naprezanja i deformacija prostorne okvirne konstrukcije
namjestaja i spojeva koji se u njoj pojavljuju. Za proracun je koristena metoda konacnih volumena. Zanemarena
Je ortotropija, a modul elasticnosti i Poissonov omjer za simulirani izotropni materijal aproksimirani su metodom
najmanjih kvadrata. Za optereceni kutnik pomak rubne tocke i eksperimentalno je odreden. Rezultati proracuna
zadovoljavajuce se slazu s eksperimentalnim podacima, pa se predlozeni numericki algoritam moze primijeniti
za analizu krutosti i ¢vrstoce spojeva. Numericki rezultati dani u ovom radu omogucili su identificiranje mjesta
najveceg opterecenja i deformacije u slozenoj okvirnoj konstrukciji stolice kao jednome od najslozenijih komada
namjestaja.

Kljuéne rijeci: kutni spoj, stolica, pomak, naprezanje, drvo, numericka analiza

1 INTRODUCTION
1. UVOD

methods have made the research much easier and ena-
bled obtaining information of what is happening inside a
loaded chair already at the design stage. Their use in the

Development of new products in the wood indu-  industry saves the time for the product development and

stry in the past was mostly based on empiric informa-
tion. The data about construction properties were usually
obtained by testing prototypes of the final product. The
development of computer technology and numerical

improves its quality. For example, at the design stage of
some pieces of furniture, their complex skeleton con-
struction is subjected to stress and strain analysis. That
allows them to satisfy all the functional demands
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(comfort), aesthetic demands, but also the strength and
stiffness both by their shape and their dimensions. To
achieve that, it is necessary to carry out a numerical si-
mulation of the stress of a complex construction.

The study of the literature has established that the
most frequent method applied in calculating the stress
and strain in solid bodies was finite element method
(Nicholls and Crisan, 2002; Smardzewski and Prekrat,
2002; Olsson P. and Olsson K., 2003; Pousette 2003;
Smardzewski and Papuga, 2004; Pousette, 2006) and
more recently the finite volume method (Demirdzi¢
and Martinovi¢, 1993; Demirdzi¢ and Muzaferija,
1995; Demirdzi¢ et al., 2000; Martinovi¢ et al., 2001;
Horman et al., 2008; Horman et al., 2009). Calcula-
tions in this study are performed by employing the sof-
tware package COMET (ICCM 2001) which applies
the finite volume method for analysing stress in elastic,
isotropic bodies of arbitrary shape. As wood is an or-
thotropic material, it is simulated by isotropic one and
the mechanical properties are approximated by the
least-square method (Heyden, 2000).

This paper first analyses the stress-strain state in
a corner joint, and then in a complex, loaded chair ske-
leton, because the quality and durability of a complex
skeleton construction primarily depends on the quality
of its joints. The regions exposed to the largest strains
and stresses are identified. The paper also presents the
experimental determination of displacement of the tar-
geted corner joint point, which serves to verify the nu-
merical results.

2 MATHEMATICAL MODEL
2. MATEMATICKI MODEL

2.1 Basic equations and constitutive relations
2.1. Osnovne jednadzbe i konstitutivne relacije

The equation of momentum balance, expressed
in the Cartesian tensor notation (Slattery, 1981)

foryn,ds + [f.av =0 (1)
S Vv
and of the constitutive relation for the elastic material
1 ou, Ou
0y = Cijklekz = ECijk/ [axj + ax,ij (2)

describe the stress and strain of a loaded solid body in
the static equilibrium.

Equation (2) for the elastic, orthotropic material
may be expressed in the following matrix form (Bodig
and Jayne, 1993).

0y 7’411 A4, 4, 0 0 0] e,
Oy 4, A, Ay 0 0 || &y
O35 |_ 4y Ay, A4y O 0 0 |l &y (3)
g, 0 0 0 4, O 0 || e,
o, 0 0 0 0 4, 0 ||é&y
105] L O 0 0 0 0 Ay || & |

In the equations above, x, are the Cartesian spatial
coordinates, V' is the volume of the solution domain
bounded by the surface S, 0, is the stress tensor, 7 is the
out warded unit normal to the surface S, f, the volume
force, Ciu the elastic constant tensor components, ¢,, the
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strain tensor, and u, the point displacement. Twelve non-
zero orthotropic elastic constants A, are related to the
Young’s modulus £, the Poisson’s ratio v, and the shear
modulus G, by the following relations:

E E
4, :?1(1_7/237’32 )’ 4,, :?Z(I_VMVU)’

E E
Ay, = ?3(1 ViV ), A, =4, = Fl(vzl T V3 Vo ),

E
A=Ay = El(vsl TV Vs ),

E
_ _ Lo
Ay =45, = ?(Vn + Y, V}l) 4)
A44:2G12’ A55:2G23’ A66:2G31
C=1- ViVoam VoV VY= VidVosV = Vo Ve
where
E1V21=E21/12, E1V31 =E3V13’ E2V32=E3V23' ®)

To make the calculation of the stress and strain in
complex shape bodies made of orthotropic material ea-
sier, the constitutive relation for the isotropic material

0,72ue A0 € (6)

ij kk?
is used, where 51.]. stands for Kronecker delta, and
Lame’s constants are given through the Young’s mo-
dulus £ and the Poisson’s ratio v in the following rela-
tions

TR i (M)
(1+v)1-2v) 2(1+v)

The Young’s modulus and the Poisson’s ratio for
the orthotropic material, which is simulated by an iso-
tropic material, are approximated by the least-square
method (Heyden, 2000) as follows:

An + Azz + A33 + 4(A12 + A13 + A23 )* 2(A44 + Ass + Ass)
2[2(A11 + A4y + 4y )+ 3(A12 + A5+ Ay )+ (A44 + Ass + Agg )]

_(+v)1-2v)
b= 15(1-v)

+ 4(A44 + ASS + A()() )] (8)

[3(A]l + AZZ + A33)+ Z(AIZ + Al3 + A23)+

where the coefficients A, are given by expressions (4).

Combining equations (1), (2) and (6), the fol-
lowing equations, expressed through unknown displa-
cement, may be obtained:

. Ou,
[u Ou, O n,dS + [ %nidS+ [fav =0
§ \Ox, Ox 5 Ox, ;
(i=1,2,3) )

2.2 Boundary conditions
2.2. Grani¢ni uvjeti

In order to complete the mathematical model (9),
the boundary conditions have to be specified. The sur-
face traction f, and/or the displacement u_at the do-
main boundaries are known, i.e.

o7 (10)
and/or
u=u. (11)
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Figure 1 A typical control volume
Slika 1. Tipi¢an kontrolni obujam

3 NUMERICAL METHOD
3. NUMERICKA METODA

The solution domain is discretized by a finite
number of contiguous hexahedral control volumes
(CV) or cells of the volume V which are bounded by
six cell faces of the area S, with calculation points P in
the CV’s centres (Figure 1)

The equations of the mathematical model (9), ex-
pressed through unknown displacements, may be writ-
ten for each control volume in the following form:

Zj ’dS +js dv =0. (12)

Coefficients F, and s, are given in Table 1.

The integrals i in equatlon (12) are approximated
by employing the midpoint rule, whereas the gradients
are calculated by assuming the linear variation of de-
pendent variables between the computational points.
The result is a non-linear algebraic equation for each
control volume of the following form (Demirdzi¢ and
Martinovi¢, 1993):

Table 1 The meaning of F ~and s, in equation (12)
Tablica 1. Znacenje E 1s U Jednadzbl (12)

Up, _Zap,”ip, =b,, (13)
=

where n stands for the number of internal faces of the
observed control volume, and the coefficients are:

_ZaP, 5 U; =

Where s, 1s the value of the source term given in
Table 1 at the ‘central point P, and 6xj is the distance
between the points, P, and P,

After employmg the boundary conditions, the
sets of equations (13) for each displacement compo-
nent are lineralized and temporarily “decoupled”, so
that the coefficients a and source term b are calculated
by using the values of displacements from the previous
iteration. In such a manner a system of linear algebraic
equations is obtained, which is solved by an iterative
procedure. More details can be found in (Demirdzi¢
and Muzaferija 1995).

y =T, SV, (14)

4 NUMERICAL ANALYSIS
4. NUMERICKA ANALIZA

Two examples are considered in this chapter. The
first one analyses the stress and strain in the corner
joint, and the second in the chair skeleton construction.
More examples may be found in (Hajdarevié, 2006).

Certain assumptions were provided in numerical
modelling of stress and strain:

- the material is isotropic and the elastic modulus and
Poisson’s ratio for the simulated materials are cal-
culated by the method of least squares,

- joint is without glue line,

- force is acting on the final small area.

4.1 Example 1 - Corner joint
4.1. Primjer 1. Ugaoni spoj

In this section the corner mortise and tenon joint
presented in Figure 2 are analyzed.

The material used for the corner joint is spruce,
whose mechanic properties at temperature of 20°C and
with the moisture content of 9.8 % are given in Table 2,

Y; uy uy u3 i
u 2 u+A ou i 1
! # H 8i ML +i i% _i (IU"'A,)% +fl
o\ oox ) o\ ox ) ox | ox, |
u 2 u+i ou, i 1
| “ u o (o), 2 (yem) 2l 2.,
ox; ' ox, ) ox,\ Ox, ) Ox,| 0x,
u 2 u+i ou, [ 1
S| u u 2f,2u), 2 fGom) 2 [0 il ,
ox;\" ox; ) ox;\ ax, ) oxy| X, |
Table 2 Mechanic properties of wood (spruce) (Bodig and Jayne, 1993)
Tablica 2. Mehanicka svojstva drva (smrekovine) (Bodig and Jayne, 1993)
E/ Er E[ Grl G[r Gll vtr Vrt Vr[ vlr Vt[ V[t
GPa GPa GPa GPa GPa GPa - - - - - -
0.392 0.686 | 15916 | 0.0392 | 0.618 0.765 0.24 0.42 0.019 0.43 0.013 0.53

E — elastic modulus (modul elasticnosti); G — shear modulus (modul smicanja); v — Poisson’s ratio (Poissonov koeficijent); t — tangential (tan-

gencijalni); r —radial (radijalni); | —longitudinal (longitudinalni)
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Figure 2 Corner mortise and tenon joint (left) and its dimensions (right)
Slika 2. Spoj sa skra¢enim ¢epom: epruveta (lijevo), crtez (desno)

and according to (8) the corresponding Young’s mo-

dulus is £ = 3.98 GPa, while the Poisson’s ratio is

v=0.192.

Because of the symmetry, one half of the joint is
taken for the solution domain. Two elements are joined
only by vertical side of tenon (face). Figure 3 presents
the solution domain and the numerical grid.

The 30 000 CV grid is used for calculations, as it
had been established that the results obtained with this
grid may be considered grid-independent (Hajdarevi¢
2006, Martinovic¢ et al. 2008).

The following boundary conditions are used to
calculate the stresses and strains in the loaded corner
joint:

- the fixed support of the lower corner joint end: zero
displacements,

- the loaded end: force of 200N, acting at an angle of
45° was replaced by the uniform load on two per-
pendicular surfaces whose length equals the thick-
ness of the corner joint, and whose width equals the
width of CV,

- other exterior surfaces: stress free,

AR

T,
\x B
|~ o

Fixed support / ukljestenje

_Symmetry plane
ravnina simetrije

- the clearance in the zone of joint (0.6 mm and 3
mm): the conditions taken are the same as for the
free surface, i.e. the corresponding stress compo-
nents equal zero.

The displacement field of the corner joint and the
deformed joint are shown in Figure 4. The maximum
displacement of 0.66 mm is at the free end of the
joint.

The field of normal stresses o and g, and the
shear stresses 7 and 7_ are shown in F1gure 5

The max1mum compresswe stresses (0, = 9.3
MPa and o, = — 6.6 MPa) occur on the inner surface of
the corner Jomt and the maximum tensile stress (0_=
6.6 MPa and 0, = 2.2 MPa) on the outer surfaces. The-
se values are smaller than the allowable compressive
stress parallel to the grain of 11 MPa, i.e. the tensile
stress of 10.5 MPa (Kollmann and Coté, 1968).

The extreme values of the shear stresses are 7_ =
2.28 MPaand 7 _=2.43 MPa. It is extremely 1mp0rtant
for the corner _]01nts that the shear stress is within the
allowable values. Bearing that in mind, Figure 6 shows
the distribution of the total shear stress on the reduced

Loaded end
slobodni kraj

Figure 3 Corner joint: solution domain and boundary conditions (left), numerical grid (right)
Slika 3. Kutni spoj: podrucje rjesavanja i rubni uvjeti (lijevo), numericka mreza (desno)
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Figure 4 Total displacement field (left), deformed joint (right)
Slika 4. Podru¢je ukupnog pomaka (lijevo), deformirani kutnik (desno)

Figure 5 Distribution of normal stresses o and g, _(above) and of shear stresses T, and 7_ (below)
Slika 5. Raspodjela normalnih naprezanja a 10 (gore) i raspodjela posmi¢nih naprezanja T, .17 (dolje)

Pa-10°

posmicno naprezanje,

Shear stress, Pa-10°

Width of the tenon, mm
visina cepa |, mm Length of the tenon, mm

duzina ¢epa h, mm

Figure 6 Distribution of shear stress on the contact surface of joint parts
Slika 6. Raspodjela ukupnoga posmi¢nog naprezanja na kontaktnoj povrsini dijelova spoja
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Figure 7 Laboratory measurement of the joint edge point displacement

Slika 7. Laboratorijsko odredivanje pomaka rubne tocke kutnika
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Figure 8 Experimentally determined displacement in the reference point (left) and distribution of displacement along the
directions parallel to that of the load action at the intersection of planes y = 115.8 mm and z = 13.2 mm for the corner joint

and the experimentally obtained displacement (right)

Slika 8. Eksperimentalno odreden pomak u referentnoj tocki (lijevo) i raspodjela pomaka duz pravaca paralelnih s pravcem
djelovanja optereéenja u presjeku ravnina y = 115.8 mm i z = 13.2 mm za kutni spoj i eksperimentalno dobiven pomak (desno)

tenon, i.e. on the contact surface of the parts of the cor-
ner joint, which is at the distance of z = 4.6 mm from
the symmetry plane.

The maximum value of the shear stress is 8.3
MPa and it occurs at around 0.36% of the contact sur-
face of the joint parts. Given that the shear strength
parallel to the grain ranges between 4 and 20 MPa
(Kollmann and Coété, 1968), the corner joint will sup-
port the applied load.

To verify the calculation results, the displacement
of the edge point of the joint in the direction of the
force action is measured, as shown in Figure 7.

The total of 15 corner joints, whose shape and
dimensions are equal to those shown in Figure 2, were
examined. The resulting dependence of the load of the
joint edge point displacement is shown in Figure 8 (a).
Figure 8 (b) shows the numerically obtained distribu-
tion of the displacement along the directions parallel to
the direction of the load action at the intersection of
planes y = 115.8 mm and z = 13.2 mm. Figure 8 also
shows the displacement obtained experimentally, whi-
ch is greater than the calculated one for about 18%.

4.2 Example 2 - Skeleton chair construction
4.2. Primjer 2. Okvirna konstrukcija stolice

Due to symmetry only a half of the chair presen-
ted in Figure 9 is analyzed. The dimensions of cross
section of elements are 24x40 mm (p,) and 16x24 mm
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(p,)- Tenon dimensions of the side rail and the back leg
joint are: thickness 8mm, length 16 mm and width 40
mm. Chair elements are joined only by face of tenon.
There are clearances (2 mm) between all other contact
surfaces. The mass load of the horizontal lower skele-
ton of the entire chair is 100 kg. The vertical frame
mass load is 22 kg. The others surfaces are unloaded.
The chair is assumed to be fixed to the ground, i.e. the
displacement in those points equals zero. The chair ma-
terial is spruce, having the same properties as in the
previous example. The calculation was done on the
grid of 24329 CV (Figure 9).

The distribution of the dominant normal stress o
on the chair skeleton surface and joints is shown in Fi-
gure 10. The maximum value of this stress is 10.7 MPa,
both in the tensile and the compression zone and it oc-
curs in the joint of the side rail and the back leg.

The maximum values of the shear stress occurs at
the same place. The distribution of the stresses o and
o, and the total shear stress on the tenon surface i.e. in
the surface x = 0.202 m is shown in Figure 11.

The maximum shear stress values 7_ = 6 MPa
and 7 =5.6 MPa and the value of total shear stress in
that plane (x = 0.202 m) is about 8.2 MPa. The maxi-
mum shear stress occurs at about 2.5% of the total con-
tact surface. The maximum values of both the normal
and the shear stresses are within the allowable values
(Kollmann and Coté, 1968).
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Figure 9 Chair skeleton construction (left), solution domain and numerical network (right)
Slika 9. Okvirna konstrukcija stolice (lijevo), podrucje rjeSavanja i numericka mreza (desno)

Figure 10 Distribution of stress o, on the chair contour (left), and in the joint zone (right)
Slika 10. Raspodjela normalnog naprezanja o, na nozistu stolice (lijevo) i u zoni spoja (desno)
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Figure 11 Distribution of shear stress in the contact pointing at the joint between the side rail and the back leg 7 _ (left), T,
(middle) and total shear stress 7, (right) (/ - length of the tenon, mm; / — width of the tenon, mm)

Slika 11. Raspodjela posmi¢nog naprezanja u kontaktnoj povrsini spoja bo¢nog poveznika i straznje noge, 7 _ (lijevo), T, (u
sredini), ukupno posmi¢no naprezanje 7, (desno) (/ - duZina ¢epa, mm; / — visina epa, mm)

The chair deformation is shown in Figure 12. The
largest displacement of around 13 mm occurs at the far
end points of the chair back. That is an unusually large
displacement, because the calculations are done for the
chair made of soft wood, the material used in Example 1.

5 CONCLUSION
5. ZAKLJUCAK

This paper presents, for the first time, the deve-
lopment and the application of the finite volume method

DRVNA INDUSTRIJA 61 (3) 151-158 (2010)

for predicting the distribution of displacements and
stresses in the wooden corner joints and chair skeleton
construction.

The numerical stimulation of stresses in a com-
plex chair skeleton construction has shown that the
construction strength depends on the stress values in
the corner joints, primarily in the joint connecting the
side rail and the chair back leg where both the maxi-
mum normal and shear stresses occur. Stiffness analy-
sis has shown that the greatest deformation occurs in
the points of the free end of the back of the chair. Thus,
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Figure 12 Distribution of the total displacement (left) and (right) the strained skeleton chair (10x increase)
Slika 12. Raspodjela ukupnog pomaka (lijevo) i deformirani okvir stolice (uvecanjel0 puta, desno)

the mathematical model and the numerical calculation
employing the finite volume method presented enable
the design and the construction of a chair.

10.
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