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UNSTABLE NEUTRAL DIFFERENTIAL EQUATIONS
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GUANG ZHANG AND MALGORZATA MIGDA
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Poznan University of Technology, Poland

ABSTRACT. A nonlinear differential equation involving the maximum
function is studied. The existence and asymptotic behavior of nonoscilla-
tory solutions are considered. The difference between the positive and
negative solutions is illustrated by some examples. Oscillation of solutions
is also studied.

1. INTRODUCTION

Nonlinear functional differential equations involving the maximum func-
tion are important since they appear naturally in automatic control theory
(see e.g. Popov [1]). In this paper, we will be concerned with the following
functional differential equation

(1) (@(t) = palt — ) = qlt) max a(s). ¢ to

where 7 > 0,0 > 0,p € R and ¢ is a nonnegative and continuous function
on [tg,00) and is not identically zero on any half line [t,00). Oscillatory
and asymptotic properties of this equation have been studied by a number
of authors, see e.g. Bainov et al. [2], Zhang and Zhang [3], and Zhang and
Cheng [4]. However, none of the previous work applies to equation (1) with
q(t) > 0. Consequently, the results in this work are new.

By a solution of (1) we mean a function x(¢) which is defined for ¢ >
to — max{7, o} and which satisfies (1) for ¢ > ty. By the method of steps, we
know that, for a given initial function ¢ € C([tg — max{r,c},to], R), there

2000 Mathematics Subject Classification. 34K15.

Key words and phrases. Differential equation, maximum function, nonoscillation, os-
cillation, asymptotic property.

Supported by Natural Science Foundation of Qingdao Institute of Architecture and
Engineering.

249



250 G. ZHANG AND M. MIGDA

exists a unique solution defined for ¢ > ¢y — max{7, o} and which satisfies the
initial condition for tg — max{r,o} <t < tg. Since our purpose is to discuss
oscillatory and nonoscillatory solutions of (1), every solution z(t) mentioned
here will be understood to be nontrivial and continued to the right, i.e., z(t)
is defined on [t,, 00) for some t, > tg and sup{|z(¢)| : t > t1} > 0 for every
t1 > t,. Furthermore, we will say that such a solution is oscillatory if its set
of zeros is unbounded from above, and say that it is nonoscillatory otherwise.

The plan of this paper is the following. In the next section, we will
discuss the existence of nonoscillatory solutions of equation (1) for p > 0. In
Section 3, some asymptotic properties are obtained. The difference between
the eventually positive and negative solutions is illustrated by some examples.
Finally in Section 4 we present some oscillation results.

For the sake of convenience, all inequalities are assumed to hold for all
sufficiently large ¢.

2. EXISTENCE OF NONOSCILLATORY SOLUTIONS

In this section, we give the existence and growth conditions of nonoscil-
latory solutions of equation (1). We begin with the following theorem.

THEOREM 2.1. Let p > 0. Then equation (1) has an eventually positive
solution.

PROOF. Choose a positive continuous function H (t) such that

@) (/w«wﬂumv=m

to

. q(t)
¥ tl_’oo exp (fti) q(s)H(s)ds)

Define a function v by

(4) u(t) = exp [ /t t exp < /t : q(u)H(u)du) ds] .

Let BC be the Banach space of all bounded and continuous functions y :
[to, 00) — R with the sup norm. Define a subset 2 of BC as follows:

D={yeBC:0<y(t) <1, tr <t < oo}

Clearly €2 is a bounded, closed and convex subset of BC. Now we define a
mapping S on 2 as follows:

()
(Sy) () = {

=0.

p% + ﬁ f:ﬁ q(s) max v(uw)y(u)ds+ 2%@), t>T

uE[s—o,s]

F S+ (1-4), thst<T,
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where T is sufficiently large so that ¢t — 7 > tg,t — o > to,v(t) > 1, and
v(t — 1) 1
(6)

¢
1
+ —/ q(s) max wv(u)ds < B fort > T.
In fact, from (2), (3) and (4) it is easy to see that

’U(t) ’U(t) T u€[s—o,s]
t
q(s) max wv(u)ds
U(t — 7') 0 and fto ( ) u€[s—o,s] ( )

v(t) v(t)
which shows that (6) is true for large t. Thus we have SQ C Q. Let y; and
12 be two functions in 2. Then

—0ast— oo

(50 )= ) 0 < p" T (e =) - e =)
1 t
o 1) e 0 ) — )l s
< %H?ﬁ_yl”; t>T,
and
1S9 =Sl = sup [(S92) (1) — (Swa) (9)
= sup |(Sy2) (1) = (Swn) (O] = % lyz —wnll, t>T

which shows that S is a contraction on ). Hence there is a function y € Q
such that Sy = y. That is

v(t—T1 —T t
" :{ p% + ﬁ fT q(s)uEI[Isl%);,s] v(u)y(u)ds + ﬁ(t), t>T

£y(T)+ (1 - %), o<t <T.

Obviously y(t) > 0 for t > tg. Set z(t) = v(t)y(t). Then
t
1
(7) x(t) —px(t—7) = / q(s) max x(u)ds+ =, t>T.
T u€[s—o,s] 2
Therefore, x(t) is a positive solution of (1) for ¢ > T'. The proof is complete.
o

In order to go a step further, we first give several preparatory results.
The first lemma can be found in [5] or [6].

LEMMA 2.2. Let z,z € C([tg, 0), R) satisfy
z(t) = z(t) —px(t — 1), t > to + max{0, 7},

where p,7 € R. Assume that x is bounded on [tg,00) and lim;_.o 2(t) = I
exists. Then the following statements hold:
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(i) If p=1, thenl =0;
(i) If p # %1, then lim;_. o x(t) ewxists.

LEMMA 2.3. Assume that p > 0 and let z(t) be a positive solution of
equation (1) and x(t) — px(t — 1) > 0. Then xz(t) satisfies either (a) or (b):

(a) tlg& x(t)=L#0, (b) tli)r(r)lo x(t) = oo.

PROOF. Let z(t) be a positive solution of equation (1). Set z(t) = z(t) —
px(t — 7). Then z(t) > 0 and 2'(t) > 0 and is not identically zero. Hence
0 < limy_oo 2(t) =1 < 00. If | = 00, then z(t) > z(t) — o0, as t — 0, i.e.,
(b) holds.

If | < oo and z(t) is bounded, Lemma 2.2 implies that lim, .. (t) exists
when p # 1. But lim;—,o 2(t) = 0 is impossible. When p = 1, Lemma 2.2
implies [ = 0. This is a contradiction.

If | < co and z(t) is unbounded, then there exists {¢,} such that z(t,) =
max<y, () — oo as n — oo. For p € (0,1),2(tn) > z(t,)(1 —p) —
as n — 00, which contradicts the boundedness of z. For p = 1, x(t) >
x(t—7)+1/2>..>x(t—nT)+nl/2 — o0 as n — co. For p > 1, we have

x(t) > pr(t—7) > ... > p"x(t —nr)
which implies that (b) holds. The proof is complete. O

REMARK 2.4. In Lemma 2.3, the condition x(t)—pxz(t—7) > 0 is necessary.
For example, we consider the equation

-1
_ _ /: _ —t —s
(w(t) - 20(t - 1) = e = Vet {_max (o) +e) | max ato),
where

| 2"t —mn), ten,n+ 3] _
It has an eventually positive solution x(t) = ¢(t) + e~¢. In fact, z(t) satisfies
limsup,_, ., z(t) = oo and liminf; . z(t) = 0. As if o = 0, the condition
x(t) — px(t — 7) > 0 is also necessary. Consider the equation

(@(t) = 22(t — 1)) = (2e — Ve (p(t) + ) " a(t).
It has also positive solution z(t) = ¢(t) +e~*. Thus, we see that Lemma 3.5.1
in [5] is false.

By Theorem 2.1 and Lemma 2.3, we obtain immediately the following
result.

THEOREM 2.5. Based on the range of p we have the conclusion:
(i) Ifp = 1, equation (1) has an unbounded positive solution x(t) satisfying

(b);
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(ii) If p > 1, equation (1) has an unbounded positive solution xz(t) which
tends to infinity exponentially;
(i) If0<p<1, and

(8) /00 q(s)ds = oo,
to
equation (1) has an unbounded positive solution.
PROOF. By (7), we have clearly

z(t) —px(t—7)>0fort >T.

(i) and (iii) are clear. In the case that p > 1 we have
x(t) > px(t—7) > ... > p"z(t —n1),
or
x(t) > z(tg) exp (u(t — to)), for t > to,

where p = h’Tp > 0, which shows that (ii) is true. The proof is complete. 0O

THEOREM 2.6. Assume that p # 1 and ft:o q(s)ds < oo. Then equation
(1) has a bounded positive solution.

The proof of Theorem 2.6 is similar to the proof of Theorem 3.2.11 in [5].
It will be omitted.

REMARK 2.7. For eventually negative solutions of equation (1), we can
also obtain similar results. They are omitted.

3. AsyMPTOTIC BEHAVIOR OF NONOSCILLATORY SOLUTIONS

In this section, we will obtain asymptotic properties of nonoscillatory
solutions of equation (1).

THEOREM 3.1. Suppose that (8) holds and 0 < p < 1. If x(t) is a
nonoscillatory solution of equation (1), then either lim; o |z(t)] = oo or
lim; o z(t) =0.

PROOF. Let x(t) be an eventually positive solution of (1) and set
9) 2(t) = x(t) — pa(t — 7).

Then we have either z(¢) > 0 or z(t) < 0. If z(¢) > 0 holds, then there exists
¢ > 0 such that z(t) > z(t) > c. Integrating (1) we have

0= [ als) max atuds+=(D) > [ a(o)

It is clear that lim;_, o 2(t) = co. Thus, we have lim;_,o z(t) = oco.
If z(t) < 0 holds, then p # 0 and lim; . 2(t) = L < 0 is finite. Integrat-
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ing (1) we have

L—2z(t) = /too q(s) max x(u)ds.

u€[s—o,s]
Thus, we have liminf; .o z(¢f) = 0. Note that —pz(t — 7) < z(t) , we have
lim;_, o 2(t) = 0. On the other hand, z(t) < pz(t —7) < x(t — 7) implies that
x(t) is bounded above. By Lemma 2.2, we get that lim; .o x (t) exists. Let
lim; 00 2(t) = 1. In view of (9), we get that

0 :tlim x(t) —p tlim z(t—71)=1(1-p)

which implies [ = 0. The case where x(t) is eventually negative is proved in a
similar way. The proof is complete. O

COROLLARY 3.2. Suppose that (8) holds and 0 < p < 1. If x(t) is a
bounded nonoscillatory solution of equation (1), then lim;_, o z(t) = 0.

THEOREM 3.3. Suppose that (8) holds and p > 1. If x(t) is a bounded
nonoscillatory solution of equation (1), then lim;_,oo x(t) = 0.

PROOF. Let x(t) be a bounded eventually positive solution of (1) and
z(t) is defined by (9). Then z(t) > 0 is impossible. Indeed, then we have
limy_, o0 2(t) = oo which is a contradiction. Thus, we have z(t) < 0. In view
of the proof of Theorem 3.1, we have lim;_,, z(¢) = 0. Similarly, we have

0 ztlim x(t) —p tlim z(t—1)=1(1-p)

which implies [ = 0. The case where z(t) is eventually negative is similarly
proved. The proof is complete. O

THEOREM 3.4. Suppose that p > 1 and 0 < q < q(¢t). If z(t) is an
eventually positive solution of equation (1) then either lim_,o x(t) = oo or
lim; oo () = 0.

PrOOF. If z(t) > 0, we have similarly lim; oo z(t) = oo. If z(t) < 0
holds, then lim;—, o 2(t) = L < 0 is finite. Suppose that z(¢) does not tend to

zero as t — 0o. Then ¢ = limsup,_, ., z(t) > 0 (if z(t) is unbounded, set ¢ to
be an arbitrary positive constant). There exists a sequence {t,};° such that
tny1 — tn > o and z(t,) > ¢/2 for each n € N. Thus the inequality

max _xz(s) > E, t € [tn,tn + 0], n >N,
s€[t—o,t] 2

holds, and
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From the definition of the sequence {t,} and integrating (1), we have

L—2z(ty) = /Ooq(s) max z(u)ds

to u€E[s—r,s]
00 stnto
> S max x(u
> Y [ a) e et
n=1""'n
= cqo
> — = 0.
> ) 5 =
n=1
This is a contradiction. The proof is complete. O

REMARK 3.5. Theorem 3.4 is not valid if x(t) is an eventually negative
solution of equation (1) as the following example shows.

EXAMPLE 3.6. Consider the equation
-1
(10) (z(t)—2z(t—1)) = (2e—l)et{ min (p(s) + es)} max _x(s),
se[t—1,t] s€t—1,t]
where

27(t —n), ten,n+ 3
w(t):{ 2" (n+1—t), te [n+§,72z+1]

It is easy to check that

n=20,1,....

—1
2¢ — 1)e? i —s >2 —1>0,
(2¢ = 1)e {Ser[gliqﬂ (o(s) +e )} > 2e

so, the assumptions of Theorem 3.4 are satisfied. A straightforward verifi-
cation yields that the function z(t) = —p(t) — e ! is an eventually negative
solution of (10). Moreover, since z(n) = —e~" and z(n+1) = —on—l_g=n—3,

limsup,;_, . () = 0 and lim inf; o 2(t) = —c0.

COROLLARY 3.7. Suppose that p =1 and 0 < q < ¢q(t). Then a bounded
eventually positive solution x(t) of equation (1) satisfies lim;_, x(t) = 0.

REMARK 3.8. Corollary 3.7 is not valid if x(¢) is a bounded eventually
negative solution of equation (1).

ExampLE 3.9. Consider the equation
-1
_ _ / — _ —t : —Ss
(1) ol0) — ot - 1) = (e~ D {_min | @) +e)} max a(o)
where t(t) is a 1-periodic function defined by the equality

t, teo,3]
v ={ 5, 1ehd.
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It has an eventually negative solution z(t) = —(t) — e~ and
lim sup z(t) = 0 and limtinf z(t) =—-1/2.
t—o0 —00

ExaMPLE 3.10. Consider the equation

(12) (x(t) —px(t — 7)) =q¢ max xz(s),

s€[t—o,t]
where ¢ = (pe™ — 1)/e”. When e™7 < p < 1, (12) satisfies all conditions of
Theorem 3.1 or Corollary 3.2. If p > 1, it satisfies all conditions of Theo-
rem 3.3; and if p = 1, all conditions of Corollary 3.7 hold. In fact, (12) has a
positive solution z(t) = e~ *.

4. OSCILLATION RESULTS

In view of Section 2, we have known that equation (1) has an eventually
positive solution when p > 0. Thus, we will discuss first its oscillation for
p <0.

THEOREM 4.1. Assume that p < 0,p # —1 and the condition (8) holds.
Then every bounded solution of equation (1) is oscillatory.

PROOF. Let z(t) > 0 be a bounded positive solution of (1). Set z(t) =
x(t) — px(t — 1), then 2’(t) > 0. Thus lim; .o 2(t) = [ exists and [ > 0. For
p # —1, by Lemma 2.2, there exists lim;_, o (t). From (1) we have

/ q(t) max x(s)dt < .
to s€[t—o,t]

In view of (8), this implies that lim;_ . (t) = 0 and so by (9) { = (1—p)0 = 0.
This contradicts [ > 0. The proof in the case of eventually negative solution
is similar and will be omitted. O

—T

In fact, when p < 0 and ¢ = 1 —pe ™7, a straightforward verification yields
that the function z(t) = e’ is an eventually positive solution of equation (12).
Furthermore, we know that (1) has also an unbounded eventually positive
solution when p = —1 as if the condition (8) holds. But we have also the
following result.

THEOREM 4.2. Let p = —1. Assume [}, q(t)ds = oo for every closed sub-
set E of [tg,00) whose intersection with every interval of the form [t,t + 27],
to <t < o0, has a measure not less than 7. Then every bounded solution of
equation (1) is oscillatory.

Its proof is similar to Theorem 3.5.4 in [5]. Thus it is omitted. In case
0 < p, we have the following results.
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THEOREM 4.3. Assume that p > 0,p # 1 and the condition (8) holds.
Then every bounded solution of equation (1) is either oscillatory or tends to
zero as t — oo.

In view of Theorem 3.1 or Theorem 3.3, we know immediately that The-
orem 4.3 is valid.

THEOREM 4.4. Assume that p > 0,p # 1 and the condition (8) holds.
Suppose further that

1
2'(t) + ];q(t)z(t +7—-0)>0
has no eventually positive solution and
1
2(t) + ];q(t)z(t +7)<0

has no eventually negative solution. Then every bounded solution of equation
(1) is oscillatory.

Indeed, from the proof of Theorem 4.3, we see that if 2:(¢) is a bounded
positive solution of (1), then z(¢) < 0 eventually. Note that z(¢) > —z(t+7)/p.
Substituting it into (1) we obtain

2'(t) + %q(t)z(t +7—0)>0.

This is a contradiction. For a bounded negative solution, we can obtain
similarly contradiction.

THEOREM 4.5. Assume that p =1 and the condition (8) holds. Suppose
further

V() 2 Zalt+ (e + 7o)

has no any eventually positive solution and

't =) < Ta(t)y(t)

has no any eventually negative solution. Then every bounded solution of equa-
tion (1) oscillates.

PROOF. Let z(t) be a bounded eventually positive solution of (1) and set
z(t) = x(t —7) —x(t). Then 2(¢t) > 0 and 2'(t) < 0 eventually. Thus, we have
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also
x(t) = z(t+7)+z(t+7)
t+27
> z(t+71)+ —/ z(s)ds
T Jt+r
1 (e o)
> = / z(s)ds.
T Jt+r
Set

(13) y(t) = = /00 z(s)ds.

T t+7

Substituting it into (1) we obtain

—_

y'(t) > —q(t+ )yt +7—0)

which is a contradiction.

If z(t) is a bounded eventually negative solution of (1), we have z(t) <0

and z’/(t) > 0 eventually. Thus, we have also

x(t) =zt +7)+2(t+7) < %/tj z(s)ds.

y(t) is defined by (13), and substituting it into (1) we have

The proof is complete.

(1]
2]

—_

Y/t 7) < ~a(t)y(e).
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