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Abstract. In this paper it is first shown that if M is a 2-dimensional surface, then M ™ is
orientable if and only if M is orientable. Using the Macdonald’s result [5] the Betti numbers
of M™ are expressed explicitely, the Euler characteristic is found and it depends only on
m and the Euler characteristic of M. Moreover, the formula for the Euler characteristic is
proved alternatively also without using the Macdonalds’s results.
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1. Some preliminaries about symmetric products of manifolds

Let M be an arbitrary set and m a positive integer. In the m-fold Cartesian product
M™ we define a relation ~ such that

(xla"' axm) ~ (yh'" aym) <~
there exists a permutation 6 : {1,2,--- ,m} — {1,2,---,m} such that y; = z4(),
(1<i<m).
This is a relation of equivalence and the class represented by (x1,: - ,x,,) will

be denoted by [z1,--- ,2,,] and the set M™/ =~ will be denoted by M(™. The
set M (™) is called a symmetric product of M. Some authors call it a permutation
product of M.

If M is a topological space, then M ("™ is also a topological space. The space
M (™) was introduced quite early [9], and it was studied in [8, 4, 7, 1, 10], and in the
Ph.D. thesis of Wagner [17]. Some recent results are obtained in [16, 2, 3, 11, 12].
If M is an arbitrary connected manifold and m > 1, then it is proved in [9] that

i (M™) = H (M, 7). (1)

Another important result [17] states that (R™)(™) is a manifold only for n = 2. If
n = 2, then (R?)(™) = C(™) is homeomorphic to C™. Indeed, using that C is an
algebraically closed field, it is obvious that the map ¢ : C™ — C™ defined by

(,0[2’1,"' 7Z77L] = (0'1(21,"' ,Zm),O'Q(Zl,"' 7Zm)a"' 7Um(217"' 7Z’HL))
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is a bijection, where o; (1 < i < m) is the i-th symmetric function of 21, -+ , 2y, i.e.

0'1‘(2’1,"' 7Zm): Z Zj1 " Rha T R

1<j1<j2<...<ji<m

The map ¢ is also a homeomorphism. If M is a 1-dimensional complex manifold,
then M (™ is a complex manifold, too. For example, if M is a 2-sphere, ie. a
complex manifold CP', then M (™) is the projective complex space CP™. Using the
symmetric products it is easy to see how M (™) = CP™ decomposes into disjoint
cells CO,C!, ... [ C™. Let £ € M. Then we define [x1,--- ,2,,] € M; if exactly i of
the elements z1, - ,x,, are equal to £&. Thus

MU = My UMy U= U My, = (M\™ UM\ D U0\ )
=cm™uycmVy...uc® =cmruc™tu...uc’.

This theory about symmetric products has an important role in the theory of topo-
logical commutative vector valued groups [14, 15, 13].

The Poincaré polynomial of a symmetric product of a compact polyhedron is
given in [5]. If By, By, Ba, --- are the Betti numbers of a space M, then the
Poincaré polynomial of the mth symmetric product of M is the coefficient in front
of t" in the power series expansion of

(14 xt)Br(1 + 23t)Bs ... )
(1—1)Bo(1 — 22t)B2(1 — z4t)Ba - - (2)

Moreover, the homology of the symmetric products has been determined completely
by J.Milgram [6].

In this paper some consequences of the results of Macdonald are given and an
alternative proof for the expression of the Euler characteristic of the symmetric
product of M is given, too.

2. Some conclusions about the symmetric products

First, we prove the following theorem which gives a necessary and sufficient condition
for the orientability of a 2-dimensional surface.

Theorem 1. Let M be a 2-dimensional manifold. The manifold M(™ is orientable
if and only if M is orientable.

Proof. If M is orientable, then M is a complex manifold. Thus, M ™) is also a
complex manifold and hence M (™ is orientable.

Assume that M is non-orientable. Then there exist a non-orientable open subset
T of M and an open subset U which is homeomorphic to R?, such that TN U = .
Then M (™) contains the non-orientable submanifold 7' x U™~ 2 T x R?™~2 with
the same dimension and hence M (™ is not orientable. O

For example, it is known that (RP?)(™) = RP?™_ and both spaces RP? and
RP?™ are not orientable.
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Let M be a finite CW complex and let us denote by
B; = dim(H;(M,Z)), i=0,1,2,--- ,n=dimM
and let us denote the Betti numbers of the CW complex M (™ by
B™ = dim(H;(M"™ 7)), i=0,1,2,--- ,nm.

As a direct consequence of the result of Macdonald [5] we have the following two
theorems.

Theorem 2. The Betti numbers Bi(m) 1=0,1,2,--- ;nm, are given explicitly by

(m) _ i ag— 1+ By a; —1— By
B =yt 3 (T

o om
X<a2 —1+B2) ((3471_1‘~‘(_1)7LBH)7 (3)
(%) Qi
where the summation over aq,- - , oy, is under the following restrictions
0<ag,  -,an<m, ag+--+a, =m, aj +2as + - +na, =t. (4)

Proof. Using the equality

() (D)

for a positive integer o and integer B, we should prove that

o= 8 (G @) () ()

g, ,Qn
where the summation over ag,- -, a, is given by (4). Since
(14 2t)Br(1 + 23t)Bs ... _ i - B yigm
(1 —t)Bo(1 — 22t)B2(1 — a4t)Ba ... : ’
m=0 i=0

it is sufficient to prove that

(L=8)"P (1 +at)® (1 —a?) P2 (1 + 2P (1 - at) =P

o0 mn
; ; —By By
— -1 i+m igm .

> X ot (T (7)

m=0 1=0 «g,  ,an QQ, Qi

X —B2) (=1)"*'By,
o an ’

where the summation over «q,---,a, 1s given . otice that (—1)°
here th i ,++,an is given by (4). Notice that (—1)"""™

= (—1)@otaztast  Applying the binomial formula for the powers of the left-
hand side and choosing the summand (—1)%° (;ﬁo)to‘” from (1 —t)~Bo, (Sll)talxal
from (1 + zt)Br, (—1)* (;lzz)to‘?xm? from (1 — z%t)~52 and so on, and sum over
g, 1, g, - - -, according to (4), we obtain that the previous equality is true. O
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Theorem 3. Fuler characteristics of M and the symmetric product M™ are related

by
+x(M)-1
My — (™ , 5

o) = ("X 6
Proof.
nm (m) a o N B1 N (71)n+1Bn

B 1 e (—1)n

Sen =3 S (e () (T,
=0 =0 ao,"
where the summation over ayg, - - - , o, satisfies conditions (4). Since oy 429+ -+

na, =1 and we sum over ¢, using that ag + - -+ + o, = m we obtain

NUCIE YT LIS o ) [ B G

-
o A
(s (PO0) _ (mexan =),

O

Notice that Theorem 3 also follows from (2). Indeed if we put © = —1, then the
Euler characteristic of M (™) is the coefficient in front of ¢”. Indeed, the expression
from (2) for x = —1 becomes

(1— )~ XM =

hE

A=ty Pa—t)P (1 -t P21 -t) —X M))

m

e
m=0

= (mAx(M) -1
st

=

and hence the proof of Theorem 3 follows.

Theorem 4. If M is a compact CW complex such that x(M) = 0, then M(™
cannot be decomposed into cells of type C°.

Proof. If (M) = 0, then x(M(™) = 0. If M(™ can be decomposed into cells of
type C?, then its Euler characteristic should be a positive number, which contradicts
to x(M™) = 0. O

Notice that if M is a torus, then it is a complex manifold, but its symmetric
product cannot be decomposed into complex cells C°, C, C?, - - -
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3. Direct proof of the Theorem 3

In this section we present a direct proof of Theorem 3, without using the Macdonald’s
results.

Here Euler characteristic x will denote the number of even dimensional cells of
type R? minus the number of odd dimensional cells of the same type where all of
the cells are disjoint.

Proof. Notice that (5) is trivially satisfied for m = 1, because M) = M. So,
without loss of generality, in the proof we assume that m > 2. First, let us prove
formula (5) for the cells C = R™. The proof is by induction of n. If n =0, i.e. C
is a point, then C'"™) is also a point, and (5) is true because x(C) = x(C™)) = 1.
Further, if n = 1, i.e. C =R, then according to [17], C(™) is homeomorphic to the
half space H™ and (5) holds because x(C) = —1 and x(C™) = 0. If C = R?, then
Cm) = R?™ and (5) is true, because x(C) = x(C™) = 1.

Let us assume that n > 3. We should prove that y((R™)(™) is equal to 0 if n
is an odd number and it is 1 if n is an even number, for m > 1. In all calculations
we will neglect all sets whose Euler characteristic is 0 according to the inductive
assumption.

Assume that n = 2k + 1 and the statement is true for 2k. We consider the space
R"™ as a disjoint union of a hyperplane ¥ and the corresponding two open half spaces
¥, and X, We prove that x((R?*+1)(™)) = 0 by induction of m. Assume that it
is true for 2,3, ,m — 1. According to the inductive assumption, it is sufficient to
consider only those cells where only one point, m points or no points are chosen in
¥ (also ¥2). But if m points are chosen in ¥; (resp. X3), then in 35 (resp. X4)
there is no one chosen point. Hence there we should consider only these six cases:
1) all points are chosen from 31, 2) all points are chosen from %5, 3) all points are
chosen from X, 4) one point is chosen from X1, one point from X5 and the rest m — 2
points are chosen from X, 5) one point is chosen from ¥; and the rest m — 1 points
are chosen from ¥, 6) one point is chosen from ¥y and the rest m — 1 points are
chosen from Y. Using the inductive assumption for n — 1 = dim3, for the Euler
characteristic of (R™)("™) we obtain the equality

X(RM ™) = x(2) + x(Z5) + X(50) + x(21) x x(T2) x x (™)
X (1) % X(ZTD) 4 x(Ep) x (D)
= 2¢(R)™) +1+1-1-1

and hence we obtain x((R™)(™)) = 0.

Assume that n = 2k and the statement is true for 2k — 1. We consider the space
R™ as a disjoint union of a hyperplane ¥ and two open half spaces ¥; and ¥, as in
the previous case. We prove that y((R?*)(™)) = 1 by induction of m. Assume that
it is true for 2,3,--- ,m — 1. According to the inductive assumption, it is sufficient
to consider only those cells where one point or no points are chosen in ¥. Hence we
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obtain the following equality

m m—1
(R™) (m) ZX Z(Z (m l) )+ Z x( Z(Z gmflﬂ)) x(2)
=0 1=0

= 2x((R™")™) + (m — 1) +m(=1)*"" = 2 ((R")"™) — 1,

and hence y((R")(™) = 1.

To complete the proof it is sufficient to prove that if (5) is true for arbitrary m
and disjoint sets X and X5 of cells of the CW complex M, then formula (5) is true
for X7 U Xs5. Let x(X1) = p, x(X2) = ¢ and assume that

: i +p—1
X(sz)) = <Z+p > for i:07172a”' )
1

X(XQ(I)) = (Z+q1> for 7::071’25"'
1
Then
X((XluXQ)(m)> :X[Xf””u(x{m Vs X)) u (X2 5 xyu. o x ™
= > (X)) (x5 )
s=0
_zm: s+p-— m-—s+qg—1
_s:() S m — S
o s P m—s —q
=Y (-1 —1
> (7)o ()
o ms~ [(—P\ [ 4
-3 (7))
s=0
m{—P—4a
= (~1
(70
m+p+q—1
o m
O
References

[1] A.DoLp, Homology of symmetric products and other functions of complexes, Ann.
Math. 68(1958), 54-80.

[2] S.KERA, On the permutation products of manifolds, Contribution to Algebra and
Geometry 42(2001), 547-555.

[3] S.KERA, One class of submanifolds of permutation products of complex manifolds,
Math. Balkanica N.S. 15(2001), 275-284.



(4]

THE EULER CHARACTERISTIC OF THE SYMMETRIC PRODUCT 301

S.D. L1ao, On the topology of cyclic products on spheres, Tarns. Amer. Math. Soc.
77(1954), 520-551.

I. G. MACDONALD, The Poincaré polynomial of a symmetric product, Proc. Camb.
Phil. Soc. 58(1962), 563-568.

R.J. MILGRAM, The homology of symmetric products, Trans. Amer. Math. Soc.
138(1969), 251-265.

H. R. MORTON, Symmetric product of the circle, Proc. Camb. Phil. Soc. 62(1967),
349-352.

M. RICHARDSON, On the homology characters of symmetric products, Duke Math. J.
1(1935), 50-59.

P. A.SMITH, The topology of involutions, Proc. Nat. Acad. Sci. 19(1933), 612-618.
R. SwWAN, The homology of cyclic products, Tarns. Amer. Math. Soc. 95(1960), 27-68.
K. TRENCEVSKI, Permutation products of 1-dimensional complex manifolds, Contri-
butions - Sect. Math. Techn. Sci. XX (1999), 29-37.

K. TRENCEVSKI, On the permutation products on torus, Filomat 15(2001), 191-196.
K. TRENCEVSKI, Some examples of fully commutative vector - valued groups, Contri-
butions - Sect. Math. Techn. Sci. IX(1988), 27-37.

K. TRENCEVSKI, D. DiMovski, Complex Commutative Vector Valued Groups, Mace-
donian Academy of Science and Arts, Skopje, 1992.

K. TRENCEVSKI, D.DiMOVSKI, On the affine and projective commutative (m+k,m)-
groups, J. Algebra 240(2001), 338-365.

K. TRENCEVSKI, S.KERA, One conjecture concerning the permutation products on
manifolds, Math. Balkanica 12(1998), 425-429.

C. H. WAGNER, Symmetric, cyclic and permutation products of manifolds, Dissert.
Math. (Rozravy math.) 182(1980), 3-48.



