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Hardy-Hilbert’s integral inequality in new kinds
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1. Introduction

Iff,g20,p>1,;1)+%—1 0<ffp dx<ooand0<fgq )dz < oo, then
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where the constant factor m( ) is the best possible. Inequality (1) is called a Hardy-

Hilbert’s integral inequality (see [1]) and it is important in analysis and applications
(cf. Mitrinovic et al.[2]), Hardy et al.[1] gave an inequality similar to (1) as:

//max{x y}d:cdy<pq /fp 1/p 7gq(t)dt 1/q o

where the constant factor pq is the best possible.
Other mathematicians present generalizations or new kinds of (2) as follows:

Theorem 1 (see [3]). If A >0,p > 1, % + % =1, f,g >0 such that
0< /tp_l_)‘f”(t)dt < oo and 0 < /tq 1=Ag4(t)dt < oo,
0 0

then one has
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I 4s the best possible.

where the constant factor B
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Theorem 2 (See [4]). Suppose f,g >0, O<ff2 da;<oo,0<fg Ydz < oo.
Then

[ 7 @) 7 : 7 .
dxdy < d d 4
00 0 0
where ¢ = \/2(1 — 2arctan v/2) ~ 1.7408.
The Gamma and Beta functions denoted by I'(p), B(p, q), are defined by

oo

I'(p) :/tp’le’tdt , p>0 (5)
0
and
1 o] p—1
_ _ P~
B(I%Q):/tp "1 —t)1 1dt:/mdt , p>0, ¢>0, (6)
0 0
respectively.
2. Main results
Lemma 1. Let p >0, g > 0. Then
1
x—p—le—l/w
T'(p) = e/ A=) dx (7)
0
e—m
I(p) = e/ L Sdx (8)
1

and

po- [ 0

Proof. (7) and (8) follows by putting t = 27! — 1, z — 1, in (5), respectively, and
(8) follows by putting x = 1/t in (6). O

Theorem 3. Assume that f,g >0, A >0, p > 1, % + % =1. Then

//|xy| max<{e)f”/y ev/=} ety

0 0

< T /t(l—»(p—n—lfp(t)dt /t(l_”(q_l)‘lg"(t)dt (10)

e
0 0
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provided the integrals on the right-hand side do ezist.

Proof.

// 2)g(y) drdy
J |z—y\ max{em/y ev/*}

B s Ak |ac—y\ /p (max{el/y ev/*}) /e

1-3)1
1-))L ggy)jc/ 1/qudy
Y~ |:r | ! (max{e*/v,ev/*})
oo 00 1-x 1/p
Dl —1—
) 271G |x — | max{ex/y,ey/z}
1/q
gl (y)a—t drd
ol ey Y 7 ray
y ple—y| " max{e*/v, ev/*}
— MYPN/a,

We first consider

00 00 » 1o
M:// TNy ! (SEI)_yA dzdy
) z(T1=Mg |z — y] max{e®/¥, ev/T}

=12
:/ A1) 12 ) / dy | dz.
J lz — y|' " max{e®/y, ev/=}

Now,

o] y_)\_l

dy = My + Mo,

/ |z — yll_A max{ex/y’ ey/x} Y 1 2

where
y1
e / 1A dy, x>0,
5 |z —yl max{e®/¥, ev/*}

and

g1
My = / —x dy, x> 0.
|z —y| " max{e*/v, ev/*}
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Then
r —A-1 K —A—1
Yy y
Ml:/ S — wdy:/_—d
J |z —y| " max{e*/v, ev/*} ) (x
—A—1_-1/u
-1 u e
— 7d —
T 0/ T u, (y/xz=u)
I'(\
T,
e
and
T —A-1 i —A—1
Yy Yy
? /|a:y|1_)‘max{ex/y’ey/fﬂ} Y /(y—m)lAey/’I y
7 1
< gL -
S e
1 e "
= 7d —
' 1/<v—1>u v yfw=v
(A
T
e
Therefore,
n —-1
Y r'(\)
/ DY . —dy <2
J |z —y|" " max{e®/v,ev/*} e
and hence .
M S 2F(>\) /I(1+A)(p71)71fp(x)dx.
e
0
Similarly,
rey [
N < 27/1,(1“)@71)719(;@)@.

0
Collecting the above estimations, we have

xXr
// 17{( )g(y)m —dudy
) |r =yl max{er/v, ev/7}
1/p / o

<ot /tuﬂ)(pfl)flfp(t)dt /t<H><
0

0

qfl)*lgq

(t)dt
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Theorem 4. Assume that f,g >0, A >0, p > 1, % + % = 1. Then

I f(x)g(y) dd
O/ / oy max{(2) (92

00 1/ / 1/q
<2B(\\) (/tAf”(t)dt (/ trgd(t)dt ,
0 0
provided the integrals on the right-hand side do exist.
Proof.
x
// 1_Af( )9(y) wdy
S =y max{(2)2, (1))
_// f(@)
o 1-2 1/p
00 lz—yl (max{(2)™, (1)»})
% — 9(y) 7 dzdy
o=yl T (max{(£)2, (1)}
00 00 1/p
i
\/ [er i
0 0 4 y, e
00 00 1/q
a
* // |1 A ’ ({y()w)zA (y)z)\}dxdy
) S ey max{(
Al/rcl/a

Now,
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where
[ 1
A :/ dy
C ) e T max{(2)2, (1))
[
:/(fﬂ*y)lﬂd‘y
0
YA (g A—11
S )
— xr xr l‘d
’ / -
To(yya-11
N
<z /(lx_ g)lf,\dy
0 x
: A-1
_ A u
=z /(17u)17)\du
0
= B\ ANz,
and

WG
- [ s

x

Therefore, we get

Similarly,
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Collecting these estimates, we obtain

7 f(@)g(y) dzd
0/ / o — g P max{(Z)2, (L2}

00 1/p / 1/q
<2B(\ ) ( / xkf%)das) ( / y*g%y)dy) .

0 0

Theorem 5. Assume that f,g >0,0< A <2, p>1, % + % =1. Then

// )9(y) —ddy
J (x +y)> mln{’” )21

o 1/p / 1/q
<B(.3) (/ t“fp(t)dt) (/ t“g%t)dt) (13)

0 0

provided the integrals on the right-hand side do ezist.
Proof.

// z+y)* mln{() )gldxdyzo/o/ (z+y)? mlnf) u1)(z-Dy
9(y) dedy
@+ ) (min{z, £33
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‘We have

S:// () ——dxdy
) (z +y)*(min{7, -y

1
i v Y d dx
b/f ( )(O/ (33+y)>\(min{§7%})(571) y)
:/fp(x)(Sl +S2)d.r’ 20,
0
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where

x

S

/ m Ill
X Yy
0 (l’+y))\( i {ia%})(2 D
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Therefore, we have

which implies

Similarly,
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Summarizing the above we obtain

[e'e) l/p

//( f(@)g(y) _dady < B(%%) /tl—xfp(t)dt
0 0

2+ y) (min{, 1})3-

0
o0 1/q
X /tl‘qu(t)dt
0
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