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Abstract. Some of the most famous molecular descriptors are bond additive, i.e. they are calculated as the
sum of edge contributions (Randi¢-type indices, Balaban-type indices, Wiener index and its modifications,
Szeged index...). In this paper, the methods of calculations of bond contributions of these descriptors are
analyzed. The general concepts are extracted, and based on these concepts a large class of molecular de-
scriptors is defined. These descriptors are named Adriatic indices.

An especially interesting subclass of these descriptors consists of 148 discrete Adriatic indices. They are
analyzed on the testing sets provided by the International Academy of Mathematical Chemistry, and it has
been shown that they have good predictive properties in many cases. They can be easily encoded in the
computer and it may be of interest to incorporate them in the existing software packages for chemical
modeling. It is possible that they could improve various QSAR and QSPR studies.
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1. INTRODUCTION

The molecular descriptor is the final result of a logical
and mathematical procedure which transforms chemical
information encoded within a symbolic representation
of a molecule into a useful number or the result of some
standardized experiment." Molecular descriptors have
been shown to be useful in modeling many physico-
chemical properties in numerous QSAR and QSPR
studies.”™

There exist several computer programs that calcu-
late molecular descriptors. Some of the most famous are
E-Dragon (Ref. 5 and references therein), Codessa,’
Molgen’ and references therein. For the more compre-
hensive list of the software for the calculation of mole-
cular descriptors see Ref. 8.

The aim of this paper is to produce a class of easi-
ly computable molecular descriptors that can be simply
encoded in any of these software packages and that have
good predictive properties. We restrict our attention to
bond additive descriptors, i.e. descriptors that can be
presented as the sum of edge contributions, since some
important descriptors are defined in this way: Randi¢
index,’ Zagreb index,!® Balaban Index,'! modified and
generalized Zagreb indices,'””> Wiener index" and its
modification,"*"” Szeged index,'® PI-index,"... General
concepts incorporated in these descriptors are analyzed
and extracted. These concepts yield a new class of de-
scriptors that will be defined as Adriatic descriptors.

More precisely, we shall define three classes of
Adriatic descriptors:
1) extended Adriatic descriptors
2) variable Adriatic descriptors
3) discrete Adriatic descriptors

The most restrictive class of these descriptors —
discrete Adriatic descriptors consists of 148 descrip-
tors. We have tested these descriptors on the bench-
marks sets”” proposed by the International Academy of
Mathematical Chemistry’' and we have shown that
they have very good predictive properties. £.g., when
octane constitutional isomers are analyzed, 9 of 15
observed properties are better modeled by one-
parameter linear model by these discrete Adriatic de-
scriptors than by any of 102 benchmark descriptors
(for more detailed analyses of these results and for
other results see Section 7).

The results seem even more impressive if we re-
strict ourselves to discrete Adriatic indices based on
vertex degree and exclude two properties with two huge
outliers. In this case 72 such descriptors outperform 102
benchmark descriptors for 7 of 13 properties.This result
is even more significant when we take under considera-
tion of the fact that discrete Adriatic descriptors are
based on a simple easily programmable procedure,
while the benchmark set consists of various types of
descriptors, many of which have to be independently
encoded into the computer.
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Hence, these indices can be good and simple add-
ons to existing indices in QSAR and QSPR oriented
software packages.

The present paper is organized as follows: some
well known bond additive descriptors and their modifi-
cations are analyzed in Section 2; based on these ana-
lyses extended Adriatic indices are defined in Section 3;
we demonstrate that although their definition is quite
general, it is justified (i.e. there are descriptors outside
of this class) by showing that the Wiener index is not an
extended Adriatic index in Section 4. In the Sections 5
and 6 variable and discrete Adriatic indices are defined,
respectively. QSAR and QSPR analyses are presented in
Section 7 (octane isomers in 7.2, polychlorobiphenyls in
7.3, polyaromatic hydrocarbons and phenetylamines in
7.4). Our exposition is concluded by conclusion, ac-
knowledgement and references.

2. BOND ADDITIVE DESCRIPTORS

Many descriptors are bond-additive, i.e. they can be
presented as a sum of edge contributions. A bond addi-
tive descriptor Des can be written as:

DeS(G)= Z f(G,uv),

uveE(G)

where E(G) is the set of edges and f is some mapping
that assigns a real value to an ordered pair consisting of
a graph and its edge. It can be seen that this is a quite
general definition since f can be determined in many
ways.

Some of the most famous molecular descriptors
are based on defining f(G,uv)=a(d,.d,), where a
is some function from NxN to R;and d, and d, are
degrees of vertices u and v respectively.

Taking (x(d d‘,):—, we get the Randi¢

u?

u’v

connectivity index’ defined by:

1

uve;(G) ﬂdudv

x(G)=

Putting a(d,.d,)=d,d

d,, we get the Zagreb index'”
defined by:

M,(G)= > dd,.
uweE(G)
Further, this index was modified to

1
M, (G)= .
: ( ) uve;(G) dudy
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and generalized to:"?

"M, (G)=

> (dd,) .

uveE(G)

1

which —
du dV

and

corresponds  to  a(d,.d, )=

a(d,,d,)=(d,d,)" respectively. Let us observe the
first Zagreb index'® defined by

M (G)= > d

veV(G)

where ¥ (G) is the set of vertices of G. Simple calcu-
lation shows that it can also be considered as bond-
d)=d,+d,.

The other very famous class of molecular descrip-
tors are based on defining f(G,uv)=p(n,.n,),,

additive descriptor by putting a (d

u?’

where [ is arbitrary function from NxN to R; 7, is
the number of vertices closer to vertex u than to vertex

v;and n, is the number of vertices closer to vertex v
than to vertex u.. The most famous such descriptor is the
Wiener index"* obtained for 8(n,,,n,)=n, n,,ie.

uv vu 2

wW(G)= Z n_-n

uveE(G)

Let us remark that Wiener index was originally
defined as

w(G)= > d(uv),

u,vEV(G)

where d(u,v) is the distance between vertices u and

v. However, these two formulas coincide for the trees.
Later, formula W (G)= Y n,-n

uveE(G)

was extended to

i

all graphs as Szeged index."® Further this index was

modified" by putting f(n,,,n,)=(n, n,)" to

"W(G)=

> (o)

uveE(G)
and generalized'® by putting 8(n,,.n,, )=(n,, -n, )A to

"W(G)= % (mn.)

uveE(G)

Further modifications that depend on number of vertices
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n(G) have also been studied in:'*""

—min{n,,,n, }u );

A
_nvu )’

where n(G) is the number of vertices of graph G.
Another index belonging to this class is the PI-
index'” defined by B(n,,.n,)=n, +n,, ,ie.

Wi (G)= X, (n(G)' -min{n,.n,}

uveE(G)

V(0)=3, 3, [0

vu 2

Z (nuv + nvu )

uveE(G)

uv >N

W (G)=

Some indices are based on a somewhat more complex
definition of f(G,uv), i.e. the Balaban distance con-
nectivity index'' is defined by:

o
—_
Q
~
+
—_
i
)
&

where e(G) is the number of edges of graph G, ¢(G)

is the number of cycles of graph G and D, is the sum
of distances from u to all other vertices. Namely,

Zduv

»eV(G

It can be seen that bond-additive descriptors can be
defined in variety of ways. Moreover some of the most
famous molecular descriptors have been defined in this
way and their modifications have been studied.

In this paper we shall present a class of such de-
scriptors named Adriatic indices. These class of descrip-
tors include (generalized) Randi¢ index,” Zagreb in-
dex,'’ modified and variable Zagreb index.'

3. EXTENDED ADRIATIC INDICES

Let us consider the variable Randi¢ index, and the mod-
ified and the variable Zagreb indices. All these three
indices are created by the following procedure:

Procedure I

I.1) Calculate d, for each vertex v;
1.2) Define some function y:R — R to obtain the value

q,=¢(d,) for every vertex v, e.g. ¢, =1//d, when
the Randi¢ index is considered, g, =1/d, when the

modified Zagreb index is considered, and ¢, =d.,’

when the generalized Zagreb index is considered;
1.3) Calculate value r,6 =g,-q, for each
uve E (G ) ;

1.4) Calculate the sum of all contributions 7, .

edge

Let us try to generalize this procedure to:

Procedure 11

II.1) Calculate some invariant p, for each vertex v;
I1.2) Define some function ¢: R — R to obtain value
a.=94(p,);

I1.3) Define some symmetric function y: RxR — R to
obtain value r,, =y(q,.q,) for cach edge uv € E(G);
11.4) Calculate the sum of all contributions 7, .

Remark 1. Let us remind that function y: RxR —> R
is symmetric if y(x,y)=7(y,x) forevery x,yeR .o

Remark 2. Of course, steps 11.2) and I1.3) could be
compressed in a single step namely step I1.2 is surplus
(because it is always possible to put a single function
y2(x,y)=y(¢(x),¢(y)) ), but we use it in order be
able to separately define and combine specific functions
¢ and y in the remainder of the text). O

It can be shown that this definition is not restrictive
enough. Namely,

Theorem 1. Let I be any class of graphs and let @ be
any molecular descriptor w:T"— R . Then, @ can be
calculated using Procedure II.

Proof: Let GeI'. Then, take:

pV:
n

¢( p‘,) =p, and y(ru .7, ) r,+r,. Alternatively, even

more

simply, take: p, = ¢( pv)= p, and

e(G)
y(ru,i;) (ru +rv)/2 .m

Hence, in order to define a meaningful family of de-
scriptors, we need to be more restrictive in defining a
calculating algorithm. We shall restrict values of p, to

those dependent only on the following two parameters:
vertex degree d, and the sum of distances from V to all
other vertices D, .

Let us elaborate our choice. Allowing p, =d, is
inspired by the great success of Randi¢-type descriptors:
Randi¢ connectivity index, Zagreb index, modified and
variable Zagreb indices. Further, each index obtained by
Procedure Il in which p, =d, can be rewritten as:

2 p(ij)m

1<i< j<A(G)

where A(G) is maximum degree of graph G, p is
arbitrary function and m; is the number of edges which

Croat. Chem. Acta 83 (2010) 243.
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end-vertices have degrees i and j. It is interesting to
note that these indices depend solely on the numbers
m; (and not on the graph G ). Hence, in order to find
potentially optimal chemical compounds one does not
need to scan the set of all graphs, but only the set of all
realizable m; s which is much easer using modern com-
puters and mixed-integer programming. Realizability of
m;; s has been extensively studied. Trees with minimum
Randi¢ index have been determined by Caporossi et
al? Papers™* furthered these results. On the other
hand, such conditions have also been investigated by
VukiGevi¢ and  Graovac,”®®®  Vuki¢evi¢c  and
Trinajsti¢®*® and Veljan and VukiGevi¢’' and
VukiGevié* to analyze discriminative properties of
Randi¢-type indices. The following families of graphs
have been considered: chemical trees, i.e. trees with
maximum degree 4,°' unicyclic chemical graphs,”’ ge-
neral chemical graphs,” and acyclic graphs.™

Choice of the value D, is inspired by large suc-
cess 3(3)f Wiener index which is in Hosoya's reformula-
tion:

w(G)=

z nw-nvu:% z d(u,v)

uveE(G) u feV(G)

based on distances. Moreover, Wiener index can be
expressed in the terms of » and D, as:

Theorem 2. Let G be acyclic graph. Then,

W(G)=yn*(n-1)-; ¥ (D,-D)"

uveE(G)

Proof: Denote by N, set of vertices closer to u then
to v; and N Note that

d(v,w)=d(u,w)+1 for each vertex we N, and that

analogously.

vu

d(v,w)=d(u,w)—1 for each vertex we N, . Hence,

wer (G
_ ZN: (d(v’m(;))—d(u,w))-i- ZN: (d(v,w)—d (u,w))=(1)
S Y (e
On the other hand,

ny 4, =0 @)

Solving equations (1) and (2), one gets:

_n+D,-D,
n, = 2 ’
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n+D, —-D,
n =——21—*t
vu 2
Therefore,
W(G): z - Z n+Du—Dv_n+Dv—Du:

uveE(G) 2 2

uveE(G)

uveE(G)

which proves the Theorem. m
Hence, if one observes the graphs with same num-
ber of vertices, the molecular descriptor:
f _ 2
w(G)= 2. (D,-D,)

uveE(G)

has exactly the same predictive properties as the Wiener
index in all linear and multi-linear models. An example
of such set of graphs is the set of alkanes with 8§ vertices
which was used in one of the benchmark data sets®
proposed by the International Academy of Mathematical
Chemistry.”!

We have explained argumentation for using d,
and D, ; and we propose the following procedure:

Procedure II1. Extended Adriatic Indices

1I1.1) Choose invariant p, tobe d, or D, ;

I11.2) Define some function ¢:R — R to obtain value
7,=¢(p,);

I11.3) Define some function y:RxR — R to obtain the
value 7,, =7(q,.9,) for each edge uv € E(G);

111.4) Calculate the sum of all contributions 7, .

Remark 3. As the name suggests in the remainder of
the paper, we are going to further restrict this procedure.
Also, note that ¢ and y are functions that do not de-
pend on any particular graph G. O

4. THE WIENER INDEX IS NOT AN EXTENDED
ADRIATIC INDEX

In order to prove that concept of extended Adriatic
indices is meaningful we need to prove that there is at
least one index that is not an extended Adriatic index.
This will be proved for the Wiener index:

Theorem 3. Wiener index is not extended Adriatic
index.

Proof: Suppose to the contrary that Wiener index is
extended Adriatic index A. Distinguish two cases:
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Figure 1. Graphs G, and G,.

CASE 1: 4 isbasedon d,.
Let G, and G, be graphs presented on the Figure 1.
Note that:

A(G.)=2-7(4(1).6(2))+2-7(¢(2).6(2))+
3-7(4(2).¢(3)):

W(G,)=16;

w(G,)=15

Hence, A(G,)=A4(G,) and W(G,)# W (G,), but this
is in contradiction with 4 =W.

CASE 2: 4 isbasedon D,.

It seems as quite a difficult problem to find two non-
isomorphic graphs for which all extended Adriatic in-
dices have the same value (we propose this as an open
problem). Hence, here we use a different approach.

Denote by D, ; (G) the number of edges e =wuv such
that {D,,D,}={i,j} for every i,jeN and every

graph G. Let us illustrate this definition by the follow-
ing example on Figure 2.

Note that for each graph one has:

>, 1(¢(k).6())- Dy (G)-

I<k<I<A(G)

4(G)=

Let k be any integer and let H,,...,H, be any family

16 16

® @ @
16 11 10 11 16

Figure 2. Graph G, with values D, (v)

of graphs, and let q:max{Z(Hl),...,K(Hk )}, where
K(H ,) is the diameter of graph H,. Then,

A(H,)= 3 y(#(k).¢(1))- Dy, (H,). 3)

1<k<I<q
Note that there are g -(q + l) /2 pairs of numbers (k,l )

such that 1<k</<qg. Let t be any bijection
:{l,...q-(g+1)/2} > {(k.l) e N :1<k<I<g}.

Denote 7( /) :(rl (/). (]))
Denote by I column matrix defined by:

L= V(¢(Tl (f))’¢(72 (J)))
Let QQ be the matrix defined by

Q; = D’l(./)rfz(./) (H")

and denote by Q. i-th row of Q. Denote by A column
matrix defined by

Equality (3) can be rewritten as A, = A(H,)=CQ, T
Hence,

A=Q-T.

Let [Q A] be a matrix obtained by adding column A to
matrix Q as the last column. Equality (4) implies that
matrix A is a linear combination of columns of Q,
hence matrices © and [QA] must have the same rank.
Note that matrix € depends solely on the family of
graphs and that A (Wiener indices of these graphs) also
depends solely on these graphs. Hence, in order to ob-
tain a contradiction we do not need to analyze functions
y and ¢, but just to find a family of graphs for which

rank Q < rank [Q A]

Further note that rank does not change if we eliminate
columns that consist only of zeros. Let Q' be a matrix
obtained by elimination of all zero-columns. It is suffi-
cient to show that:

Croat. Chem. Acta 83 (2010) 243.
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rank Q'< rank[Q'A]

Using the computer we have analyzed the family of
graphs consisting of non-isomorphic trees with 8, 9, 10,
11 and 12 vertices. There are 962 such trees. We have
constructed the required matrices and obtained:

rank Q'=298;
rank[Q'A] =299.

This proves the Theorem. m

5. VARIABLE ADRIATIC INDICES

Now, let us further restrict the procedure for generating
extended Zagreb indices. We specify types of functions
that may be used as ¢ and y. Function ¢ should be
considered as the extent of the influence of the value p, .
For instance for the Zagreb index value ¢(d,) increases
with the increment of d,, but for the modified Zagreb
index and for the Randi¢ index value of ¢(d,) decreases
with increment of d,. Moreover, the same increment
gives different levels of decrease in these two indices.

In mathematics we usually speak about three type
of dependencies: logarithmic, polynomial and exponen-
tial. Hence, it would be reasonable to consider func-

tions: ¢(x)=log(x), 4,(x)=x" and ¢,(x)=a".
Note that latter two dependences include variable value
a. On the other hand, the first one does not. Hence, we

generalize it by putting ¢, (x)=1log"(x). More pre-

cisely we use the following functions:
e ¢,(x)=log"(x),a>0;

e 4,(x)=x",aeR\{0}

Let us note that logarithmic and exponential functions in
the calculation of bond contributions are not new in the
definition of molecular descriptors. For instance, mean
information content on the edge magnitude™ is defined by:

(dudv)—]/Z .log (dudv)—]/Z
) 2(9)

and entries of the augmented vertex-degree matrix> are
given by:

E_M
I (G)=-
: ( ) uveE(G) X(G

Croat. Chem. Acta 83 (2010) 243.

aGj) s,
|:0A:|“= d//2 , L# ],
i d, i=j
Now, let us analyze function y. It should be some rela-
tively simple symmetric function. Two immediate can-
didates are:

e (x,y) =x-y which is used in all Randic¢-
type indices;

e 7,(x,y)=x+y which can be used to calculate
the first Zagreb index.

Note that variability would not be significantly in-
creased if we would use y(x, y) =(xy)z, because the

exponent is already included in ¢, and ¢,. However,

inspired by the modification of the Zagreb index given
by the modified Zagreb index, we make analogous mod-

. . . . 1
ification of the function y, and write y(x,y)=——o-.

xX+y
However, to insure that there is no 0 in the denominator,
we put:

, x+y=0;
. y3(x,y)= xX+y

0, x+y=0.

Of course one would like to extend definitions of y, and
y, to the remaining two elementary operations: differ-
ence and division. However, this is not possible to be
done directly since these two operations are not symme-
tric. Therefore, in order to use difference, we shall apply
the absolute value and put:

o n(xy)=l-yl

Similarly as in the case of the sum, we propose the fol-
lowing modification

—_—, X#;
i Vs(xvy): |x_y|
0, xX=y.

In the case of division, we propose three possible way to
symmetrize it:

min{x,y}
———, maxix,y{#0;
o 7(xy)=qmax{x.y} =)
0, max {x, y} = 0;
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max{x,y} )
— =, min{x,y;#0;
o (nr)={minfr) M
0, min{x, y} =0;
2 x,y#0;
o n(xy)=1y x

0, otherwise.

The operation applied in y, is inspired by dis-
tance/detour quotient matrix*® in which (a smaller) dis-
tance is divided by (a larger) detour distance and the
operation applied in p, is inspired by the extended adja-
cency matrix®’ which is defined by:

d/d,+d;/d, d .

v —————, ij adjacent;
[E Alj = 2 v ad)

0, otherwise.

Let us note that not only the sum of divisions, but also
divisions of sums have been studied in chemistry.***!

Now, let us present the procedure for calculation
of varaible Adriatic Indices:

Procedure IV. Variable Adriatic Indices

IV.1) Choose invariant p, tobe d, or D, ;

IV.2) Choose numbers i € {1,2,3} and je({1,2,...,8};
IV.3) Choose ace€ R\{O} if i=2 and je {1,2,...,5};
otherwise if i=1 or 2 choose aeR" and if i=3
choose a e R* \{1}.

IV.4) Caleulate 4(G)= > 7,(¢.(p,)-4.(p.))-

quE(G)

Remark 4. Let us comment on the restriction of choices
of a. Obviously, p, regardless of the choice d, and D,
is a positive integer. Therefore, p,“ is well defined for all
a € R. However, a =0 maps all p, to 1, and this is not
of interest. Let us observe log” p,. Note that log p, can
be zero. Hence, obviously, a > 0. Now, let us observe
a®™. If a is a negative number, this function is still well
defined, because p, is positive integer. However, it is
not a monotonous function in this case. Therefore, we
assume that it is not the most suitable choice for the ma-
jority of QSPR studies. Further, @ =1 maps all p, to 1,
and this is not of interest. It remains to explain why we do
not observe negative values of a for descriptors:

min{pua’pva}
max!o L 0
V(,(pu",pv“)= max{pua,pva} maX{P p }st _

0, max{pu”,pv”} =0

]

{because }_ min { )R pv“} _

ptsp>0] max{p.p}
—me'lx{pu”,pv”} , min{pu",p‘f’} #0
7 (p, s p,") =4 min p.n} N
0, min{p,’, p,"} =0

{because } ~ max{pu”,pva} '

p>p >0 min{p . p}

a

', p

a a a _a’ pua > pva * O>
yS (pu 7pv ) = pv pu =
0, otherwise.
{because }:p_f+p_v‘l
r'p, >0 p° pf

Namely, in all three cases, we obtain
¥, (pu“,pv“) =, (pu’“,p;“), i=6,7,8;

Hence only positive values cover all possibilities. Let us
prove this. Assume that a <0 and without loss of gene-
rality assume that p, > p . It holds:
a a min{pua’pva} pua pvia
J’a(Pu > D, )=T=—a=—_u=
max{p,".p,"} P P,
min{p, . p,”}

max{p,7op, 7] P

max{p,".p )
winlp. 0.7 =y (p. . p"):
yx(pu“,pv“):’;—§+ﬁ;a—Zi+§‘::=i:+§:::

which proves the claim. O

Now, let us present the nomenclature of variable
Adriatic indices:

Croat. Chem. Acta 83 (2010) 243.
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1) The name of each variable Adriatic index consists
of five parts. The third and the the fourth part form
the same word.

2) The first part is determined by the choice of the
function y; :

ey, corresponds to Randic¢ type;

y, corresponds to sum;

y, corresponds to inverse sum;

y, corresponds to misbalance;

ys corresponds to inverse misbalance;

s corresponds to min-max;

y, corresponds to max-min;

e v, corresponds to symmetric division.

3) The second part consists of the number a and a
line, e.g. "1/3-"

4) The third part is determined by the choice of the
function ¢, :

* ¢, corresponds to lo;

e ¢, corresponds to no letters (the whole
word is just the fourth part);

e ¢ corresponds to ex.

5) The fourth part is determined by the choice of the
invariant (d, or D, ):

e d, corresponds to deg;
e D, corresponds to di;
6) The fifth part is word index.

Let us illustrate this by several examples:

D z ‘Jlogdu —«llogd‘,‘ corresponds to mis-

uveE(G)
balance 1/2-lodeg index;

1 .
° Z 32 32 COITGSpOl’ldS to inverse sum
2D+ D,
uveE(G) u v

3/2-di index;

1 . .

o E e COI‘reSpondS to inverse mis-

DH DV
uveE(G)|3 -3 |

balance 3-exdi index;
. > (log” “d, +log" dv) corresponds to sum
uveE(G)

1/4-lodeg index.

6. DISCRETE ADRIATIC INDICES

Note that in the linear model for predicting some prop-
erty P by topological index 77, we optimize two va-
riables P ~ k-TI +1. On the other hand, if we search for
the optimal variable index 77, for prediction of the
same property using linear model, we optimize three
variables: k, [ and A

Since, in benchmark sets proposed by Internation-
al Academy of Mathematical Chemistry*' descriptors
are not variable; it would not be a fair comparison to
compare variable descriptors with nonvariable ones.
Therefore, we should propose discrete Adriatic indices

Croat. Chem. Acta 83 (2010) 243.

in which value a is not a continuous variable, but con-
sists of several (discrete values).
Here, we choose the following values:

e a=-1 (inspired by modified Zagreb index)

e a=-1/2 (inspired by Randi¢ connectivity

index)

e a=1/2 (inverse value of 1/2)

e a=1 (inspired by the second Zgreb index)

e g =2 (inspired by the first Zagreb index)

Now, we can summarize the procedure for the calcula-
tion of discrete Zagreb indices:

Procedure V. Discrete Adriatic Indices

V.1) Choose invariant p, tobe d, or D, ;
V.2) Choose numbers i € {1,2,3} and j€{1,2,...,8};

V.3) Choose ae{-1,-1/2,1/2,1,2}if i=2 and
je {1,2,...,5};
ae{1/2,1,2} andif i =3 choose a €{1/2,2}

V.4) Caleulate A(G)= Y y,(4.(p,)-4.(p.))

uveE(G)

otherwise if i=1 or 2 choose

In this way 2.(5-5 +1 103+8-2) =148 discrete Adriatic
indices have been defined.

Now, let us present the nomenclature of discrete Adria-
tic indices:

1) The name of each Discrete Adriatic index consits of
four parts. The second and the the third part from
the same word.

2) The first part is determined by the choice of the
function y, completely analogously as in the case
of variable Adriatic indices

3) The second part is determined by the value of ¢, :

@, corresponds to lor;

¢, corresponds to lo;

¢, corresponds to los;

@ _, corresponds to in;

@, corresponds to ir;

@, corresponds to ro;

#, corresponds to no letters (the whole word

is just the third part);
® @, corresponds to s;

e @, corresponds to ha;
e ¢, corresponds to two;

4) The third part is determined by the choice of the
invariant (d, or D, ) completely analogously as in
the case of variable Adriatic indices;

5) The fourth part is word index.

Let us illustrate this by several examples:
J9ogd, —\/logd,
uveE(G)

balanced lordeg index (recall that the same in-
dex was named misbalance 1/2-lodeg index

corresponds to mis-
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when it was observed as variable Adriatic in-
dex)

1
. ——5 5, corresponds to inverse
uveE(G) Du +DV

sum irdi index;

1 , .

° E ————— corresponds to inverse mis-

D, _~AD,
uveE(G)|2 -2 |

balance twodi index;
. > (log”2 d, +log"” d‘,) corresponds to sum
ueE(G)

lordeg index.

7. QSAR AND QSPR STUDIES OF DISCRETE
ADRIATIC INDICES

In Ref. 20 it has been written: “In order to promote the
comparison of new and old molecular descriptors, eva-
luate their predictive ability and better understand their
meaning, the International Academy of Mathematical
Chemistry”' suggests the use of some benchmark data
sets“. We shall prove that discrete Adriatic indices
demonstrate good predictive properties on these bench-
mark sets.

Namely, four sets of chemical compounds are proposed
in Ref. 20:

1) set of 18 octane isomers

2) set of 82 polyaromatic hydrocarbons (PAH)

3) set of 209 polychlorobiphenyls (PCB)

4) set of 22 phenetylamines (Phenet).

16 properties and 102 descriptors are given for the set of
octane isomers; 3 properties and 112 descriptors are
given for PAHs; 8 properties and 106 descriptors for
PCBs; and one property and 110 descriptors for phene-
tylamines.

We compare the best correlations of one-
parameter linear models based on descriptors in these
benchmark sets with correlations of one-parameter li-
near models based on discrete Adriatic indices. We
exclude from our observations melting points, since
graph-theoretical abstraction disregards many informa-
tion that are relevant for the value of the melting point.

Therefore, in total we compare descriptive proper-
ties in 25 different cases (15 properties of octanes, 2
properties of PAHs, 7 properties of PCBs and 1 property
of phenetylamines). It will be shown that Adriatic indic-
es give better results in 13 out of these 25 cases.

7.1. BEST PREDICTORS (IN LINEAR MODELS)
OF (CONSTITUTIONAL) OCTANE ISOMERS

We analyze 15 properties of octane isomers and for 9
properties we get better results than descriptors given in

the benchmark set. In Table 1 are our results (in the left
column are predictions by the best predictor in bench-
mark set and in the right column are predictions by the
best predictor among discrete Adriatic indices; on each
of the drawing R is given).

Although we have obtained better correlation in
these nine cases, we can see that all nine results are not
equally significant. Namely, in two cases (density and
molar volume) there is a single molecule (2,2,3,3-
tetramethylbutane) that is significantly different than all
others. This single data highly influences correlation
coefficients and makes all conclusions unreliable.

7.2. BEST PREDICTORS (IN LINEAR MODELS)
OF POLYCHLOROBIPHENYLS

We analyze 7 properties of PCBs and for 3 properties
we get better results than descriptors given in the
benchmark set. In Table 2 we present our results (the
results are organized as in Table 1).

However, we can see that there are improvements,
but they are rather small. Here we speak of comparably
good descriptors. There is always a possibility that part
of the improvement is the result of rounding or other
imprecision in computer calculation.

7.3. BEST PREDICTORS (IN LINEAR MODELS)
OF POLYAROMATIC HYDROCARBONS AND
PHENETYLAMINES

We have analyzed two properties of polyaromatic hy-
drocarbons: boiling point and octanol-water partition
coefficient. In both cases all discrete Adriatic descrip-
tors performed worse than the best descriptor in bench-
mark set.

Only one property (biological activity) has been
analyzed for phenetylamines and we have found that
there is a discrete Adriatic index that outperforms all
descriptors in the benchmark set. The results are given
by Table 3.

7.4. ADDITIONAL RESULTS

In previous sections, we have shown that in 13 cases,
there is a discrete Adriatic index that provides better
predictive properties than any of the descriptors in the
benchmark sets. From these 13 cases, we eliminate
observations of density and molar volume of octane
isomers, because in these cases correlations are influ-
enced by a single outlier that corrupts the distribution of
data. In the remaining 11 cases, it may be of relevance
not to analyze only discrete Adriatic index with the best
predictive properties, but maybe several the best ones.
Here we propose the following criteria: we assume that

Croat. Chem. Acta 83 (2010) 243.



252

D. Vukicevi¢ and M. Gasperov, Bond Additive Modleing 1. Adriatic Indices

Table 1. Nine properties that can be predicted better (using linear fits) by one of the discrete Adriatic indices then any of descrip-

tors in benchmark set (x-axis represents the value of the descriptor and y-axis represents the value of the property)

heat capacity at T constant (CT)

310 4
R®=0.5048 310
305 1 205 |
300 { 300 1
295 | 205 |
290 |
290 4
285 |
285 4
280 1
280 4
275
275 4
270 { . M
270 4
265 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 265
1.5 1.7 1.9 21 23 25 27 29 3.1
average connectivity index y, Randi¢ type lodeg index:
2 In(d,)In(d,)
uweE(G)
heat capacity at P constant (CP)
29.5 4 29.5 4 2 _
R? = 0.5938 R“=0.6399
29 4 29 . -
28.5 28.5
28 4 28 4
27.5 27.5 4
27 + 27 4
26.5 26.5
26 26
25.5 25.5 4
25 4 25 4
24.5 24.5
24 T T T T T T 1 24 T T T T T T 1
0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 5.3 54 55 5.6 5.7 5.8 5.9 6
average connectivity index y, inverse sum lordeg index:
1
wer(o) AIn(d, ) +/In(d,)
density (DENS)
0.84 4
084 1 R?=0.5937 R?=0.9118
0.82 1 b
0.82
0.8 4
0.78
0.76
0.74 4
0.72
0.7 3
0.68 T T T T T 1
0‘3 0 0.0000002 0.0000004 0.0000006 0.0000008 0.000001 0.0000012

average connectivity index y,

1

D, +D,

Randi¢ type hadi index:
D 05%.05% = )
uweE(G) weE(G) 2
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Table 1. (continued)

enthalpy of vaporization (HVAP)

™ R? = 0.8861 ™ R? = 0.9071
73 . 73 4
72 4 72 4
711 714
70 70 4
69 69
68 4 68 4
67 67 -
66 6 -
65 - 65
64 T T r r T Y 64 T T T T T T 1
2 25 3 3.5 4 45 5 7 8 9 10 1 12 13 14
connectivity index y, max-min rodeg index:
Z max{.ldu,wldv} Z
wek(G) Min {1 |d, /d‘,} wek(G)
standard enthalpy of vaporization (DHVAP)
R® = 0.9201 10 R?=0.9678
07 . 9.8 4
9.8
9.6 4
9.6
94 9.4 4 .
9.2 4 9.2 4 *
L4
9 - 94
8.8 4 s | * .
8.6 -
8.6 4
8.4
8.2 8.4 .
8 y y . . . Y 8.2 T T T r r r T y Y
045 047 0.49 0.51 0.53 0.55 0.57 0 1 2 3 4 5 6 7 8 9
average connectivity index y, misbalance lodeg index:
> |ind, -Ind,
uweE(G)
motor octane number (MON)
120 | R? = 0.9274 1201 R?=0.9569
100 | 100 +
80 4 80 4
60 J 60 -
40
40
20 - * 20
0 T T T T |
0 J j " i J j ' 0 200000 400000 600000 800000 1000000
1.6 1.65 1.7 1.75 1.8 1.85 1.9 1.95
reciprocal distance Randié-type index (RDCHI) Randi¢ type sdi index:
2 N2
2 (oip))
uweE(G)
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Table 1. (continued)

total surface area (TSA)

420 R*=0.7168 420 R?=0.7761
* *
410 410
400 400
390 - 390 -
380 380
370 370
360 T T T T 1 360 T T T T T T 1
1 15 2 25 3 3.5 53 5.4 5.5 5.6 5.7 5.8 59 6
second Mohar index TI2 Inverse sum lordeg index:
1
wer(o) \/In(d, ) +4/In(d,)
octanol-water partition coefficient (LogP)
2 _
3.7 R? = 0.2941 3.7 R“=0.3649
*
3.65 3.65
3.6 3.6 4
3.55 3.55
3.5 4 3.5+
* *
3.45 T T T T T T T T T 1 3.45 T T T T T T T 1
4 4.2 4.4 4.6 4.8 5 5.2 5.4 5.6 5.8 6 9.3 9.4 9.5 9.6 9.7 9.8 9.9 10 10.1
superpendentic index sum lordeg index:
Y (Jind, +\ma )= Y afma,
weE(G) ver(G)
molar volume (MV)
1704 R® = 0.5483 170 R?=0.8973
165 - 165 L
160 - 16014 oo o ¢
N *
155 155 -
150 - 150 |
145 - 145
140 140
* *
135 T T T T d 135 T T T T T 1
20 25 30 35 40 45 0 0.0000002 0.0000004 0.0000006 0.0000008 0.000001 0.0000012
second Zagreb index M2 Randi¢ type hadi index:
D, D, 1
D 05%.05% = )
D, +D,
uweE(G) weE(G) 2™
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Table 2. Three properties that can be predicted better (using linear fits) by one of the discrete Adriatic indices then any of descrip-
tors in benchmark set (x-axis represents the value of the descriptor and y-axis represents the value of the property)

relative retention time (RTT)

124
12, R®=0.9602
1
1 4
0.8 4
0.8 -
0.6 4
0.6 -
0.4 - 0.4
024 0.2
0 T T T : . . . . , 0 T T T T T T T T 1
2.55 26 2.65 2.7 2.75 2.8 2.85 2.9 2.95 3 9 10 " 12 13 1 15 16 17 18
reciprocal distance Randié-type index min-max sdi index:
. 2 2 . 2
min {DM ,D, } B min {D“,Dv}
2 2
wer(q) max D=, D, weE(6)\ Max {D“ > DV}
total surface area (TSA)
370 4
R?=0.9964 | 400, R?=0.9971
350
330 4 350 1
310 +
290 | 300 4
270
250 - * 07 ¢
230 | M
200
210 4
190 T
150 T T T T T T T 1
3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 8
25 30 35 40 45 50 55 60 65
valence connectivity index y, symmetric division deg index:
min{d,,d,} max{d,.d,}
wino)\ max{d,,d } min{d,.d,}
density (DENS)
101 R?*=0.826 10, R%=0.8271
94 .
94 *
8
8
7]
7]
6
6
5
5 1 4
4 T T T T T T T T T T 3 T T T T T 1
5 5.5 6 6.5 7 75 8 85 9 9.5 10 15 20 25 30 35 40 45
connectivity index y, max-min deg index:

max {d,,d,}
e min{d,.d,}

Croat. Chem. Acta 83 (2010) 243.



256

D. Vukicevi¢ and M. Gasperov, Bond Additive Modleing 1. Adriatic Indices

Table 3. Predictions of biological activity by the most suitable discrete Adriatic index and the most suitable descriptor in the
benchmark set (x-axis represents the value of the descriptor and y-axis represents the value of the property)

biological activity: log(1/C)

10 R? = 0.5405

9.5 4 .

8.5 4

7.5 | o .

55 5.6 57 5.8 5.9 6 6.1 6.2 6.3 6.4

10 R?=0.5707
9.5 1 *
b s
94
*
*
*
8.5 - M .
*
*
. .
8]
7.5 1 . .
7 T T T T T T T T
0.053 0.055 0.057 0.059 0.061 0.063 0.065 0.067 0.069

average eccentricity

misbalance indi index:
1 1

DM DV

weE(G)

Table 4. Analyses of discriminative properties of Adriatic descriptors.

number of discr. Adr. des. x

number of discr. Adr. des. x

set of such that such that
molecules property R, R <R < R, +R; RS R, +R R,
T 2 i 2
CT 0.505 0 1 0.760
CP 0.594 0 1 0.640
HVAP 0.886 8 5 0.907
ooane DHVAP 0920 4 10 0.968
MON 0.927 6 1 0.957
TSA 0.717 0 2 0.776
LogP 0.294 0 1 0.365
RTT 0.960 0 1 0.965
PCB TSA 0.996 1 1 0.997
logYw 0.826 2 3 0.827
Phenet log(1/c) 0.541 6 1 0.571

Adriatic index is a significant predictor if it improves
R® by at least half of the improvement of the best dis-
crete Adriatic index. More precisely, let R, be the
correlation of the best predictor in the benchmark set, let
R’ be the correlation of the best predictor among dis-
crete Adriatic indices (in the observed cases, it is always

R, >R} ). We assume that discrete Adriatic index x is
2 2

significant if R’ >—%—" In Table 4 we give the

statistics of R* values for the observed 11 properties.

Hence, in 4 cases we have found significant pre-
dictors among Adriatic descriptors different from the
best predictor (bold numbers in Table 4). In three case

Croat. Chem. Acta 83 (2010) 243.

(HVAP, DHVAP and TSA), we can see that there is a
significant improvement in R>. On the other hand,
when we consider logYw, the improvement is negligi-
ble. Nevertheless, we shall present another three signifi-
cant predictors for logYw as possible candidates for the
best predictor when larger set of molecules is taken
under consideration. Here, the difference is so small that
there is no argument in claiming that either of these
descriptors is better than the best predictor in the
benchmark set. We present predictors for these four
properties (HVAP, DHVAP, TSA and logYw) in Tables
5,6,7 and 8.

Remark 5. It is interesting to note that connecti-
vity index is also a discrete Adriatic index, namely:
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Table 5. The significant discrete Adriatic descriptors and the best benchmark predictor with R* values for HVAP in the set of
octane isomers

Index R’

max{\/d_u,\/d—v} max{d“,dv}

max-min rodeg index: z —_—= S e— 0.9071

weE(G) min{\/z,\/dT} weE(G) min{du,dv}
misbalance lodeg index: Z |1ndu—lndv|
uvek(G)
n“ (1"
misbalance hadeg index: (—j —(_j
uweE(G) 2 2

misbalance rodeg index: Z ‘\/d_“ —\/d—‘, ‘ 0.9035

0.9067

0.9044

=Y -2

weE(G)

weE(G)
1 1
misbalance irdeg index: z — —— 0.9009
weE(G) ﬁdu \/d_v
connectivity index y, 0.8861

Table 6. The significant discrete Adriatic descriptors and the best benchmark predictor with R* values for DHVAP in the set of
octane isomers.

Index R’
misbalance lodeg index: ZE(:G)|ln d —Ind, | 0.9678
misbalance rodeg index: Z(: )‘\/d_“ —\/;‘ 0.9653
uveE(G
max {~/d, ,~/d,
max-min rodeg index: Z M = M 0.9642

oy min{JdJd ) o)\ min{d,.d}

1" 1\*

e I _ -d, -,
(2) (2” W;@P 2| 0.9623

misbalance hadeg index: z

weE(G)
1 1
misbalance irdeg index: z ——— 0.9617
uweE(G) 1'du \/d_v
misbalance deg index: Z d, — d‘,l 0.9534
weE(G) '
, , min{\/du ﬁ} min{d,,d,}
min-max rodeg index: Z —_——= EEEErE—— 0.9526
weE(G) MaxX {«ldﬂ ,\/Z} wek(g) | Max {du ,dv}
misbalance losdeg index: z |ln2 d, —n’ dv| 0.9496
uweE(G)
. i . 1 1
misbalance indeg index: z — —— 0.9493
weE(G)| 4, dv
maxid ,d.
max-min deg index: Z M 0.9467
wiro) min{d, ,d, }
average connectivity index y, 0.9201
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Table 7. The significant discrete Adriatic descriptors and the bes
octane isomers
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t benchmark predictor with R® values for TSA in the set of

Index R’
. . 1
inverse sum losdeg index: Z 0.7761
weno) /In(d, ) +4/In(d,)
1 dd
inverse sum indeg: Z = —
werey L, 1 e d, +d, 0.7532
— + — u v
dll dv
second Mohar index TI2 0.7169

Table 8. The significant discrete Adriatic descriptors and the best
PCB

benchmark predictor with R values for logYw in the set of

Index R’
d ,d
max-min deg index: z max{ ‘2 } 0.8271
wer(e) Min {d‘, ,d }
d:.d: d.d}Y
max-min sdeg index: Y %22} = M 0.8270
weE(G) mln{d ,d, } wek(G)\ MIN {d”,dv}
_ max {\/d_ \/_ } rnax d , }
max-rodeg index: Z e 0.8267
mEE(G) min {\/7 \/7} weE(G) min {du ,a, }
connectivity index y, 0.8260

1
dd

Randi¢ type indeg index:

2

ueE(G)

Remark 6. As mentioned in the remark 5 the connectivity
index is also a discrete Adriatic index. Hence, here we
have 6 discrete Adriatic indices of comparable quality (6
presented here plus two more mentioned in Table 5).

CONCLUSIONS

The aim of this paper was to define variable and discrete
Adriatic indices and to show the motivation for the
definition of these indices. We have started by the ana-
lyses of two very popular types of molecular descrip-
tors: Randi¢-type indices and Wiener-type indices. We
have extracted properties of definitions of these indices
and used it to define variable Adriatic indices (by Pro-
cedure V) and discrete Adriatic indices (by Procedure
V). Note that discrete Adriatic indices include (up to
linear transformation) Randi¢ index, the Zagreb index
and the modified Zagreb index. They also include (up to
linear transformation) the Wiener index when the num-
ber of atoms is fixed. Moreover, variable Adriatic indic-
es include variable Zagreb indices. We expect that these
indices will show good predictive properties in many
QSAR and QSPR studies. Using, just benchmark sets
proposed by International Academy of Mathematical
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Chemistry, we have found that following descriptors are
useful:

Randi¢ type lodeg index: z ln

uveE(G)

. ln(d )
This is the best predictor of heat capacity at constant T’
for octane isomers.
 Randié type sdi index: ) (Dfo)

uveE(G)
This is the best predictor of motor octane number for
octane isomers.

e Randi¢ type hadi index:
1
Du DL p—
> 0.5%.05% = PRy
uveE(G) uveE(G)

This is the best predictor of density and of molar vo-
lume for octane isomers. However, because of the out-
lier, this result may not be correct.

sum lordeg index:

> (Jind,+ind, )= ¥ dnd,

This is the best predictor of octanol-water partition
coefficient for octane isomers.
inverse sum lordeg index:

1

In(d,) +/In(d,)

This is the best predictor of heat capacity at constant P
and of total surface area for octane isomers.

uveE(G vel (G

uveE(G)
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e inverse sum indeg: Z = Z dd,
L \d, +d,

weE(G) + 4 L weE(G

d, d‘,
This is a significant predictor of total surface area for
octane isomers.
e misbalance lodeg index: Z |ln d,—In dv|

uveE(G)

This is the best predictor of standard enthalpy of vapori-
sation for octane isomers. Also, this is a significant
predictor of enthalpy of vaporization for octane izomers.
e misbalance losdeg index: ) |ln2 d, —In? dv|

weE(G)
This is a significant predictor of standard enthalpy of
vaporisation for octane isomers.

e misbalance indeg index: z

uveE(G) u v

This is a significant predictor of standard enthalpy of
vaporisation for octane isomers.

e misbalance irdeg index:

RN
N
This is a significant predictor of enthalpy of vaporisa-

tion and of standard enthalpy of vaporisation for octane
isomers.

uveE(G)

e misbalance rodeg index:

uveE

This is a significant predictor of enthalpy of vaporisa-
tion and of standard enthalpy of vaporisation for octane
isomers.

e misbalance deg index: Z
ueE(G)

This is a significant predictor of standard enthalpy of

vaporisation for octane isomers.

e misbalance hadeg index:

> &) G|z e

uveE(G) meE(G
This is a significant predictor of enthalpy of vaporisa-
tion and of standard enthalpy of vaporisation for octane
isomers.

1 1

D, D,
This is the best predictor of biological activity for phe-
netylamines.

e  min-max rodeg index:

I s
weE(G) max{\/z,\/Z} _HVGE(G) max{d,.d,}

This is a significant predictor of standard enthalpy of
vaporisation for octane isomers.

e misbalance indi index: Z
uveE(G)

e min-max sdi index:
min{D?, D} min{D,,D,} \
wéioymax {D,’,D,’} u»gG)[maX{DwD }J
This is the best predictor of relative retention time for
polychlorobiphenyls.

e max-min rodeg index:
max{d,.d,}

o (T
uvg(:c) min{\/d_u,\/d_v} _uveE(G) min{d,,d,}

This is the best predictor of enthalpy of vaporisation for
octane isomers. Also, this is a significant predictor of
standard enthalpy of vaporisation for octane isomers
and a significant predictor of log water activity coeffi-
cient for polychlorobiphenyls, too.

e max-min deg index: Z M
wHe) min{d,,d, }
This is the best predictor of log water activity coeffi-
cient for polychlorobiphenyls.
e max-min sdeg index:

max {d,d | _ (max{d“,d }Jz

uveE(G) mln{dj,df} uveE(G) mln{d d }

This is a significant predictor of log water activity coef-
ficient for polychlorobiphenyls.
e symmetric division deg index:

min{d,,d, } Jrmax{alu,a’v}
uveE(G) maX{d d} min{du,dv}

This is the best predictor of total surface area for po-
lychlorobiphenyls.

In this paper, we have just checked predictive
properties of one parameter linear models in four
benchmark sets proposed by the International Academy
of Mathematical Chemistry. However, study of discrete
Adriatic indices can be extended much further. Hence,
we propose the following open problems - it would be
interesting to:

1) check usability in multilinear models of discrete
Adriatic indices for benchmark sets proposed by the
International Academy of Mathematical Chemistry;

2) check usability in non-linear one-parameter models
of discrete Adriatic indices for benchmark sets pro-
posed by the International Academy of Mathemati-
cal Chemistry;

3) check usability in non-linear multi-parametric mod-
els of discrete Adriatic indices for benchmark sets
proposed by the International Academy of Mathe-
matical Chemistry;

4) to extend the study of these descriptors beyond
benchmark sets proposed by the International
Academy of Mathematical Chemistry.
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SAZETAK

Vezno-aditivno modeliranje 1. Jadranski indeksi

Damir Vukicevi¢ i Marija GasSperov

Prirodoslovno-matematicki fakultet, Sveuciliste u Splitu, Nikole Tesle 12, HR-21000 Split, Hrvatska

Neki od najpoznatijih molekularnih deskriptora se dobivaju sumiranjem bridnih doprinosa. Primjerice, Randi¢ev
indeks i1 njemu sli¢ni deskriptori, Balabanov indeks i njemu sli¢ni deskriptori, Winerov indeks i njegove modifika-
cije, Szeged indeks,...U ovom radu su analizirane metode ra¢unanja doprinosa birdova. Uoceni su glavni principi
po kojima se ovi doprinosi ra¢unaju i pomocu njih je definirana klasa molekularnih deskriptora nazavanih Ja-

dranski indeksi (Adriatic Indices).

Posebno je zanimljiva podklasa koja se sastoji od 148 diskretnih Jadranskih indeksa. Oni su analizirani na
testnim skupovima predlozenim od Medunarodne akademije matematicke kemije (International Academy of Ma-
thematical Chemistry) i pokazali su se dobrim predikitorima u mnogim slucajevima. Ovi indeksi se lako kodiraju,
te bi mogli na¢i svoje mjesto u softwarima za kemijsko modeliranje. Ovi indeksi bi mogli unaprijediti razna

QSAR i QSPR istrazivanja.
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