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A NOTE ON CLASS NUMBER ONE CRITERIA OF SIROLA
FOR REAL QUADRATIC FIELDS

P.G. WALSH

University of Ottawa, Canada

ABSTRACT. In [6], Sirola gives two necessary and sufficient conditions
for the class number of a real quadratic field to be equal to one. The
purpose of this note is to remark that the equivalence of these conditions
can be proved by using an elementary result of Nagell, which itself is a
simple consequence of the fact that the Pell equation X2 —dY?2 = 1 always
has solutions in positive integers when d > 1 is squarefree.

1. INTRODUCTION

For a positive squarefree integer d > 1, let Q(v/d) denote the real qua-
dratic field associated to d, and let h(d) denote the class number of the ring of
integers of Q(v/d). In [6], Sirola provides necessary and sufficient conditions
for h(d) =1 in terms of the existence of solutions of certain Pell equations of
the type 22 —dy? = +4%p and 2% — dy? = 4°p?, where p ranges over the primes
in II, where II is defined as the set of primes in Z for which the Legendre sym-
bol (d/p) = 1. The proof of this result is somewhat involved, appealing to
class group and ideal theoretic results from the theory of quadratic fields.

Our objective here is twofold. First, we point out that the equivalence
of h(d) to the solvability of Pell equations of the type 2% — dy? = +£4%p is
well known, and that in fact, one can simply take II to be the finite set of
primes p which satisfy (d/p) =1 and p < Vd. The second, and main point
of this note, is to show that the equivalence between the condition h(d) = 1
and the solvability to Pell equations of the type 22 — dy? = 4°p? can easily be
obtained using a simple result of Nagell concerning the form of /€4, where

€q = T 4 U+/d is the minimal unit greater than 1, of norm 1, in the order
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Z(\/d), ie. (x,y) = (T,U) is the minimal solution in positive integers to the
Pell equation 2% — dy? = 1.

In what follows d > 1 will represent a squarefree positive integer, and
By = Vd/2 if d = 2,3 (mod 4), while By = Vd if d = 1 (mod 4). We
let II;(d) denote the set of primes for which 2 < p < By and (d/p) = 1.
Also, we define I1*(d) = II;(d) if either d is a prime with d # 1 (mod 8),
d = 2¢q with ¢ prime and ¢ = 3 (mod 4), or d = gr with ¢, r primes satisfying
g = 3 (mod 8), r = 7 (mod 8), and we define IT*(d) = II;(d) U {2} if either
d is a prime with d = 1 (mod 8), or d = ¢r with ¢, primes satisfying
g=r=3or7(mod ).

In the statement of our theorem, we make reference to the following two
Pell-type equations. Here, ¢ represents an integer in {0, 1}.

(1) X2 —dy? = +4%,

(2) X?—dY? =4%p".

For § € {0,1}, a solution (X,Y) to equation (2) is referred to as 2°-proper
provided that ged(X,Y) divides 2°.

Our main goal then is to prove the following refinement of the main the-
orem of [6], noting that our primary purpose is not just to refine the result,
but to exhibit a proof which is considerably more straightforward.

THEOREM 1.1. The following conditions are equivalent

1. h(d) =1.

2. For each prime p € II*(d), equation (1) has a positive integer solution
(X,Y).

3. For each prime p € II*(d), equation (2) has a 2-proper solution (X,Y).

2. SOME PRELIMINARY RESULTS

It is well known that for a given squarefree positive integer d > 1, the
Pell equation 2 — dy? = 1 is solvable in positive integers x, y, and that every
such solution can be generated from a minimal solution (7',U) by simply
identifying this minimal solution with the unit ¢4 = T + U+v/d, and taking
powers of this unit. In so doing, one sees that every positive integer solution
(z,y) of 22 — dy? = 1 is of the form (z,y) = (T, Ux), where €% = T}, + Upv/d
for some positive integer k.

We state the following consequence of this fact, possibly due to Nagell [4],
which seems not to be as well known as it should. The formulation we provide
appears in [7], and differs somewhat from that of Nagell, but is equivalent to
Nagell’s theorem.
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LEMMA 2.1. There ezists a unique (possibly trivial) factorization d = rs
with the property that
U7 + v/

Ve = B

where ¢ € {1,2}, (r,s) # (1,d) if c = 1, and u and v are coprime positive
integers for which

(3) u?r —v?s =c.

Consequently, among all quadratic equations of the form (3) (with rs = d and
c € {1,2}), only the equations X? —dY? =1 and rX? — sY? = ¢ are solvable
m positive integers.

PROOF. As defined above, let (T,U) denote the minimal solution in
positive integers to the Pell equation X2 — dY? = 1, so that T2 — 1 =
(T+1)(T—1) = dU?. Assume first that T is even, then T+1 = ru?, T—1 = sv?
for integers r, s, u, v satisfying d = rs, u?r — v%s = ¢, with ¢ = 2. If T is odd,
then (T +1)/2 = ru?, (T — 1)/2 = sv? for integers r, s,u, v satisfying d = rs,

u?r—v2s = ¢, with ¢ = 1. In either case it is trivial to see that \/eg = Mﬁ”‘ﬁ,

and the fact that (r,s) # (1,d) if ¢ = 1 follows from the minimality of the
solution (T,U) to X2 —dY? = 1. The last part of the lemma is a consequence

of the relation \/eq = %g O

The last part of Lemma 2.1 was proved by K. Petr [5]. We use Lemma 2.1
to deduce the following three results.

LEMMA 2.2. If d = 3 (mod 4) is prime, then the equation

.IQ _ dy2 — (_1)(d+1)/4 . 2

is solvable in odd positive integers x,y.

PROOF. Since d = 3 (mod 4), the equation z? — dy? = —1 cannot be
solvable, which implies that the value of ¢ from Lemma 2.1 is equal to 2.
Lemma 2.1 shows that the equation z2 — dy? = £2 is solvable, and since z

and y are clearly odd, the sign of —1 is determined by the congruence class
of d modulo 8. O

LEMMA 2.3. If ¢ = 3 (mod 4) is prime, then the equation
202 — q? = (—1)la+b/4
is solvable in positive integers x,y.

PrOOF. Applying Lemma 2.1 to d = 2q, we see first of all that ¢ = 1, and
so there is a factorization d = rs, (r,s) # (1,d), for which rz? — sy? = 1 is
solvable in positive integers. Since ¢ = 3 ( mod 4), we have that (r, s) # (d, 1),
and so either (r,s) = (2,q) or (r,s) = (¢,2). If ¢ = 3 (mod 8), then it is easy
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to see that (r,s) = (q,2) by considering the equation rz? — sy? = 1 modulo
8. Similarly, if ¢ = 7 (mod 8), then (r,s) = (2, ¢), and the result follows. O

We remark that this lemma appears as Corollary 1.7 in [6]. We have
therefore provided a proof of this result which does not appeal to the structure
of class groups and related ideal-theoretic considerations.

LEMMA 2.4. If ¢ and r are primes satisfying ¢ = r = 3 (mod 4), then
the equation
gX?—rY?=+1

is solvable in positive integers X,Y .

PROOF. Since ¢ = r = 3 (mod 4), it is evident that ¢ = 1, and fur-

thermore, since these primes are 3 modulo 4, the equation X2 — grY2 = —1
is not solvable. Therefore, the only remaining possibilities are those in the
statement of the lemma. O

The reader should be aware that the results above have been known for
quite some time, even to Legendre and Dirichlet. For more on the history of
the Pell equation, the reader is referred to the wonderful survey of Lemmer-
meyer [1], and also to a recent paper of Mollin [3].

3. PROOF OF THEOREM REFT1

The equivalence of conditions 1. and 2. is well known, and can be found
for instance as Theorem 5.2.1 on p.158 of [2]. The essential ingredient in
proving this equivalence is the fact that the class group of the ring of inte-
gers in Q(\/E) is generated by all noninert primitive ideals whose norm does
not exceed the so-called Minkowski bound, which is no larger than (4/7)V/d.
Clearly condition 2. implies condition 3., as a solution (z,y) to equation (1)
corresponds to an element 7 = x 4+ y+/d, and so squaring 7 yields an element
whose coefficients give rise to a solution of equation (2). Thus, we need only
prove that condition 3. implies condition 2. For each odd prime p under
consideration, we will deal only with the case that § = 0. That is to say, for
a given odd prime p € IT*(d), we will assume that the equation

(4) X2 —ady? =p?

is solvable in coprime integers, and show that this assumption either leads to
a contradiction, or to a solution of the equation X2 — dY? = +p. The case
0 = 1 can be dealt with using precisely the same arguments.

In what follows, (z,y) will denote a positive integer solution to (4) with
ged(z,y) = 1. Furthermore, if y is odd, then the factorization (z — p)(x +
p) = dy? implies the existence of integers m,n,u,v, with u,v odd, such that
z—p=mu? z+p=mnv?d=mn,y = uv, and so

(5) nv? —mu? = 2p.
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In the case that y is even, then there exist integers m, n, u, v such that x —p =
2mu?, x4+ p = 2nv?,d = mn,y = 2uv, and hence in this case

(6) nv? —mu? = p.

Case la: d # 1 (mod 8) prime, and y odd.

In this case, the integers w,v,n,m in equation (5) are all odd. Note
that since d is prime, either (m,n) = (1,d) or (d,1). This implies that
n =m £ 2 (mod 8), from which we deduce that d = nm = 3 or 7 (mod 8).
By Lemma 2.2, the equation X2 — dY? = =£2 is solvable, and so we let
(z1,y1) denote a solution of this equation. If we define xg + yo/d = (1 +
y1Vd)(uy/m 4 vy/n), then it follows that zo and y are even, and (z3/2)% —
d(y2/2)* = +£p.

Case 1b: d # 1 (mod 8) prime, and y even.
In this case, since d is prime, (m,n) = (1,d) or (d, 1), and so equation (6)
gives the desired result.

Case 2a: d = 1 (mod 8) prime, and y odd.

Assume first that p is odd. As argued in case la, the assumption that y
is odd leads to the conclusion that d = nm = 3 (mod 8).

Now assume that p = 2. If (z,y) is a 2-proper solution to X? — dY? =
4p® = 16 with y odd, then there are odd integers u, v, with y = uv, such that
r+4=du® xT4=02 and so v? — du’® = +4p as desired.

If X? —dY? = p? = 4 has a solution in coprime integers (x,%), then again
we contradict the fact that d =1 (mod 8).

Case 2b: d =1 (mod 8) prime, and y even.

Assume first that p is odd. As in case 1b, since d is prime, equation (6)
gives the desired result.

Now assume that p = 2. If (x,%) is a 2-proper solution to X2 — dY? =
4p? = 16 with y even, then /2 and y/2 are odd integers satisfying (x/2)% —
d(y/2)? = 4, showing that d # 1 (mod 8), and so X2 — dY? = 4p? = 16
cannot be solvable with y even.

Case 3a: d = 2¢q, ¢ = 3 (mod 4) prime, and y odd.
In this case, since one of m or n is even, equation (5) shows that not both
u and v can be odd, hence y cannot be odd.

Case 3b: d = 2¢, ¢ = 3 (mod 3) prime, and y even.

In this case, equation (6) implies that one of the equations X2 —2qY? =
+p, 2X? — qY? = +p is solvable in positive integers. If the first of these two
equations is solvable, we have the desired result. Therefore, assume rather
that 2X?2 — qY'? = +p is solvable, and let (u,v) be a solution in positive
integers. By Lemma 2.3, the equation 2X? — qY'2 = +1 is solvable in positive
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integers, and so if we let (x1,y1) denote a solution of this equation, and put
(22+92v/2q) = (21V24y1/@) (uv/2+v,/q), then 23— (2q)y? = £p, as desired.

Case 4a: d = qr, ¢ = 3 (mod 8), r = 7 (mod 8) primes, and y odd.
In this case, d = 1 (mod 8), and hence y cannot be odd, as argued earlier.

Case 4b: d = gr, ¢ = 3 (mod 8), r = 7 (mod 8) primes, and y even.

Assume first that p is odd. Since y is even, the factorization (x — p)(z +
p) = dy? implies that z —p = 2mu? and z+ p = 2nv?, with d = mn, y = 2uwv,
and so nv? — mu? = p. If (m,n) = (1,d) or (d,1), the result is proved.
Therefore assume that (m,n) = (g,7), so that qv* — ru? = p. By Lemma 2.4,
we let (z1,%1) denote a solution to ¢X2 — rY? = 1, and put zo + y2Vd =
(v3/q + u\/T)(z1/q + y1/7). It is clear that X3 — dy3 = p as desired.

Case 5a: d = qr, g =r =3 or 7 (mod 8) primes, and y odd.

Assume first that p is odd. In this case, d = 1 (mod 8), and hence y
cannot be odd, as argued earlier.

Now assume that p = 2. Consider first the case § = 1. If (x,y) are
odd integers satisfying x? — dy? = 4p? = 16, then there are odd integers
m,n,u, v satisfying d = mn,y = uv for which  — 4 = mu?, z + 4 = nv?, and
so nv? —mu? = 8. If (n,m) = (1,d) or (d,1), we have the desired result.
If (n,m) = (q,r) say, then we appeal to Lemma 2.4 by letting (z1,y1) be a
positive integer solution to ¢X2—rY? = 41, and putting zo+y2vVd = (w14/q+
Y1) (/G + uy/T), as it is easily verified that by doing so, 23 — dy3 = +8, as
desired.

For the case 6 = 0, suppose that there are odd positive integers (z,y)
satisfying x2 — dy? = p? = 4, then we contradict the fact that d = ¢qr =
1 (mod 8).

Case 5b: d =qr, ¢ =r =3 or 7 (mod 8) primes, and y even.

In the case that p is odd the argument is identical to that of case 4b.
Now assume that p = 2. For the case § = 1, suppose that (z,y) is a 2-proper
solution of 22 — dy? = 4p? = 16 with y even. It follows that (x/2,y/2) are
odd integers satisfying (z/2)? —d(y/2)? = 4, again contradicting the fact that
d = gr =1 (mod 8). For the case 6 = 0, if (z,y) is a solution in coprime
integers to 22 — dy? = p? = 4, then once again we contradict the fact that
d=gr =1 (mod 8).
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