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GLOBAL IN TIME ESTIMATES FOR ONE-DIMENSIONAL
COMPRESSIBLE VISCOUS MICROPOLAR FLUID MODEL

NERMINA MUJAKOVIC
University of Rijeka, Croatia

ABSTRACT. An initial-boundary value problem for one-dimensional
flow of a compressible viscous heat-conducting micropolar fluid is con-
sidered. It is assumed that the fluid is thermodynamically perfect and
polytropic. A problem has a unique strong solution on ]0, 1[x]0,T'[, for
each T' > 0. Using this result we obtain a priori estimates for the solution
independent of T'.

1. INTRODUCTION

Micropolar fluids are fluids with microstructure. They belong to a class
of fluids with nonsymmetric stress tensor that we call polar fluids. The model
of micropolar fluids is introduced in [3] by C.A. Eringen as a significant gen-
eralization of the classical Navier-Stokes model. Some problems for three-
dimensional flow of a incompressible viscous micropolar fluid are presented in
the book [6], in particular their mathematical theories.

We consider nonstationary one-dimensional flow of a compressible and
heat-conducting micropolar fluid. The equations of motion for this fluid are
derived from integral form of conservation laws for polar fluids, under a num-
ber of supplementary assumtions such as selection of constitutive equations,
Fourier’s law, Boyle’s law and polytropy (see [8]). A corresponding initial-
boundary value problem has a unique strong solution on 0, 1[x]0, T'[, for each
T > 0 ([9]). Considering stabilisation problem, one has to prove a priori es-
timates for the solution independent of 7', what is the main difficulty. We
obtain these estimates using the results from [9]. In our proof we follow some
ideas of S.N. Antontsev, A.V. Kazhykhov and V.N. Monakhov, applied to 1-D
initial-boundary value problem for a classical fluid ([1]).
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2. STATEMENT OF THE PROBLEM AND THE MAIN RESULT

Let p,v,w and 6 denote, respectively, the mass density, velocity, microro-
tation velocity and temperature of the fluid in the Lagrangean description.
Governing equations of the flow under consideration are as follows ([9]):

O o0v

2.1) TR T

(2.2 P S )

(2.3) o2 = A (022 )

1) 02 = K00+ 20+ A0 4 Dp ()

in |0, 1[x RT, where K, A and D are positive constants. We take the homoge-
neous boundary conditions

(2.5) 0(0,¢) = v(1,t) = 0,
(2.6) w(0,8) = w(1,t) =0,
(2.7) %(0775) = %(Lt) =0
for ¢ > 0 and non-homogeneous initial conditions
(2.8) p(z,0) = po(x),
(2.9) u(z,0) = vo(a),
(2.10) w(x, 0) = wo(a),
(2.11) 0(z,0) = 0(z)

for x € Q =]0, 1], where pg, vg, wo and y are given functions. We assume that
there exist m, M € R™, such that

(2.12) 0<m<po(z) <M, m<by(z) <M, zell
Let
(2.13) po,00 € H'(2), vo,wo € Hy(€).

Then for each T" > 0 the problem (2.1)-(2.11) has a unique strong solution
(9

(2.14) (x,t) = (p,v,w,0)(z,t), (x,t) € Qr = 2x]0,T]

with the properties:

(2.15) p € L0, T; HY(Q) N H' (Qr),
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(2.16) v,w,0 € L0, T; H(Q)) N HY(Qr) N L*(0,T; H*(Y)),

(2.17) p>0,0>0 on Qr.

From embedding and interpolation theorems ([5]) one can conclude that from
(2.15) and (2.16) it follows:

(2.18) p € L>(0,T;C(Q)) N C([0,T]); L*(2)),
(2.19) v,w,0 € L*(0,T;C*(Q)) N C([0,T], H(Q)),
(2.20) p,v,w,0 € C(Q).

Our purpose is to prove the following result.

THEOREM 2.1. Let the initial functions satisfy (2.12) and (2.13). Then
the problem (2.1)-(2.11) has a solution

(2.21) (z,t) = (p,v,w,0)(2,1), (z,t) € Q=0x]0,00],
having the properties:
(2.22) p € L=(0,00; H' (),
(233) e 120,00 Q)N Q) 22 € 170,00 L()
(2.24) v,w € L>=(0,00; H(Q)) N L?(0,00; H*(Q)) N HY(Q),
(2.25) 0 € L>(0,00; H'(2)),

oL L
(2.26) 5 € L*(0, 00; HY(2)), o7 € L*(Q).

3. SOME PROPERTIES OF THE SOLUTION (2.14)

In that what follows we denote by C' > 0 a generic constant, not depending
of T'> 0 and having possibly different values at different places. We use some
of considerations from [1, 9, 10]. In these cases we omit proofs, making
reference to correspondent pages of [1, 9, 10]. Let

1 1
(3.1) 5””0”2 + ﬂHWO”2 + 100l 1 () = En,
(3.2) L wol? = E
. —||wol|* =
2A 0 29

where ||| = |||l 2()-
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LEMMA 3.1. ([9],pp.201, 205) Fort > 0 it holds

1 1
53) SO+ gl DI+ 18 sy =
(3.4) ||w D2 + // d:vd7+// ©F wdr = By,
Let

1
1 1 1
(3.5) 10:/0 (53 + 5+ 05" (po 0 po—po-+ 1)+ (B~ Inlo — 1),

1 1 . 1
(3.6) U(t) = /[ZK +mw +p (plnp—p+1)+E(9—ln9—1)]d:c

8w w? 00
(3.7) / 0 8:0 9 8:0) +p9+D (817) |da.
LEMMA 3.2 ([10]). Fort > 0 it holds
¢
(3.8) U(t) —|—/ V(r)dr = Ip.
0
Let
(3.9) / QY
. ——dz = a,
o polz)
Ov
(3.10) =Py Kpb.

LeEMMA 3.3 ([1], pp. 84-85). For each t > 0 there exists at least one point
xo = o(t) € Q such that

(3.11) /Ot (zo(t), 7 :__// v? + K)dwdr

1 d§ zo(t)
Let

(3.12) m,(t) = min p(x, t), Me(t) = max0(z,1t)
€N e

and

1
(3.13) G(t) = /0 9%(%)2@.
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LEMMA 3.4. There exists a constant C € RY such that for each t > 0 the
inequality

(3.14) My(t) < C(1+m, ' (t)G(t))
holds true.
PrOOF. Let
1
(3.15) P(x,t) = \/0(z, 1) —/0 V(& t)dE.

Then for ¢ > 0 it holds folw(:v,t)dx = 0 and therefore there exists x1 =
x1(t) € Q such that ¢ (z;(t),t) = 0. With the help of (3.15) and the Holder
inequality we find that

Y N S
310 w0 = [ genie g [ oI

1, (Y p 00 v
<5 HGerar ([ oo

and hence

1 Ly 00, - 1
an) o) <o oenicr [ LG m 0 [ oenas).
Taking into account (3.3) and (3.13) from (3.17) we obtain (3.14). O

LEMMA 3.5. The following equality holds

(3.18)
pla,t) = po(a) exp{L fy [y (v* + KO)dedr + A, 1)}
’ 1+ Kpo(z) fot 0(x,7)exp{L [] fol (v2 + KO)dzds + Az, 7)}dr
where
x x 1 1 1 dé‘
. Az, t) = v — v - = vo(z .
19 Ao = [Cw@as- [ oeni— 7 [ [
PRrROOF. Taking into account (3.10) from (2.2) we get
0 do
(3.20) %:%.

Integrating (3.20) over ]0,¢[,t > 0 and (for a given t) over |zo(t), z[,z € [0, 1],
(where x(t) is defined in Lemma 3.3) we obtain

(3.21) AL@-W@_AZ@ﬂw_Kd%@ﬂW
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Using (2.1) for the function o we have

¢ ¢
(3.22) /UdT:—/ 18pd —K/ deT——ln——K/ podr.
0 o pOt

With the help of (3.11) and (3.22) from (3.21) we get
t

(3.23) px,t) exp{K/ podr} =
0

t
po(:v)exp{é/o /0 (v? 4+ KO)dxdr + A(z,t)}.

Multiplying (3.23) by K6 and integrating over ]0,¢[,¢ > 0, we have
t
eXp{K/ podr}
0

t T 1
(3.24) =1+ Kpo(:v)/ 0(z,7) eXp{l / / (v? 4+ KO)dxds + Az, T)}dr.
0 @ Jo Jo
From (3.24) and (3.23) it follows (3.18). O

LEMMA 3.6. There exists a constant C € RY such that for each t > 0 it
holds

(3.25) m,(t) > C.

PROOF. Let K > 2. We introduce the non-negative function By(t),¢ > 0,
by

(3.26) By(t _2// d:cd7'+// —dmdr) (K — 2)/019(11:.

With the help of (3.4) from (3.3) we obtain
1
(3.27) (., )[1* + K/ O(x,t)dx = C + By (t).
0

Taking into account (3.27), (2.12), (3.12) and the estimate |A(x,t)| < 2|lvo| +
[lv(., )] < C from (3.18) we find the inequality

C(1 + exp{i fg By (s)ds} fo My (1) exp{LCr}dr)
exp{1Ct}exp{L fo By (r)dr}

< Cexp{—ECt}(l —&-/0 My(7) GXp{ECT}dT).

(3.28) pHz,t) <
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Using (3.14) from (3.28) it follows

(3.29) m;l(t) <C(1+ exp{—éCt}/O m;l(T)G(T) GXp{éCT}dT)

<c+ / m> (1) G(r)dr)

or, because of Gronwall’s inequality,

(3.30) m> () < Cexpl /O G(r)dr}.

With the help of (3.13) and (3.8) we conclude that G € L1(]0, 0o[). Then the
estimate (3.25) follows immediately from (3.30).
Let now be K < 2 and

(3.31) ‘/,j/ dmd74-j/ j[ ——dxd7)+—g————H (., 0>

Using (3.3) and (3.4) we obtain

1
(3.32) (., )% + K/ 0(z,t)dx = C + Bao(t).
We have again Bz(t) > 0,¢ > 0. Inserting (3.32) into (3.18) in the same way
as before we get (3.25). O
Let
(3.33) M,(t) = max p(z,t), me(t) = miné(z,t).
e e

LEMMA 3.7. There exists a constant C € RY such that for each t > 0 it
holds

(3.34) M,(t) < C.
PrOOF. With the help of the Hélder inequality we obtain

L ow Lo ov !
. 2 < IV 112 POV, 1
(3.35) v (z,t) < (/0 |8m|d:c) _/0 9((996) dx -m,, (t)/o Odz,

b Ow Yy ow !
. 2 < oW 132 P OWig, g
(3.36) w(z,t) < (/0 |8m|dz) _/0 6‘(830) dz-m, (t)/o Odx

and using (3.25), (3.3), (3.7) and (3.8) we conclude that there exists C' € RT
such that for each ¢ > 0 it holds

t t

(3.37) max v?(z,7)dr < C, | maxw?(z,7)dr < C.
0 e 0 z€f2
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Now, we write the equality (3.3) in the form

(3.39) | 80 = B = 510l = g5l ol

and with the help of (3.37) we conclude that
t el
(3.39) Eit—-C< / / 0(z, 7)dxdr < Eqt+ C.

Using the estimates (2.12), (3.37) and (3.39) from (3.18) we obtain

C exp{£Ert
(3.40) My (1) < —— CoPE
1+ fo me(T) exp{ ==
Now we intend to get the estimate for the function mg(t),¢ > 0. Therefore
we introduce the function 7 by

T}drl

h(t) _ 1/2
(3.41) a0 (e = [ LRI gy
mg(t) &
where h(t) = E1 — 3|lv(,,t)|]> — 5llw(, D] = fo x,t)dr. One can easy
conclude that it holds
1
(3.42) a(mo(0) A1) 2 - (h(0) — m (1)

Taking into account that there exist xi(t),z2(t) € Q such that my(t) =
O(z1(t),t) and h(t) = 6(x2(t),t) and applying the Holder inequality, from
(3.41) and (3.42) we find that

h(t) (¢ —1n s)1/2
L (ht) — mo(t)) < vn(h(t), ma (1)) :/ %d

[ (0, t) —Inf(x, 1)/ o
I s

S

x,t) Ox
! 1/2 ! p 00 5 1/2 -1/2
(3.43) < (] (0 —In6)dx)’*( 9_2(8_50) dx)™=-m, 5 (t).
0 0
Using (3.6), (3.8), (3.13) and (3.25) from (3.43) we get immediately
(3.44) me(t) > h(t) — CGY2(t), t>0.

Applying the Young inequality with a parameter € > 0 on the second term
on the right-hand side of (3.44) we have

(3.45) mo(t) > By — o I = 5l 0]~ — C.G(0)

Because mg(t) > 0,¢ > 0, we conclude that
(3.46) mg(t) > ¢ — min{c, fo(t)},
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where

1 1
(347) e = Bi—e, folt) = 5llo(, 0P + 55l O + C-G(0) € L*(0, 0.
Obviously,

(3.48) fi(t) = min{e, fo(t)} € L'(]0, o).

Let € > 0 be such that 0 < #F- < 1. Using (3.48) and (3.46) from (3.40) we
obtain

C exp{ &L}
3.49 M,(t) < o
( ) o) 1+ %5 (exp{%t} -1)— f(f f1(7) exp{ KflT}dT
R S
T 1= ()
where
(3.50) o(t) = eXp{—KaEl t} /0 fi(7) exp{KflT}dT.

One can easily conclude that lim; o ¢(¢t) = 0. Because of it a function ¢

that is non-negative and continuous on ]0, co[, takes its maximum at a point
to €]0, co[. It holds

KE fo KE
351 lta) =swp(t) = expl- =t} [ Anexp(rlar
t>0 (67 0 o
KE, ca KE, co
< - t tob —1
< exp{ O}KEl (exp{ o o} —1) < KE,
and we get
KFE,
.52 1- t .
(352) ko) > 0
The estimate (3.34) follows from (3.52) and (3.49). O

4. PROOF OF THEOREM 2.1.

The proof is based on a priori estimates (obtained in Section 3) for the
function (2.14) not depending of T'.

LEMMA 4.1. It holds

(4.1) p € L™(Q),
(4.2) v,w € L®(0,00; L2(Q)) N L?(0, 00; L*(Q)),
(4.3) g—j € L*(0,00; L*(2)),

(4.4) 6 € L=(0,00; L*(%2)),
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00
Ox

PROOF. The conclusions (4.1), (4.2) and (4.3) follow immediately from
(3.3), (3.4), (3.37), (3.25) and (3.34).

(4.5) € L*(0,00; L*(2)).

As in [9] we introduce a total energy
1o 1o
(4.6) q/>—2v +2Aw +6.

We multiply the equations (2.2), (2.3) and (2.4) respectively by v, A=1p~ 1w
and p~'. After addition of the obtained equations, we find that

dp 0 89 8 &u 0

Multiplying (4.7) by ¢ and integrating over |0, 1[ we obtain

00 ov ow,., Ov 1 0w 060

1
@) ool + | f’<Da+“a—x+Wa><va—+ 24 Doy,

A
K
—K/ pGU dx—i— /p@vw—dw—i—K/ pv@—dx

From (4.8) it follows

(pfv).

! 3 (%}

L 90 o D 1
—2(D+1 —v—dx — 2 1 —w—-ud
( +)/0”ax“a (A-i-)/opamwaxz

1 b dw
—2(Z+1)/p e 8d:zc—FQK/ pOv* —dx
2K (!
4. — Qvw—d 2K 0—dz.
(4.9) +A/0pvw8m x + /Opvax:c

Using the Young inequality with a parameter ¢; > 0 (¢ = 1,2, ...,6), for the

terms on the right-hand side of (4.9) we find the estimates as follows:
(4.10) 1 % %dz < E—j/olpv (gz) dx + ;2 1 (gﬁ) dx,
(4.11) /01 p%wg—;dz < 6—2%/01 pw2(g—§)2dz+ % 1 (gﬁ) dz,
(4.12) /01 pwg—zv%d:c < ?/01 pv%%fd:c—k 63—;2 /01 pw2(g—;})2d:c,
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1 2 1 B -2
2 OV <& 2,0V o €4 / 22
(4.13) /0 pOv 3 dx| < 5 /0 pU (81:) dx + > /) pO vedz,
1 2 1 —2 1
€5 2, 0w o 2 2,2
. P < 2 e S5
(4.14) /0 pOvw zdx <5 /0 pw (850) dx + 5 /0 pO-v-dz,
1 2 1 e
€6 a0 ., 5 9
. —dx| < =8 6 .
(4.15) /OpUHa d:v_2/0 (6:10) dz + = 2 ; pO v dx

Taking €¢,€1 and €5 such that

(4.16) Keg+ (D+1)ei?+ (DA™ +1)e;> = D
and using (4.10)—(4.15), from (4.9) we find that
(4. 17)

2l ||2+D/ d:c+2/0 v dz+—/ P

Ov ! Ow
§C1/O (6m> dI—I—C’z/O pwz(%)zd:c—FC'g/o pO*vida.

Now, multiplying the equation (2.2) by 4v3, integrating over ]0, 1[ and apply-
ing the Young inequality with a parameter € > 0 we get
1

1
0
(4.18) pn 4dm+12/ pv (80) dx = 12K/ pOv* —d:v
x
2.-2 ol
< —/ pv?( T + 144[; / P62 v3dz.
0

Setting ¢ = 2 in (4 18) we have

1
(4.19) — 4dx+11/ pv (8 ) d:c<C/ pf* v dz.
0 8.’17

Multiplying the equation (2.3) by 4w3p~tA~! and integrating over ]0, 1]
we obtain easily

(4.20) li/1 4d +12/1 (a )2d +4/ —d 0.
. Ad w axr Opw B x x =

Multiplying (4.19) and (4.20) respectively by 3 Cl and ?22, after addition
of the obtained inequalities with (4.17) we find that

(4.21)
d C Co d [t 1oy
Lhot ol + S [t S w4d:v+D/ oo

1
+2/ pU (8v)d + — /pw O Vdr + == /—dm<0/ p0*vidx
0 Ox A
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and after integration over ]0,t[,¢ > 0, from (4.21) it follows
(4.22) oGO + v, Ol zage) + lwl DL
t
< C(/O M,(7) I;lgglwz)l\@(-, T)%dr + (6, 0)II* + llvoll zs () + llwoll za(e))-
Note that

(4.23) vo,wo € L), #(.,0) € L*(Q).
Taking into account (4.6) and (3.34) from (4.22) we get

¢
(4.24) 61 < O [ maxei (e 0)l6(,7)|Pdr + 1)
0 z€
With the help of (3.37) and Gronwall’s inequality from (4.24) for each ¢ > 0
we obtain
(4.25) l6( B2 < C

and hence (4.4).
Because of (3.25) and (3.34) from (4.21) for ¢ > 0 we obtain immediately

(4.26) / 12,712 < c/ a2 (2, 7) [0, 7) |dr +1).
Using (4.4) and (3.37) from (4.26) one can easily conclude that the inclusion
(4.5) is true. O

LEMMA 4.2. ([1], pp.93-94) It holds

ap [e’e) . T2
(4.27) 52 € L7(0, 00 L*(92)),
(4.28) 01/29° ¢ L*(0, 00; L*(9)),
ox

(4.29) ? € L*(0, 00; L*(2)).

LEMMA 4.3. ([1], pp.94-95) It holds

2

(4.30) % € L>(0, 00; L2(Q)), % € L2(0, 00; L2(Q)).

LEMMA 4.4. It holds

ow o 9 0%w 9 9
(4.31) 55 € L700,00,L%(Q)), 5 € L(0, 00 L7(2)),
0 29

(4.32) g— € L™(0, 00; L*(Q)), g— € L?(0,00; L*(2)).
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PROOF. We consider the equations (2.3) and (2.4) rewriting them in the
next form:

10w Jpdw Pw  w
(4.33) A9 oror P,

00 ov v Ow w? op 00 826‘
4.34) — = —Kph—+p(=—)? — 4+ D=~ 4 Dp—s
430 5 T PG+ el + S+ D+ Do
Multiplying (4.33) and (4.34) respectively by 6—1“2’ and % and integrating
over |0, 1[ we obtain

(4.35)
1d ow b, 'wotw 2 9p 0w 0w
ﬂ@/ <az> da +/ P 5az) dw—/(J 2027 | 9w 02
4. Y2dx 4+ D
(4.36) 2dt + /
aw?e b ,0%0 bow. 5 0%0
—K/ 9——d / (a) 8—d —/ ((%) 922 S5 dx
2 52 2
[ [,
0 p O0x? o Ox Ox 0z
Taking into account the inequalities
ow ow o
: 2< =L (= 2
asn  wr <22, (302 <y 2Ty <2122

and applying on the right-hand side of (4.35) the Young 1nequality with a
parameter £; > 0 (i = 1,2) we get

1 d [*ow, b,

2

< ol o +m |—|H%HII o

0%w op
<elgs H2+051HWI|2+C|| HWH8 2H3/2H—H
51H—H2+051HW||2+52H H2+Ca2|\ || H ||

Let ¢; > 0 (i = 1,2) be small enough. Integratlng (4.38) over ]0, t] and using
(2.13), (3.25), (3.37), (4.27) and (4.3) we conclude that

ow > %W
(439 sup 520017+ [~ 155 P <.

teRt
Therefore (4.31) holds true.
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Taking into account (3.34), (4.37) and the inequalities

ov 5 ov . 0% v o, 00, a0 . 0%
. — ) < — = < - )< -
(10)  (gor 25 llggl <2550 (5o <2 sl

and using the Young inequality with a parameter ¢; > 0 (i = 1,2,...,5), for
the terms on right-hand side of (4.36) we find the estimates as follows:

ov 629 020
(4.41) %/ 020 ]<0mm—wwn &
0%0
<122 loN s n
62 2 2
<l T+ ol Sy

voov ,0%0 9%0 2, v
(4.42) /Op(a—x) 922 d} E2|| || €2|| ||L4 Q)
<52|| ||2 CII—II || ||2
b ow 0% 9%0 Ow
aw | oGl d}mﬂ 12+ @n|mm
020
<alzs ||2+Cagll—|| || ||2
w? 920 0%
(4.44) V’pag < eall g3 P + Ce ol
<s4|| ||2+054|| & || ||2

L op 06 926 20 dp
P22 2 drl <
/0 BmBmBdez‘_maX|6 Lm

00
|| |||| ||1/2|| ||3/2

waﬂ

820 ||2

(4.45) <esllgs 65” || || ||



GLOBAL IN TIME ESTIMATES 117

Let ; >0 (i = 1,2, ...,5) be small enough. Taking into account (4.41)—(4.45)
and integrating ( 4 36) over |0, t[ we get

521+ /|| S Par

C(sup [0 ||2/|| |\2dT+sup|\— ||2/|| Y 2dr

Ow
+ s 1320017 [ 155+ sup 0P [ 1521
teRt

dp 4 90 5 2
4.46 Lt = |2d — 6012
)+ s (2001 [ 15 P + 1)
Using the inclusions (2.13), (4.3), (4.4), (4.2), (4.5), (4.27), (4.30) and (4.31)
from (4.46) we obtain (4.32). O

LEMMA 4.5.

(4.47) % € L>(0,00; L*(Q)) N L*(0, 00; L*()),

Ov Ow 00 9 o
(4.48) o o g € 10,00, L3()).

PROOF. Taking into account (3.34), from the equation (2.1) we get im-
mediately

(4.49) 12,017 < N2 0l

and using (4.30) and (4.29) we obtain (4.47).
With the help of the property ([1], pp.95)
(4.50) (2,1) < IO, 1)+ | o2 (D)),
the estimate (3.34) and inequality (4.40), from (2.2) we get
(4.51) || H2 (|| || || ||2 + || H2
+/O <§p> bz + | 9 P D2 + ) S 2)

Integrating (4.51) over |0, ¢[ and using (4.30), (4.27), (4.28) and (4.5) we con-
clude that

(4.52) / 1L, 7)|)2dr < C
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for each t > 0.
With the help of (4.37), (3.34) and (3.25) from (2.3) we find that

(4.53) H IP HI HI\ W || |P+HMH

and taking into account (4.27) (4.31) and (4. ), for each t > 0 we have

(4.54) / 122, m)|dr < C.

Finally, using (3.34), (4.40) and (4.37), from the equation (2.4) we find that

(4.55) H IF W HHﬂV+H HH—%F+H HH—%F

89
2 2
+H HH H+H82HH 2|12 + 2= 1)

Using the inclusions (4.30), (4.31), (4.32), (4.2), (4.3), (4.4) and (4.27), from
(4.55) we get easily

(4.56) / 120 dr <

LEMMA 4.6. It holds
5]
oz

PRrROOF. From the equations (2.1) and (2.2) it follows

0 ,0lnp dp v 00

— 0—=—— —Kp—.

AN TR M L
Multiplying (4.58) by mzp and integrating over |0, 1] we obtain

Oln 8ln
< ”H2+K/ D2y

B Bvalnp 8981np
)y ot ox K/ Por oz de.

The second term at the right-hand side we estimate with the help of the
Cauchy inequality:

39 Olnp
(%c ox

(4.57) 9P ¢ 20, 00; L2(Q)).

(4.58)

(4.59)

2dt

1 0lnp, 1 00,
_P[ge( Oz ) %(%)]

6 0lnp, 1 1.,00,
Sp[g( oz ) +Z(1+6‘_2)(%) ].

(4.60)
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Taking into account (4.60) and integrating (4.59) over |0, t[ we get

6lnp 81 p 6lnp
(o) | ||2+K// i ER L panir <2 [ 1501 2L

K// dmd7’+—// L 89 V2dadr +||dlnp°|\.

Applying the Young mequahty with a parameter € > 0 on the first integral
on the right-hand side and using the properties (4.5), (3.8), (3.34), (3.25) and
(2.13) from (4.61) we find that

@62) ISP +C [ mam)| S ) P
0

or
t
o1
Ss/ 1222 ) 2dr +0/|\ P2dr + C.
0o Oz
With the help of (3.46) we obtain
Oln t
(4.63) / j2ne O / fi(7)dr

o1
+s/ 12222 ) 2dr +0/|\ P2dr + ¢,
o Oz

where f7 is defined by (3.48). Taking e small enough and using (4.27) and
(4.48) from (4.63), for each t > 0 we find that

(4.64) /||8lnp )|2dr < C.

Using (3.25) from (4.64) we get immediately (4.57). O

Theorem 2.1 is an immediate consequence of the above lemmas.

REMARK. In the second paper we intend to prove (by using Theorem 2.1)
that a solution of the problem (2.1)—(2.11) converges to a stationary solution
(a™1,0,0, Ey) (where E; and « are defined by (3.1) and (3.9) respectively) in
the space (H'(Q))%, when ¢t — oc.
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