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PUPPE EXACT SEQUENCE AND ITS APPLICATION IN
THE FIBREWISE CATEGORY MAP

YosHIFUMI KONAMI AND TAKUO MIWA
Izumo-Nishi High School and Shimane University, Japan

ABSTRACT. In this paper, we study Puppe exact sequence and its
application in the fibrewise category MAP. The application shows that we
can prove the generalized formula for the suspension of fibrewise product
spaces. Further, introducing an intermediate fibrewise category TOP}BI7 we
give an another proof of the original formula in TOP g using the concepts
of TOPH.

1. INTRODUCTION

For a base space B, the category TOP g is the fibrewise topology over B.
For General Topology of Continuous Maps or Fibrewise General Topology, see
B.A. Pasynkov [7],[8]. In [1], D. Buhagiar studied fibrewise topology in the
category of all continuous maps, called MAP by him (as a way of thinking
of a category, MAP can be seen in earlier works, see for example [10]). The
study of fibrewise topology in MAP is a generalization of it in the category
TOP . In the previous paper [4], we studied fibrewise (pointed) cofibrations
and fibrations in the category MAP. In this paper, we continue the previous
work. In section 3, we prove that Puppe sequence is exact in MAP. In
section 4, we study an application of Puppe exact sequence. In this study of
section 4, we need not to consider any generalized concept of fibrewise non-
degenerate spaces [5; section 22], and we can prove the generalized formula
for the suspension of fibrewise product spaces. In section 5, we introduce an
intermediate fibrewise category TOPg which combines MAP with TOPp,
and we prove an extended theorem in TOPg of [5] Proposition 22.11 by using
theorems in TOPg (see Theorem 5.4 and Proposition 5.5). As a corollary
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of the extended theorem and the fact that a fibrewise non-degererate space
is H-fibrewise well-pointed (see Proposition 5.5), we give an another proof of
[5] Proposition 22.11.

The objects of MAP are continuous maps from any topological space
into any topological space. For two objects p: X — Band p' : X' — B/, a
morphism from p into p’ is a pair (¢, @) of continuous maps ¢ : X — X’ a:
B — B’ such that the diagram

XL,)(/

d [
B —— B’
is commutative. We note that this situation is a generalization of the cate-
gory TOP g since the category TOP p is isomorphic to the particular case
of MAP in which the spaces B" = B and o = idg. We call an object
p : X — B an M-fibrewise space and denote (X,p, B). Also, for two M-
fibrewise spaces (X,p, B),(X',p’, B"), we call the morphism (¢,«) from p
into p’ an M-fibrewise map, and denote (¢, a) : (X,p, B) — (X',p’, B').
Furthermore, in this paper we often consider the case that an M-fibrewise
space (X,p, B) has a section s : B — X, we call it an M-fibrewise pointed
space and denote (X, p, B, s). For two M-fibrewise pointed spaces (X, p, B, s),
(X',p/,B',s"), if an M-fibrewise map (¢,«) : (X,p, B) — (X’,p’, B') satis-
files ¢ps = s'a, we call it an M-fibrewise pointed map and denote (¢,a) :
(X,p,B,s) — (X',p/,B,s).
In this paper, we assume that all spaces are topological spaces, all maps
are continuous and id is the identity map of I = [0, 1] into itself. Moreover,

we use the following notation : For any ¢ € I, the maps o4 : X — I x X and
d¢ : B — I X B are defined by

oi(z) = (t,z), 6(b) = (t,b) (x € X, b e B).
For other undefined terminology, see [3], [4] and [5].

2. M-FIBREWISE POINTED HOMOTOPY

In this section, first we shall define an M-fibrewise pointed homotopy, M-
fibrewise pointed cofibration and M-fibrewise pointed cofibred pair which are
introduced in [4]. Next, we shall introduce some concepts, for example, M-
fibrewise pointed mapping cylinder, M-fibrewise pointed collapse, M-fibrewise
pointed cone and M-fibrewise pointed nulhomotopic. Last, we shall prove
some propositions. These concepts and propositions are used in latter section.
We begin with the following definitions.

DEFINITION 2.1. (1) ([4; Definition 5.1]) Let
((b? O[)7 (975) : (Xﬂp7 B7 S) - (Xl7plu Blu SI)



PUPPE EXACT SEQUENCE 151

be M-fibrewise pointed maps. If there exists an M-fibrewise pointed
map (H,h) : (I x X,id x p,I x B,id x s) — (X', p/,B’,s") such that
(H, h) is an M-fibrewise homotopy of (¢, ) into (6, 3) (that is; Hog =
¢, Hop = 0, hég = o, hé1 = ), we call it an M-fibrewise pointed
homotopy of (¢, ) into (0,3). If there exists an M-fibrewise pointed
homotopy of (¢, ) into (0,0), we say (¢, «) is M-fibrewise pointed
homotopic to (0, 8) and write (¢, @) :?ﬁ.) 0,0).

(2) ([4; Definition 5.2]) An M-fibrewise pointed map (¢, ) : (X, p, B, s) —
(X',p',B',s") is called an M-fibrewise pointed homotopy equivalence
if there exists an M-fibrewise pointed map (0,03) : (X',p/,B’,s') —
(X,p, B, s) such that

(9¢, ﬁa) 2?{;[,) (idx,idB), (¢97aﬁ) 2?{;[,) (idX/,idB/).
Then we denote (X,p, B, s) %?g.) (X',p/,B',s).

It is obvious that the relations 2%) and %%) are equivalence relations.
Now, we define M-fibrewise pointed cofibration and M-fibrewise pointed cofi-
bred pair as follows.

DEFINITION 2.2. ([4; Definition 5.6]/) An M-fibrewise pointed map
(u,y) : (Xo,po,Bo,so) — (X,p,B,s) is an M-fibrewise pointed cofibra-
tion if (u,v) has the following M-fibrewise homotopy extension property :
Let (¢, ) : (X,p,B,s) — (X',p/,B’,s") be an M-fibrewise pointed map and
(H,h) : (I x Xg,id X po,I x Byg,id x sg) — (X',p',B’,s") an M-fibrewise
pointed homotopy such that the following two diagrams

Xo —2— I x Xp By —2— I'x By
d I [
X _ X! B —“%*“, p

are commutative. Then there exists an M-fibrewise pointed homotopy (K, k) :
(I x X,idxp,Ix B,idxs) — (X',p/,B',s") such that Kro = ¢, K(id x u) =
H,kpy = o, k(id x v) = h, where kg : X — I x X and po: B— I x B are
defined by ko(z) = (0,2) and po(b) = (0,b) forx € X, b€ B.

DEFINITION 2.3 ([4; Definition 2.3 and p.210]). (1) Let (X,p,B) be
an M-fibrewise space. If Xo C X, By C B and p(Xo) C By, we call
(Xo,p|Xo, Bo) an M-fibrewise subspace of (X,p, B). We sometimes
use the notation (Xo,po, Bo) instead of (Xo,p|Xo, Bo). By the same
way, we define an M-fibrewise pointed subspace.

(2) For an M-fibrewise pointed subspace (Xo,po,Bo,so) of (X,p,B,s),
the pair ((X,p, B, s),(Xo,po, Bo, o)) is called by an M-fibrewise
pointed pair. If Xgy is closed in X and By is closed in B, it
is called o closed M-fibrewise pointed pair. For an M-fibrewise
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pointed pair (X, p, B, s), (Xo, o, Bo, s0)), if the inclusion map (u,~) :
(Xo0,p0,Bo,s0) — (X,p,B,s) is an M-fibrewise pointed cofibration,
we call the pair (X, p, B, s), (Xo, po, Bo, s0)) an M-fibrewise pointed
cofibred pair.

The following proposition, which will be used in section 4, can be proved
by the same method of the proof in [4; Theorem 3.9].

PropPoOSITION 2.4. Let ((X,p, B, s), (Xo, po, Bo,s0)) and (X', p',B’,s"),
(X4, 0y, Bhysg)) be two closed M-fibrewise pointed cofibred pairs. Then

(X xX',pxp ,BxB',sxs"),(Xox X'UX x X(,p,Bo x B'UB x BY,3))
is also an M-fibrewise pointed cofibred pair, where
p=pxp|Xox X' UX x X{,5=s5x s'|By x B'UB x Bj.

For cotriad, see [5]. We can also define the M-fibrewise push-out of a
cotriad as same as the fibrewise push-out in [5] as follows:

DEFINITION 2.5 (cf. [4; p.208-9]). For an M-fibrewise pointed map
(u,7) : (Xo,p0,Bo, s0) — (X1,p1,B1,81), we can construct the M-fibrewise
pointed push-out (M, p, B, s) of the cotraids

(I x Xo,id x po, T x By, id x s0) <22 (Xy, po, By, s0) =2 (X1, p1, By, 1)

where (0g,00) is an M-fibrewise embedding to 0-level, as follows : M = (I x
Xo+ X1)/ ~ and B = (I x By + B1)/ =, where (0,a) ~ u(a) for a € Xg
and (0,b) ~ ~y(b) for b € By, andp : M — B and s : B — M are defined,
respectively, by

[vpo(a)] if x = [u(a)],a € Xy
p(x) =< [t,po(a)] if x = [t,a],t #0
[p1(z)]  ifr € X1 —u(Xo),

[si(d)] if b= [a(d)],d € Bo
s0) = bsold)] b= [t.d),1 £ 0
[Sl(b)] Zfb S Bl — OL(B()),

where [*] is the equivalence class. Then it is easily verified that p and s are
well-defined and continuous. We call the M-fibrewise pointed push-out of the
cotriad the M-fibrewise pointed mapping cylinder of (u,7), and denote by
M (u,7).

Now we shall consider the case in which (Xo,po, Bo,So) is an M-
fibrewise pointed subspace of (X1, p1, B1,s1) and (u,v) : (Xo, po, Bo, S0) —
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(X1,p1,B1,s1) is the inclusion. We can define an M-fibrewise pointed map
(e;e): (M,p,B,s) — (0 x X3 UI x Xg,id x p1,0 x By UI X By,id x s1) by

(0,a) if x =u(a)], a € X
e(x) =< (t,a) ifxz=][ta], t#£0
(0,z) ifx e X1 —u(Xo),

€(b) is defined by a similar way. Moreover if Xy is closed in X7 and By is
closed in Bjp, the maps e and € are homeomorphisms and we may identify
(M,p, B, s) with (0 x X; UTI x Xg,id X p1,0 x By UI x By,id X s).

For each M-fibrewise pointed map (u,~) : (Xo, po, Bo, so) — (X1, p1, B1,
s1), we can define an M-fibrewise pointed map (k,&) : (M,p, B,s) — (I x
Xl,id X pl,I X Bl,id X 81) by

(0,u(a)) if z=[u(a)], a € Xo
kE(z) =< (t,u(a)) ifx=I[tal, t#£0
(0,) if z € X1 —u(Xo),

(0,7(d)) if b= [y(d)], d € Bo
g(b) = (tu/y(d)) if v = [t7d}7 t#0
(O,b) ifbe By —’Y(BQ).

Then we can obtain the following proposition by the same method of the proof
in [4; Theorem 3.1].

PROPOSITION 2.6. The M-fibrewise pointed map (u,~) : (Xo, po, Bo, S0) —
(X1,p1,B1,51) is an M-fibrewise pointed cofibration if and only if there is an
M-fibrewise pointed map (L,1) : (I x X1,idx p1,I X By,idx s1) — (M,p, B, s)
such that Lk = idps, 1€ = idp, where (M, p, B, s) is the same one in Definition
2.5 and (k, &) : (M,p,B,s) — (I x X1,id x p1,I X By,id X s1) is the same
one in the above.

The following lemma is used in the next section.

LEMMA 2.7. For an M-fibrewise pointed map (u,~) : (Xo, po, Bo, s0) —
(X1,p1,B1,51), let M(u,v) = (M,p,B,s) be the M-fibrewise pointed map-
ping cylinder of (u,7y) constructed in Definition 2.5. Then the M-fibrewise
pointed map (o1,61) : (Xo,po, Bo, s0) — M (u,v) is an M-fibrewise pointed
cofibration, where (01,61) is defined by o1(x) = (1,2),61(b) = (1,b).

PrOOF. Note that we can define an M-fibrewise pointed map (k,£) :
M(o1,01) = (I x M,id X p,I x B,id x s) by the same method in Proposition
2.6. We shall prove this lemma by using Proposition 2.6. For this purpose,
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we now define an M-fibrewise pointed function
(J,7) : (I x (X1 4+ 1 x Xp),id x (p1 +id x pp),
I x (B1+ I x By),id x (s1 +id X sg)
— ((0x X1 + 1T x I x X0,0x p; +id x id X po,
0x B1+1X1IXBy,0xs1+1idxidx sg
where I x I = (0 x I)U (I x 1) and id x id = id x id|I x I.

Let 7 : I x I — I x I be a retraction defined by the projection from the
point (2,0). Then (J, j) is defined by

J(t,x) = (0,z) (x € X4)
Jt,(t',20)) = (r(t,t),z0) (t,t' € I,x9 € Xp)
j(t,b) = (0,b) (b€ By)
Jt, (b)) = (r(t,t'),bo) (t,t' € I,by € By).

Then it is easy to see that for zg € X
J(t,(0,20)) = (r(£,0),z0) = (0,(0,z0)) = (0,u(z0)) = J (£, u(z0)).
similarly j(¢, (0,b0)) = j(t,v(bo)) and (J,7) is an M-fibrewise pointed map.
Therefore it is easily verified that (J, ) induces the M-fibrewise pointed re-
traction
(L) : (I x M,id x p,I x B,id x s) — M(o1,61)

such that Lk = idy, 1§ = idg, where M and B are the total space and
the base space of M (o1, 1), respectively. Thus by using Proposition 2.6, we
complete the proof. O

We now define M-fibrewise pointed collapse, M-fibrewise pointed cone
and M-fibrewise pointed nulhomotopic.

DEFINITION 2.8. (1) Let (X,p, B,s)be an M-fibrewise pointed space
and (Xo, po, Bo, 80) a closed M-fibrewise pointed subspace. Let X be
a set UpepXp/Xop, where Xy = p~1(b) and Xop = pgl(b) forbe B
(or b € By). We introduce the set X the quotient topology of X and
put B = B. If we define maps p: X — B and §: B — X indeced by
p and s respectively, then (5(,13, B, 3) is an M-fibrewise pointed space.
We call (X,]l B, 3) an M-fibrewise pointed collapse of (X, p, B, s) with
respect to (Xo, po, Bo, So) and denoted by

(vav B, S)/M(X07p07 B, 50)-

(For fibrewise collapse, see [5; section 5].)
(2) For an M-fibrewise pointed space (X, p, B, s), we call the M-fibrewise
pointed collapse

(I x X,id x p,I x B,id x s)/m(1 x X,id X p|1 x X,1 X B,id x s|1 x B)
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the M-fibrewise pointed cone of (X, p, B, s) and denote by T'(X, p, B, s).
(We denote the total space of T'(X,p, B,s) by CX.)

DEFINITION 2.9. Let (¢,a) : (X,p,B,s) — (X',p/,B’,s") be an M-
fibrewise pointed map. Then we call (¢, a) to be M-fibrewise pointed nul-
homotopic if there is an M-fibrewise pointed map (¢,a.) : (X,p,B,s) —
(X', p/,B',s") such that ¢ = s'acp and (¢, @) :%) (¢, ).

We now prove the following proposition which is used in next section.

PROPOSITION 2.10. Let (¢, ) : (X,p,B,s) — (X',p/,B’,s") be an M-
fibrewise pointed map. Then (¢, ) is M-fibrewise pointed nulhomotopic if
and only if (¢, ) o (i,€)~! can be extended to an M-fibrewise pointed map of
I'(X,p, B,s) to (X',p',B’,s"), where (i,¢) : (X,p,B,s) — I'(X,p, B,s) is the
natural embedding to 0-level of T'(X, p, B, s).

PROOF. “Only if” part: Let (¢, «) be M-fibrewise pointed nulhomotopic.
By Definition 2.9, there is an M-fibrewise pointed map (¢, ) : (X, p, B,s) —
(X',p',B’,s") such that ¢ = s’a.p, and there is an M-fibrewise pointed ho-
motopy

(H,h): (I x X,id x p,I x B,id x s) — (X',p/,B’,s)
such that (Ho, ho) = (¢,a) and (Hi,h1) = (¢,a.). Now, we can define an
M-fibrewise pointed map
(¢,@) : T(X,p, B,s) — (X',p', B', &)

by }

o([t,z]) = H(t,x), a&(t,b) = h(t,D).

Because it is obvious that (¢, &) is an M-fibrewise pointed map by the facts

p/(lz([hl']) = p/H(t7l') = h(t,p(l‘)) = d(t7p($)) = ﬁ([th])
where p is the projection from the total space of T'(X,p, B, s) to the base
space I X B, and

B(idx 5)(t,b) = H([t, s(b)]) = H(t, s(b)) = H(idx s)(t,b) = s'h(t,b) = s'a(t, b)

since (H, h) is M-fibrewise pointed. Furthermore, it is easy to see that ((;3, a)o
(i,€) = (¢, ), so (¢, ) o (i,€)~! can be extended to an M-fibrewise pointed
map of I'(X,p, B, s) to (X',p/, B, ¢').
“If” part: Let an M-fibrewise pointed map
(¢.4) : T(X,p, B,s) — (X",p, B, )

be an extension of the M-fibrewise pointed map (¢, @) o (i,¢) ~!. Now, we can
define M-fibrewise pointed functions

(H,h): (I x X,idxp,I x Byidx s) — (X',p',B’,s")
(Cﬂ Oéc) : (X7p7B7S) - (XlaplaBlusl)
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by
H(t,z) = &([ta))
ht,b) = alt,b)
c = H1
Qe = hl.

Then it is clear that (H,h), (¢, a.) are continuous and Hy = ¢, hg = . Fur-
ther, since (¢, &) is an M-fibrewise pointed map, we have

H(idxs)(t,b) = H(t,s(b)) = o([t, s(b)]) = ¢p(idxs)(t,b) = s'a(t,b) = s'h(t,b).
Therefore (H, h) is an M-fibrewise pointed map. Furthermore by the fact
sacp(e) = s'ac(p(x)) = s'a(1,p(x)) = s'ap([1, 2])
= ¢([171‘]) = Hl(x) = C(l‘),

it is easy to see that s’a.p = c¢. Thus, (¢, a) is M-fibrewise pointed nulhomo-
topic. O

3. PUPPE EXACT SEQUENCE

The main purpose of this section is the proof of Puppe exact sequence in
MAP. (For this sequence, see [9] in the category TOP and [5] in TOP 5.) We
begin with defining M-fibrewise pointed mapping cone, M-fibrewise pointed
contractible, M-fibrewise pointed suspension and exactness of sequence of
M-fibrewise pointed maps.

DEFINITION 3.1. For an M-fibrewise pointed map (¢, ) : (X,p, B,s) —
(X',p',B',s"), we call (CX Uy X', p,(I x B)Uq B’, §) the M-fibrewise pointed
mapping cone of (¢, «), and denote I'(p, o), where CX is the space in Defi-
nition 2.8.

In this definition, the maps
p:CX Uy X' - (IxB)Uy B, §:(IxB)Uy, B —CX Uy X'

are defined as the M-fibrewise pointed maps induced by the following maps,
respectively:

p:CX+X - (IxB)+B', 5:(IxB)+B —-CX+X'

p(lt, z]) = (¢, p(x)) ([t,2] € CX)
B(2') = p/(2') (z' € X')
5(t,b) = [t, s(b ((t,b) € I x B)
5(0) =$'(V) (V' e B,

)
where CX Uy X', (I x B)Uy B’ are adjunction spaces, respectively, determined
by
p: X=0xX—-X, a:B=0xB— B
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For fibrewise adjunction space, see [6].

For an M-fibrewise pointed map (¢,a) : (X,p,B,s) — (X',p/,B’,s)
and the M-fibrewise mapping cone I'(¢, «), it is easy to see that there is the
natural embedding

(¢/,a'): (X',p', B',s") = ['(¢, ).

For two M-fibrewise pointed spaces (X,p,B,s) and (X',p/’,B’,s),
we consider the set of all M-fibrewise pointed homotopy classes of M-
fibrewise pointed maps from (X,p, B, s) to (X',p’, B’,s’), and denote it by
m((X,p, B,s),(X',p',B’,s')). Then for M-fibrewise pointed map (¢, ) :
(X,p,B,s) — (X',p/,B’,s') and any M-fibrewise pointed space (X", p", B”,
s"), we can define an induced map
(¢,a)* . W((X/,p/,B/,S/), (X//7p”7B//,S//)) — W((X,p7B7S)7 (X//,p//7B//, 8//))
of (¢, ) by (¢, a)*([¢',’]) = [¢' &, a]. Tt is easy to see that this map is well-
defined. Now we shall define exactness of a sequence of M-fibrewise pointed
maps.

DEFINITION 3.2. A sequence of M-fibrewise pointed maps

(X]"pl’Bl’Sl) M)(X27p2732782) (¢27a2) (X37p37B3783) (¢37_>013)

is exact if for any M-fibrewise pointed space (X',p', B’,s") the induced se-
quence from one in the above

(p1,01)"
PASCLCY

7T(()(lapl; B17 51)3 (X/ap/a Blv S/)) 7.‘-((‘)(Qap?v B27 52)3 (X/ap/a Blv S/))

M T((X3ap37 B37 53)3 (X/ap/a B/v S/))

(¢3,23)"
SP3Xs)

18 exact.
REMARK 3.3. Note that the latter is exact if
ker(¢i, )" = im(@it1, Qiv1)"
where
ker(¢;, a;)* = {[¥it1, Bit1]|(Vit104, Bir1;) is M-fibrewise pointed
nulhomotopic}.
We have the following proposition for exactness.

PROPOSITION 3.4. For M-fibrewise pointed map (¢,c) : (X,p,B,s) —
(X',p',B',s") and M-fibrewise pointed space (X" ,p", B"”,s"), the sequence

()"
ﬂ-((Xap7B7S)7(X//apllvBuvsu)) A ﬂ-((X/vp/vB/aS/)v(X/lvp”aBNaS//))
(¢',a)”
— T(F(QZ)’ a)’(XllvaaBstu))

s exact.
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PROOF. im(¢',a’)* C ker(¢,a)*: It is easy to see that the M-fibrewise
pointed map

is extended to an M-fibrewise pointed map I'(X,p, B,s) — I'(¢, ). There-

fore, by Proposition 2.10 (¢', &) o (¢, «) is M-fibrewise pointed nulhomotopic.
ker(¢, a)* C im(¢’,a’)* : Let

be an M-fibrewise pointed map such that (¢, 8)o(¢, ) is M-fibrewise pointed

nulhomotopic. Let

(H,h): (I x X,idxp,Ix B,idxs)— (X", p" B",s")

be the M-fibrewise pointed nulhomotopy. Then by using H, ¢, and h,a, S,
we can construct

(¢/76/) :T(¢,a) — (X/I,pI/,BH,S”)
such that (¢, 3") o (¢, &) = (¥, B). O

We shall define M-fibrewise pointed contractible and prove two proposi-
tions connecting with this concept.

DEFINITION 3.5. An M-fibrewise pointed space (X, p, B, s) is M-fibrewise
pointed contractible if there is an M-fibrewise pointed space (B',p’, B’,p’_l)
(where p' is a homeomorphism) such that

(X7p7 B7 S) g?{:[)) (B/7pl7 Blup/_l)'

PROPOSITION 3.6. An M-fibrewise pointed space (X,p,B,s) is M-
fibrewise pointed contractible if and only if (idx,idg) is M-fibrewise pointed
nulhomotopic.

PROOF. “Only if” part: Let an M-fibrewise pointed space (X, p, B, s) be
M-fibrewise pointed contractible. By the definition, there are an M-fibrewise
pointed space (B',p’, B',p 71) and an M-fibrewise pointed homotopy equiv-
alence

(¢,0) - (X.p,B,s) = (B'.p". B',p' )
satisfying ¢ = p/ “tap. Let (1, B) be an M-fibrewise pointed homotopy inverse
of (¢, ). Then by the fact

s(Ba)p = (sBp)(P' " o)
= o

and (Yo, fa) 2%) (idx,idp), (idx,idg) is M-fibrewise pointed nulhomo-
topic.
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“If” part: Let (idx,idg) be M-fibrewise pointed nulhomotopic. There is
an M-fibrewise pointed map
(c,ac): (X,p,B,s) = (X,p, B, s)
such that ¢ = sa.p and (idx,idg) 2%) (¢, ). Then we shall prove
(X,p, B,s) ={p) (B, idp, B,idp).

First, since
(pc, ac) : (vaaBa S) - (BaidBaBaidB)

is M-fibrewise pointed, we have

s(pc) = sp(sacp)
= sacp
= ¢
idpa,. = o
and
(s(pe),idpae) = (¢, o) 2%) (idx,idp).
Next, since
(pc)s = p(sacp)s
= ac
Cyt:‘ZdB = a67
we have

((pe)s, acidp) = (e, ) :?g) (idp,idp).
Thus (s,idg) is an M-fibrewise pointed homotopy inverse of (pc, a.). There-
fore, (pc, a) is an M-fibrewise pointed homotopy equivalence. O

PROPOSITION 3.7. For an M-fibrewise pointed space (X, p, B, s), the M-
fibrewise pointed cone T'(X,p, B, s) is M-fibrewise pointed contractible.

PrOOF. We define an M-fibrewise homotopy
(H;,h;):T(X,p,B,s) = '(X,p, B, s)

by

H.(t,x) = ({t+7(1-1),2)

he(t,b) = (t+7(1—1),b).
Then this (H.,h,) is an M-fibrewise pointed nulhomotopy of (idx,idg).
Therefore we complete the proof. O

From now on, to prove Puppe exact sequence in M AP, we shall give some
propositions.
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ProrosiTION 3.8. Let ((X,p, B, s), (Xo,po, Bo, s0)) be a closed M-
fibrewise pointed cofibred pair. Assume that (Xo, po, Bo, So) is M-fibrewise
pointed contractible. Then the natural projection

(7'(', ZdB) . (X7pa Ba S) - (X7p> B7 3)/M(X07p07 BOu SO)
is an M-fibrewise pointed homotopy equivalence.
PrOOF. Let

(Ftaft) : (XOap()aBOvSO) - (XOap()aBOvSO)

be an M-fibrewise pointed nulhomotopy of (idx,, idp,), where (F1, f1) is M-
fibrewise pointed constant. By the assumption, for

(idx,idg) : (X,p,B,s) — (X,p, B, s)
(F%, ft) can be extended to an M-fibrewise pointed homotopy (Hi, ht) :
(X,p,B,s) — (X,p,B,s) of (idx,idp). Let (Hj,hi) = (Hi,hi)(m, idp)"".
Then the M-fibrewise pointed map
(H{a hll) : (vaa Ba S)/M(Xoap()a BOv SO) - (X7pa Ba S)
is induced from (Hy, hy). Further (m, idp) o (Hy, ht) induces an M-fibrewise
pointed homotopy
(Hélu h:el) : (X7pa Ba S)/M(X07p07 BOu SO) i (X7pa Ba S)/M(X07p07 BOu SO)'
Note that H{ = wH{,hy = h}. Then since
(H{a hll) 0 (7T', ZdB) = (Hla hl) 2?{31’) (Ho, ho) = (devldB)v
(m,idp) o (Hiv h/l) = (Hilv h/ll) 2?{:[') (Hf/)/v hg)
and (H{,hy) is the identity of (X,p, B, s)/m(Xo,po, Bo, s0), (7, idg) is an
M-fibrewise pointed homotopy equivalence. This completes the proof. O

PROPOSITION 3.9. Let (¢,«) : (X,p,B,s) — (X',p/,B’,s") be an M-
fibrewise pointed cofibration. Then the natural projection

(m,id) : T(,0) — T(,0)/mT(X, p, B, 5) 2N (X',p', B, ') jma(X,p, B, s)
is an M-fibrewise pointed homotopy equivalence.

PROOF. We shall construct an M-fibrewise pointed homotopy of (id, id)
of the M-fibrewise pointed mapping cone T'(¢,«) which deforms the M-
fibrewise pointed cone I'(X,p, B, s) into its section. Since, if this is done,
I'(X,p, B, s) is an M-fibrewise pointed contractible in T'(¢, ), we can obtain
the result from Proposition 3.8.

We can now define an M-fibrewise pointed nulhomotopy (H,h) : I X
I'(X,p, B,s) — I'(¢, a) of the inclusion I'(X, p, B, s) — I'(¢, a) by

Ht [t x]) = [t +t(1-1t), 1]
h(t,t',b) = (' +t(1—1t),b)
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Since (¢, ) is an M-fibrewise pointed cofibration, (H, h) can be extended to
an M-fibrewise pointed homotopy

(G.g): I x(X',p/,B',s') = T(¢,q)

of the inclusion (X', p’, B', s') — T'(¢, «). Then by using (H,h) and (G, g) we
can construct an M-fibrewise pointed homotopy of (id, id) of the M-fibrewise
pointed mapping cone I'(¢, a) which deforms the M-fibrewise pointed cone
I'(X,p, B, s) into its section. O

By using Lemma 2.7 we can prove the next proposition.

PROPOSITION 3.10. For an M-fibrewise pointed map (¢, «) : (X,p, B, s) —
(X',p',B',s"), the inclusion (¢',a) : (X',p/,B’',s’") — I(¢,a) is an M-
fibrewise pointed cofibration.

PROOF. Let M(p,idp) be the M-fibrewise pointed mapping cylinder
of (p,idg) : (X,p,B,s) — (B,idp,B,idg). Then it is easy to see that
I'(X,p,B,s) and M(p,idp) are M-fibrewise pointed equivalent by an M-
fibrewise pointed map of I'(X, p, B, s) to M (p,idg) defined by

[t,x] — [1 —t, 2], (t,b) — (1 —t,b)

Note by Lemma 2.7 that the map (o1,41) : (X,p, B,s) — I'(X,p, B, s) which
maps to 1-level is an M-fibrewise pointed cofibration.

For any M-fibrewise pointed homotopy (H:, h:) : (X',p/,B’,s") —
(X" p",B",s"), (Hio¢,htoa): (X,p,B,s) — (X", p' B" s") is an M-
fibrewise pointed homotopy. Since (o1,d1) in the above is an M-fibrewise
pointed cofibration, (H; o ¢, ht o ) can be extended to I'(X, p, B, s). Thus by
patching the extended homotopy and (Hg, ht) in T'(¢, &) we can construct an
M-fibrewise pointed homotopy of I'(¢, ) to (X", p”, B”,s"”). This completes
the proof. O

DEFINITION 3.11. For an M-fibrewise pointed space (X,p, B, s), let X =
{0,1} x X, p =1id x p|{0,1} x X, B={0,1} x B and 5 = id x s|[{0,1} x B.
Then the M-fibrewise pointed collapse

(I x X,id x p,I x B,id x s)/m(X,p, B,3)

is called to be M-fibrewise pointed suspension, and denoted by (X, p, B, s).
(We denote the total space of X(X,p,B,s) by X, and the projection of
Y(X,p,B,s) by ¥p.)

PROPOSITION 3.12. Let (¢, ) : (X,p,B,s) — (X',p/,B’,s") be an M-
fibrewise pointed map, where « is a bijection. Then for the inclusion (¢',a’) :
(X",p/,B',s") — T(¢,a), T'(¢',&) is M-fibrewise pointed equivalent to the
M-fibrewise pointed suspension X(X,p, B, s).
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PROOF. We use the same notation of Proposition 3.10. Since (¢’,a’) is
an M-fibrewise pointed cofibration from Proposition 3.10, using Proposition
3.9, T'(¢', /) is M-fibrewise pointed homotopy equivalent to

F(¢I7 al)/MP(Xlapla Blu SI) = F(d)u a)/M(Xluplu Bla S/) = E(Xap7 B7 S)
This competes the proof. O

In the process in the above, ((¢'),(a’)’) is transformed into an M-
fibrewise pointed map

(¢",a") : T(¢,a) — X(X,p, B, s).

Repeating this process we find that T'((¢'), (o)) is M-fibrewise pointed
equivalent to M-fibrewise pointed suspension X(X',p’, B, s'), and in the pro-
cess (((¢")"), ((&/)")) is transformed into the M-fibrewise pointed suspension

where Y¢ is the map from XX to X¥X’. Thus we obtain the main theorem of
Puppe exact sequence in MAP.

THEOREM 3.13. For an M-fibrewise pointed map (¢, ) : (X,p, B,s) —
(X',p',B',s") where a is a bijection, the following sequence is exact.

(X,p.B,s) —22, (X'.p,B5)
“ T(6.0)

e, S(X,p,B,s)

(¢"",a’") Z(X/,p/,B/,S/)

Y

4. AN APPLICATION OF PUPPE EXACT SEQUENCE

In this section, by applying Puppe exact sequence we shall prove the
generalized formula for the suspension of M-fibrewise pointed product spaces,
and the proof is simpler than the one in fibrewise version of [5; section 22].
(In our proof, we need not to consider any generalized concept of fibrewise
non-degenerate spaces in [5].)

DEFINITION 4.1. (1) For two M-fibrewise pointed spaces (X1, p1, B,
s1) and (Xa,p2, Ba, s2) let

XiVM Xy = Uppyenxns (X1 X s2(b) Usi(b) x Xop),
piVMpy = pixpelXi VM X,

The M-fibrewise pointed space (X1 VM X, p1 VM po, By X Ba, 81 X s2)
is called the M-fibrewise pointed coproduct of (Xi,p1,B1,s1) and
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(X2, p2, B2, s2), and denoted by (X1,p1, B, s1) VM (X2,p2, B, s2) or
\/?g{u} (Xi,pi, Bi, si). The M-fibrewise pointed collapse

(Xluplu Bl7 Sl) X (X27p27 327 S2)/M(X17p17 Blu 81) \/M (X27p27 B27 82)
is called the M-fibrewise smash product of (X1, p1, B1, $1) and (X2, p2,
Bs, s9), and denoted by
M
(X17p17 Blu 81) /\M (X27p27 B?7 82) or /\ (Xiupi7 Biu Si)-
ie{1,2}
Note that (X1,p1, B1,51) X (Xa2,p2, B2, s2) = (X1 X Xo,p1 X pa, By X
BQ, S1 X 52).
(2) Forn > 3 and M-fibrewise pointed spaces (X;, pi, Bi,si) (i =1,--+ ,n),
we shall define \/?g{ly...,n}(Xi,pi,Bi, ;) and /\?g{l,...,n} (Xi,pi, Bi, 83)

inductively, as follows:

M M
\/ (XiupiaBiu Si) = ( \/ (XiapiaBiasi)) \/M (memBmSn)

i€{l,--,n} i€{l,--,n—1}

M M

N XopiBis)=( N\ (Xi,pi,Biysi)) AM (X, pn, Bns sn).-
i€{l,-,n} i€{l,-- ,n—1}

In this paper, we set up the following Hypothesis.
HypoTHESIS: By Definitions 3.11 and 4.1, the base space of
S{(X1,p1, B1,51) VM (X2, p2, B, 52)}
and
S{(X1,p1, B1,51) AM (X2, p2, B, 52)}
is I x (Bl X BQ), but the base Space of E(Xl,pl, Bl, 81) \/M E(XQ,pQ, BQ, 82)
and (X1, p1, B1,s1) AM X(Xa, pa, Ba, s2) is (I X By) x (I x Bg). So, since
E{(Xl,pl, By, 81) vM (Xg,pg, Bs, 82)} and E(Xl,pl, By, 81) yM E(Xg,pg, Bo,
52), or E{(Xl,pl, Bl, 51) /\M (XQ,pQ, BQ, 82)} and E(Xl,pl, Bl, 81) /\M Z(XQ,
p2, Ba, s2) have different base spaces, those M-fibrewise pointed spaces are
different, respectively. We want to identify those spaces as M-fibrewise
pointed space, we set the following hypothesis: In X(X7y,p1, B1,s1) VM
(X2, p2, Ba, s2) and X(X1,p1, B1, 51) AM (X2, pa, Ba, s2), we always restrict
the base space (I x By) X (I x Bg) to U{(t x By) X (t X Bz)|t € I}. By this
hypothesis, the following equalities always hold.

S{(X1,p1, B1,s1) VM (X2, p2, B, 52)}

(4.1) = %(X1,p1, Br, s1) VM B(Xa, p2, By, 2),
S{(X1,p1, Bi,51) AM (Xo, p2, B, 82)}

(4.2) = %(X1,p1, B1,51) AM B(X2, pa, Ba, s2).
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In the rest of this paper, consider automatically these identifications if nec-
essary. The we can prove easily the following lemma by the canonical corre-
spondence.
LEMMA 4.2. For M-fibrewise pointed spaces (X;,p;, Bi,si) (i =1,2,3),
(1)
((X1,p1, B1,51) VM (X2, p2, Ba, 52)) VM (X3, p3, Bs, s3)
=) (X1,p1, B1,51) VM (X2, p2, B, s2) VM (X3, p3, Bs, 53))
(2)
((X1,p1, B1,s1) AM (Xa,p2, Ba, 52)) AM (X3, p3, B, s3)
=08y (X1,p1, B1,51) AM (X3, p2, B, s2) AM (X3, ps, Bs, s3))

(3)
((X1,p1, B1,51) AM (X2, p2, B, 52)) VM (X3, p3, Bs, 53)
g%) ((X1,p1, B1,s1) VM (X3,p3, B3, 53))
AM((X2,p2, B2, s2) VM (X3, p3, Bs, s3))
(4)

((X1,p1, By, s1) VM (X2, p2, Ba, 52)) AM (X3, p3, Bs, s3)
=) ((X1,p1, B1,51) AM (X3, p3, B, 53))
VM((X2,p2, Ba, s2) AM (X3, p3, B3, 53)).-

DEFINITION 4.3. For two sequences of M-fibrewise pointed maps

F : (X1,p1, B1,51) — (X2,p2, B2, 82) — + -+ — (X0, Pny By Sn) — -+

F' (X101, B, sy) = (X305, By, s5) = -+ = (X, 9y, By sy) = o
if there are M-fibrewise pointed homotopy equivalences

(6, n) (X, Py By $0) — (X7, 00, By s1,)

such that all diagrams induced by these maps are commutative, F and F' have

the same M-fibrewise pointed homotopy type.

The following proposition is obvious from the construction of Puppe exact
sequence.

PROPOSITION 4.4. Let o : B — B’ be a bijection. The M-fibrewise
pointed homotopy type of Puppe exact sequence (in the sense of M-fibrewise
pointed ) induced from an M-fibrewise pointed map (p,a) : (X,p,B,s) —
(X',p',B',s") is only depend on the M-fibrewise pointed homotopy class of
(6,0).

In particular, if (¢,«) is M-fibrewise pointed nulhomotopic, the M-
fibrewise pointed homotopy type of the sequence induced from (¢, a) has the
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same M-fibrewise pointed homotopy type of the sequence induced from an M-
fibrewise constant map (c, o)

(X,p, B,s) 22 (X' pf B!, )
—— (X',p/,B',s) VM ©(X,p, B, 5)
— E(Xap7B7 5)

- s ...

As an application of this proposition, we prove the generalized formula for
the M-fibrewise pointed suspension of M-fibrewise pointed product spaces,

Let

(u,id) : (X,p, B,s) VM (X', p/, B',s") — (X,p, B,s) x (X', p, B', ')
be an M-fibrewise pointed embedding. We denote the M-fibrewise pointed
mapping cone I'(u,id) of (u,id) by (X,p, B,s) AM (X', p', B',s'). The Puppe
sequence (in the sense of M-fibrewise pointed ) of (u,d) is as follows:

y D, D, S \ Doy S —) , P, b, S) X Dy yS
X B M X/ /B/ n (uid) X B X/ /B/ /

(v,aup)
RS AAY

(X,p,B,s) "M (X',p/, B, )

L S(X,p, B, s) VM (X', p, B, )

B
Then we obtain the following.

PROPOSITION 4.5. (w,id) in the above is M-fibrewise pointed nulhomo-
topic.

PROOF. Generally, for the inclusion (f, ) : (Xo,po, Bo, s0) — (X1, p1, B1,
s1), we can consider the M-fibrewise pointed mapping cone T'(f,4) of (f,%)
as the subspace of I'(Xy,p1, B1,s1). Then the inclusion (g, ay) : I'(f,i) —
I'(X1,p1, B1,s1) is continuous.

By applying this to the inclusion (X,p,B,s) VM (X' p/ B’ s") —
(X,p,B,s) x (X',p',B’,s"), we find that the inclusion

(uid) : (X, p, B,s) "M (X',p/, B',s') — T{(X,p, B,s) x (X', p/, B, )}
is continuous. The M-fibrewise pointed map
(w,id) : (X,p, B,s) \M (X', p/,B',s') = 2(X,p,B,s) VM 2(X',p/, B', §)
can be defined by

w(t,z,s' (V) = ((t,z), (¢, (b)) (x € Xy, t€I—{0})
w(t, s(b), xl) = ((t7 S(b))7 (t7xl)) (1‘/ € Xl;’v tel— {0})
w(0,z,2") = ((0, s(b)), (0, s (b)) (z € Xp,2" € X}).
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Further, let

1
S(X,p, B,s) = S(X,p, B,5)/ {(t,znz eXt< 5}
1
(X', p,B,s)=%(X",p,B,s")/m {(t,ac’)|:v’ eX'\t> 5} .

Then, since {(t,z)|z € X,t < 3} and {(t,z)|z € X,t > 1} are M-fibrewise
pointed subspaces of (X, p, B, s), those are (M-fibrewise pointed) homeo-
morphic to an M-fibrewise pointed cone, so those are M-fibrewise pointed
contractible from Proposition 3.7. Therefore from Proposition 3.8 we see that
the natural projections
E(X7p7 B7 S) - i("X7 p7 B7 S)? E(X/7p/7 Bl? 8/) - Z(X/7p/7 Bl? S/)

are M-fibrewise pointed homotopy equivaleces. By patching the projections,
the M-fibrewise pointed map
(pyid) : S(X,p, B, s) VM S(X',p', B',s') = B(X,p, B, s) VM S(X', ', B, )
is also an M-fibrewise pointed homotopy equivalence.

Next, we can define an M-fibrewise pointed map

(¢,id) : T{(X,p, B,s) x (X',p, B',s")} = (X, p, B,s) VM (X', p', B', §')

as follows:

[(t, s(p(2))), (£, 8" (' (="))] (¢ € {0,3,1})
q(t,z,2") = { (£, 5(p(2))), (t,2")) O<t<g3)
((t,2), (¢, 8" (p'(2")))) (t<t<).

Then it is easy to see that (q,id)o (j,id) = (p, id)o (w,id). On the other hand,
since T'{(X, p, B, s) x (X',p', B’, s")} is M-fibrewise pointed contractible from
Proposition 3.7, (p,id) o (w,id) is M-fibrewise pointed nulhomotopic. Since
(p,id) is an M-fibrewise pointed homotopy equivalence, (w,id) is also M-
fibrewise pointed nulhomotopic, which completes the proof. O

From Propositions 4.4 and 4.5, we find that the M-fibrewise pointed map-
ping cone I'(w, id) of (w,id) has the same M-fibrewise pointed homotopy type
of

S(X,p, B, s) VM E(X',p, B, s ) VM S{(X,p, B,s) "M (X', p/, B, s")}.

Since the M-fibrewise pointed mapping cone I'(w,id) has the same M-
fibrewise pointed homotopy type of X{(X,p, B,s) x (X', p’, B’,s')}, we have
the following.

PROPOSITION 4.6.
S{(X,p, B, s) x (X',p', B',s')} =[5
Y(X,p,B,s) VM (X', p/, B, ') VM S{(X,p, B,s) AM (X',p/, B, s")}.
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We now define the following.

DEFINITION 4.7. An M-fibrewise pointed space (X,p, B, s) is called M-
fibrewise well-pointed if (s,idg) : (B,idg, B,idg) — (X,p,B,s) is an M-
fibrewise pointed cofibration and s(B) is closed in X.

The next lemma is obvious from Proposition 2.4 in this paper.

LEMMA 4.8. Assume that M-fibrewise pointed spaces (X,p, B,s) and
(X',p/,B',s") are M-fibrewise well-pointed. Then the M-fibrewise pointed
pasr

(X,p, Bys) x (X',p', B',s"),(X,p, B,s) VM (X',p/, B', s"))
is an M-fibrewise pointed cofibred pair.

The next proposition is easily verified from this lemma and Proposition
3.9.

PROPOSITION 4.9. Assume that two M-fibrewise pointed spaces (X, p, B, s)
and (X',p',B’,s") are M-fibrewise well-pointed. Then the natural projection

(X,p, B, s) A"M (X', p', B, s')
= (X,p, B,s) x (X',p/, B',8') /m(X, p, B, s) VM (X', p', B', &)
= (X,p, B,s) \M (X', B', )

is an M-fibrewise pointed homotopy equivalence.

We have the following from Propositions 4.6 and 4.9.

COROLLARY 4.10. Assume that two M-fibrewise pointed spaces (X, p, B, s)
and (X', p', B',s") are M-fibrewise well-pointed. Then the next formula holds.

S{(X,p, B,s) x (X',p', B',s")} =g,
S(X,p, B, s) VM E(X',p, B, s ) VM S{(X,p, B,s) \M (X',p/, B',§)}.

By repeatedly using this formula and (4.1),(4.2), we can obtain the fol-
lowing formula.

THEOREM 4.11. Assume that M-fibrewise pointed spaces (Xi, pi, Bi, Si),
(t=1,---n) are M-fibrewise well-pointed. Then the next formula holds.

n

>, {H(XiapiaBi,Si)} =5 VMY A M (Xiopi Biysi)
N

i=1 i€EN

where N runs through all nonempty subsets of {1,...,n}.
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5. AN INTERMEDIATE FIBREWISE CATEGORY TOP%

The category MAP is an extended one of the category TOPg. Fur-
ther, the proofs of theorems in MAP in this paper are simpler than those
in TOPp in a sense; for example, we need not to consider any generalized
concept of fibrewise non-degenerate spaces [5; section 22]. But, we have to
examine closely whether our theorems and propositions in this paper give
another proofs of corresponding theorems and propositions in [5; sections 21
and 22]. For these, we introduce an intermediate fibrewise category TOPg
which combines MAP with TOPp. It is easily verified that Theorem 5.4
in TOPg is proved by the same methods in MAP. Further, we can prove
in Proposition 5.5 that a fibrewise non-degenerate space is H-fibrewise well
pointed. Finally, we can give an another proof of [5] Proposition 22.11 as a
corollary of Theorem 5.4 using Proposition 5.5.

In this section, for a fixed topological space B we consider in the category
TOPp. In case considering homotopies in TOP g, for a fibrewise pointed
space (X, p, B, s) we consider the fibrewise pointed space (I x X,id X p, I X
B,id x s), and the following fibrewise pointed spaces have the base space
I x B: fibrewise mapping cylinder, fibrewise pointed cone, fibrewise pointed
mapping cone, fibrewise pointed suspension. Further, we naturally identify
the diagonal Ap(or Apn) with B. Therefore we denote this category by
TOPE. Terminologies “fibrewise ---” are in TOPp, and “H-fibrewise - - -”
are in TOP%. But we use the both in TOP%. We begin with the following
definitions.

DEFINITION 5.1. (1) (¢f. Definition 2.1) Let
(¢7 ZdB)? (97 ZdB) : (X7p7 B7 S) - (X/7p/7 B7 Sl)

be fibrewise pointed maps. If there exists an M-fibrewise pointed map
(H,h): (I x X,idx p,I x B,id x s) — (X',p',B,s’) such that (H,h)
is an M-fibrewise homotopy of (¢,idp) into (0,idg) with hé; = idp
fort € I, we call it an H-fibrewise pointed homotopy of (¢,idg) into
(0,idp). If there exists an M-fibrewise pointed homotopy of (¢,idg)
into (0,idg), we say (¢,idp) is H-fibrewise pointed homotopic to
(0,idg) and write (¢,idg) ~(p (0, idp).

A fibrewise pointed map (¢,idp) : (X,p, B,s) — (X',p',B,s’) is
called an H-fibrewise pointed homotopy equivalence if there exists a
fibrewise pointed map (0,idg) : (X',p’,B,s') — (X,p, B, s) such that
(ng,idBidB) 2{{3) (idx,idB), (¢9,ZdBldB) 2{{3) (idX/,idB). Then we
denote (X, p, B, ) %g,) (X',p',B,s").

(It is obvious that the relations :g,) and %g,) are equivalence
relations.)
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(2) (cf. Definition 2.2) A fibrewise pointed map (u,idg) : (Xo,po, B, s0) —
(X,p, B,s) is an H-fibrewise pointed cofibration if (u,idg) has the
following H-fibrewise homotopy extension property : Let (¢,idg) :
(X,p,B,s) — (X',p/,B,s’) be a fibrewise pointed map and (H,h) :
(I x Xo,id X po, I X B,id x s9) — (X', p/, B, s") an H-fibrewise pointed
homotopy such that the following two diagrams

Xo —2° 1 I'x X, B % ,I1«xB
“l JH idBl lh
X . x B =, B

are commutative. Then there exists an H -fibrewise pointed homotopy
(K,k): (IxX,idxp,IxB,idx s)— (X',p',B,s") such that Kro =
¢, K(id x u) = H, kpy = idp, k(id X idg) = h, where kg : X — I x X
and py : B — I x B are defined by ko(z) = (0,z) and po(b) = (0,b)
forze X, be B.

(3) (¢f. Definition 2.3) For a fibrewise pointed subspace (Xo,po, B, so)
of (X,p,B,s), the pair ((X,p,B,s),(Xo,po,B,s0)) is called by a
closed fibrewise pointed pair if Xo is closed in X. For a fibre-
wise pointed pair ((X,p, B, s), (Xo,po, B,s0)), if the inclusion map
(u,idg) : (Xo,p0,B,s0) — (X,p, B,s) is an H-fibrewise pointed cofi-
bration, we call the pair ((X,p, B, s), (Xo,p0, B, s0)) an H-fibrewise
pointed cofibred pair.

(4) (cf. Definition 2.5) For a fibrewise pointed map (u,idp) : (Xo, po, B, So0)
— (X1,p1, B, s1), we can construct the H-fibrewise pointed push-out
(M,p,I x B,s) of the cotriad

(I X XOvid XpOaI X Bald X 50) M (X07p07B750) M) (Xlaplvasl)

where (09, o) is an M-fibrewise embedding to 0-level, as follows : M =
(IxXo+X1)/ ~, where (0,a) ~ u(a) fora € Xo, andp: M — I x B
and s: I x B— M are defined, respectively, by

[t,po(a)] if v = [t’ a]’t #0
p(z) =< [po(a)]  if z = [u(a)],a € Xo
[pi(z)]  if 2 € X1 —u(Xo),

_ftso®) it #0
s(t,0) = {(0,51(b)) ift=0.

where [*] is the equivalence class. Then it is easily verified that p and
s are well-defined and continuous. We call the H -fibrewise push-out of
the cotriad the H-fibrewise mapping cylinder of (u,idp), and denote
by M(u,idg).
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(5) (c¢f- Definition 2.8) For a fibrewise pointed space (X,p, B, s), we call
the M-fibrewise pointed collapse (the same space in Definition 2.8)

(I x X,id x p,I x B,id x s)/m(1 x X,id X p|1 x X,1 X B,id x s|1 x B)

the H -fibrewise pointed cone of (X, p, B, s) and denote by Tu(X, p, B, s)
in TOPE. (We denote the total space of Ty (X, p, B,s) by CuX.)

(6) (c¢f. Definition 2.9) Let (¢,idp) : (X,p,B,s) — (X',p/,B,s’) be
a fibrewise pointed map. Then we call (p,idg) to be H-fibrewise
pointed nulhomotopic if there is a fibrewise pointed map (c,idg) :
(X,p,B,s) — (X',p, B, s") such that ¢ = s'p and (¢, idB)zg.)(c, idp).

(7) (c¢f. Definition 3.1) For a fibrewise pointed map (¢,idg) : (X,p, B, s) —
(X',p',B,s"), we call (CuX) Uy X',p,(I x B) Ujay B,5) the H-
fibrewise pointed mapping cone of (¢,idp), and denote T'gy(¢,idg),
where Cy X is the space in this definition (5).

(8) (¢f. Definition 3.5) A fibrewise pointed space (X,p,B,s) is H-
fibrewise pointed contractible if there is a fibrewise pointed space
(B,idp, B,idg) such that

(X,p, B, s)=(p(B,idp, B, idp).

(9) (¢f. Definition 3.11) We use the same notation of Definition 3.11. For
a fibrewise pointed space (X,p, B, s), we call the M-fibrewise pointed
collapse (the same space in Definition 3.10)

(I x X,id x p,I x B,id x s)/m(X,P, B,3)

H-fibrewise pointed suspension, and denoted by Yy (X,p,B,s) in

TOPE. (We denote Sy (X,p,B,s) = (SuX, Yy p,I x B,Yy 5).)
(10) (¢f. Definition 4.1) For two fibrewise pointed spaces (X1,p1, B, s1) and

(X25p25 Ba 52) let

XivIXy = Unen(X1p X s2(b) Usi(b) x Xap),
Ve = p1xpl XV Xs.

The fibrewise pointed space (X1VH Xo,p1VHpe, Ap,s1 X s2]Ap) is

called the H-fibrewise pointed coproduct of (X1, p1, B, s1) and (X2, p2,

B, s3), and denoted by (X1, p1, B, s1)V¥ (X2, pa, B, s2) or \/i[é{u} (X,

pi, B, si). The fibrewise pointed collapse

(Xl XBXQapl XB p2,A3751 X 52|AB)/B(X15p15BaSl)vH(XQaPQaBaSQ)

is called the H-fibrewise smash product of (X1,p1, B, s1) and (X2, pa,
B, s3), and denoted by (X1, p1, B, s1)A" (X2, pa, B, s2) or /\ilé{lﬂ} (X,
pi, B, $i), where p1 X g pa = p1 X p2| X1 xp Xo. (Note that from Ap ~
B, as sets we can put (X1,p1, B, s1)V(Xa,p2, B, s2) = X1VpXa and
(X1,p1, B, s1)AN" (X2, p2, B, s2) = X1ApX>.)
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For n > 3 and fibrewise pointed spaces (X;,pi,B,s;) (i =
H H
L+, n), we shall define \/jgy ... oy (Xi,pis By si) and Njgqq . 0 (X,
Di, B, si) inductively, as follows:

H H

\/ (thvaSz) = ( \/ (X’LapiaBaSi))vH(Xnvpanvsn)
i€{1,---,n} ie{l,--,n—1}

H H

/\ (XiapiaB7Si) = ( /\ (XiupiuBaSi))/\H(Xn7pnaB7Sn)-
i€{1,---,n} ie{1l,- n—1}

(11) (¢f. Definition 4.3) For two sequences of fibrewise pointed maps
F (XlupluBa 81) i (X27p2uBa 82) — s (Xn7pnaB7Sn) —
F' (XivpllvBﬂsll) - (Xévp/2737‘9l2) — (X,ll,p;l,B“S%) —
if there are H-fibrewise pointed homotopy equivalences
(d)nv 'LdB) : (Xnvpnv B, Sn) - (X':zap’/n,a B, 5;;)
such that all diagrams induced by these maps are commutative, F and
F’ have the same H-fibrewise pointed homotopy type.

(12) (c¢f. Definition 4.7) A fibrewise pointed space (X, p, B, s) is called H-
fibrewise well-pointed if (s,idg) : (B,idp, B,idg) — (X, p, B, s) is an
H-fibrewise pointed cofibration and s(B) is closed in X. (Note that
Definition 4.7 is in MAP and this definition is in TOPg.)

REMARK 5.2. By Definition 5.1 (9) and (10), the base space of Xy {(X1,
P, B,Sl) \/H (XQ,pQ,B,SQ)} and EH{(Xl,pl,B,Sl) /\H (XQ,[)Q,B,SQ)} is
I x Ap, but the base space of Xy (X1,p1,B,s1) VI Yg(Xs,p2, B,ss) and
Su(X1,p1, B, s1) A S (Xa,pa, B, s2) is Arxp. So, we naturally identify
I x Ap with Arxp, and we can have the same formulas (4.1) and (4.2) in
TOPZ.

If we consider in TOPg the theory of sections 2, 3 and 4 , it can be
verified by slight modifications that we have the same type theorems and
propositions in TOPg . Thus we have the following main theorems.

THEOREM 5.3. For an H-fibrewise pointed map (¢,idg) : (X,p, B,s) —
(X',p,B,s'), the following sequence is exact in TOPH.

(X.p,B,s) 242, (x' . B,S)
(¢",00) FH(¢; idB)
M} EH(Xap7B7S)

@ J.dXidB)’ EH(X/ap/aBas/)

Y
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THEOREM 5.4. Assume that fibrewise pointed spaces (X;,pi, B,s;) (i =
1,---n) are H-fibrewise well-pointed. Then the next formula holds in TOPg.

ZH (HBXia H B Pi, Apn, Hsi|ABn>

=1 =1 =1

—(P \/ Z /\ 17pi7375i))

i€EN

where N runs through all nonempty subsets of {1,--- ,n}.

We restate the concept of fibrewise non-degenerate space ([5; Definition
22.2]). Let (X,p, B, s) be a fibrewise pointed space. We regard the fibrewise
mapping cylinder Mp(s) of s (cf. [5; section 18]) as a fibrewise pointed space
with the section § : B — Mp(s) defined by 3(b) = (1,b), and denote it by
(Xp,p,B,3). Then the fibrewise pointed space (X, p, B, s) is fibrewise non-
degenerate if the natural projection (p,idp) : (Xp,p,B,3) — (X,p, B, s) is a
fibrewise pointed homotopy equivalence.

We now prove the following proposition.

PROPOSITION 5.5. Let (X,p, B,s) be a fibrewise non-degenerate space.
Then (X, p, B, s) is an H-fibrewise well-pointed space.

PROOF. Since (X, p, B, s) is fibrewise non-degenerate, the natural pro-
jection (p,idg) : (Xg,p, B,3) — (X,p, B,s) is a fibrewise homotopy equiva-
lence. Therefore there is a fibrewise pointed map (n,idg) : (X,p, B,s) —
(Xp,p,B,3) (with s = 3) and a fibrewise pointed homotopy (G,idpg) :
IxXp — Xp such that Gy = idg, and Gy = np, where IxXpg is the re-
duced fibrewise cylinder of T x Xp ([5; section 19]).

To prove that (X,p,B,s) is H-fibrewise well pointed, let (¢,idp) :
(X,p,B,s) — (X',p/,B,s’) be a fibrewise pointed map, and

(H,h) : (I x B,id xidg,I x B,id x idg) — (X',p’, B, s)
an H-fibrewise pointed homotopy such that H(0,b) = ¢(s(b)) and h(t,b) = b.

Then we can construct an H-fibrewise pointed homotopy (H, h) (I x X,idx
p, IxB,idxs) — (X', p', B,s’) as follows: For any (t,2) € IxX, (t,b) € IxB,

o [enGt ) (t=0)
H(t,z) {H(t,pPG(tv (t,sp(x)))) (t#0),
h(t,b) =

S

It is easily verified that (ﬁ , ﬁ) is an H-fibrewise pointed homotopy such that
(H,h) o (id x s,id x idg) = (H,h) and (H,h) o (ix,ig) = (¢, idp) where
ix : X—>I><Xdeﬁnedbyzx() (0,z) and ig : B — I x B defined by
ip(b) = (0,b). This completes the proof. O
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Using this proposition we can prove [5] Proposition 22.11 as a corollary
of Theorem 5.4, which gives an another proof of [5] Proposition 22.11.

PROPOSITION 22.11([5]) Assume that fibrewise pointed spaces (X;,p;, B,

s;) (i =1,---n) are fibrewise non-degenerate spaces. Then the next formula
holds in TOPp.

Zg(Xle"'XBXn) %E\/BZE /\ B X;
N

ieEN

where N runs through all nonempty subsets of {1,--- ,n}.

PROOF. First, note from Proposition 5.5 that each fibrewise non-degene-
rate space (X;,pi, B,s;) (i =1,...,n) is H-fibrewise well pointed. Next, we
can prove this proposition by the following steps.

(1) For a fibrewise pointed space (X, p, B, s), the total space (we denote
YBX) of the reduced fibrewise suspension X5(X) in TOP g can be obtained
from the total space Lz X of Ly (X, p, B,s) in TOP% as follows: the space
Y B X is just equal to the fibrewise push-out of the cotriad

SuX <& (id x s)(I x B) 5 {0} x s(B)

where ¢ is the natural inclusion and 7 is the natural projection. Further the
diagram

YpX —2— %Bx

Su Pl lzgp

IxB -2, B

is commutative, where ¢; is the (H-fibrewise pointed) compact map obtain-
ing from the fibrewise push-out of the cotriad in the above, and %Ep is the
projection of X5(X).

(2) From I x XEX, we construct the reduced fibrewise cylinder Ix%5X
([5; section 19]), and obtain the natural map idxc; : I x SgX — IxXEX
which is an (H-fibrewise pointed) compact map. Further, for an H-fibrewise
pointed homotopy

(th) I x ZH(X7p7B7S) - ZH(X=p7B7S)7
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we can define naturally the fibrewise pointed homotopy (H,idg) : IXXE(X) —
YB(X) such that the following diagram is commutative.

H

IxXgX XX
idx Ty p IXSBX 2 J SEX
Ix (I xB) h IxB

idp

(3) For the fibrewise pointed spaces (X;,p;, B,s;) (i =1,--- ,n), we can
consider the formula in Theorem 5.4. Let

(Xapvl X B7S) = ZH <HBX17HBP1;AB" HSZ|AB">

Y,q,I x B,t) = \/ S u( N\ (Xipi, B,si)).

i€EN

Further, let X and Y be the total spaces of

SE(Xy xp -+ x5 Xy), \/BEB N & Xi)

1EN
respectively. Note that Ap and Apgn» are identified with B, and (X1, p1, B, 1)
VH(Xy,p2, B,s2) = X1VpXa, (X1,p1,B,s1)A" (X2, p2, B, s2) = X1ApXo.
By this note and (1) in this proof, there is a compact map ¢} : ¥ — Y, and
for an H-fibrewise pointed map (f,idxidg) : (X,p,Ix B,s) — (Y,q,I x B,t)
we can define a fibrewise pointed map f : X — Y such that the following
diagram is commutative.

x 7 f

Y

Y

(4) Let (X,p,I x B,s), (Y,q,I x B,t), X and Y be the same spaces as
those in (3) of this proof. From Theorem 5.4, there are H-fibrewise pointed
maps (f,id x idg) : (X,p,I x B,s) — (Y,q,I x B,t) and (g,id X idg) :
(Y,q, I x B,t) — (X,p,I x B,s) such that (¢f, (id x idg)(id x idp)) ~(p)
(idx,id x idg), (fg,(id x idp)(id x idg)) :(P) (idy,id x idg). From these
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H-homotopies and H-fibrewise pointed maps (f,id X idg), (g,id X idg), we

can

construct, by the same methods of (2) and (3) in this proof, fibrewise

pointed homotopies, fibrewise pointed maps f: X — Y, g: Y — X such that
Gf ~Bidg, f§g ~% idy. Thus, we complete the proof of [5] Proposition 22.11
by using Theorem 5.4. O

(1]

[9]

[10]
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