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HARNACK INEQUALITY FOR SOME DISCONTINUOUS
MARKOV PROCESSES WITH A DIFFUSION PART

RENMING SONG! AND ZORAN VONDRACEK?
University of Illinois, USA and University of Zagreb, Croatia

ABSTRACT. In this paper we establish a Harnack inequality for
nonnegative harmonic functions of some discontinuous Markov processes
with a diffusion part.

1. INTRODUCTION

Harnack inequality for nonnegative harmonic functions of diffusions in R%
has been a well-known fact for more than forty years. On the contrary, until
recently very little was known about Harnack inequality for nonnegative har-
monic functions of discontinuous Markov processes. The only exception was
the rotationally invariant a-stable process in R?, where Harnack inequality
follows directly from the explicit form of the Poisson kernel for balls (i.e., the
exit distributions from balls). This situation changed several years ago with
the paper [2] by Bass and Levin where they proved the Harnack inequality
for the Markov process on R associated with the generator

k(z,h
Li@) = [ g @) = 1G] Hrnedn

where k(z,—h) = k(z,h) and k is a positive function bounded between two
positive numbers.
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The paper [2] has stimulated and inspired the research in the subject,
leading to several papers in recent years. Vondracek [11] adapted the ar-
guments of [2] and proved that, when X is a (not necessarily rotationally
invariant) strictly a-stable process, a € (0,2), with a Lévy measure compa-
rable to the Lévy measure of the rotationally invariant a-stable process, the
Harnack inequality holds. In the paper [4] by Bogdan, Stos and Sztonyk, the
Harnack inequality was proved by using a different method for symmetric a-
stable processes under the assumptions that a € (0,1) and its Lévy measure is
comparable to the Lévy measure of the rotationally invariant a-stable process.
The result of [4] was extended to all o € (0,2) by Sztonyk in [9]. In [3], Bass
and Levin established upper and lower bounds on the transition densities of
symmetric Markov chains on the integer lattice in d dimensions, where the
conductance between z and y is comparable to |z —y|9t*, a € (0,2). One of
the key steps in proving the upper and lower bounds in [3] is the parabolic
Harnack inequality. In [5], Chen and Kumagai showed that the parabolic
Harnack inequality holds for symmetric stable-like processes in d-sets and
established upper and lower bounds on the transition densities of these pro-
cesses. All the processes mentioned above satisfy a certain scaling property
which was used crucially in the proofs of the Harnack inequalities. In [8], Song
and Vondracek extracted the essential ingredients of the Bass-Levin method
by isolating three conditions that suffice to prove the Harnack inequality and
showed that various classes of Markov processes, not necessarily having any
scaling properties, satisfy the Harnack inequality. In the paper [1], Bass and
Kassmann proved the Harnack inequality for a class of processes correspond-
ing to non-local operators of variable order. Their method is also based on
[2], but the arguments are more delicate.

In all the papers mentioned above, the corresponding Markov process did
not have a continuous component. More precisely, the generator of the pro-
cess was an integro-differential operator without a local part. A natural step
forward was to study Harnack inequality for nonnegative harmonic functions
of discontinuous processes with a diffusion component. This step was taken
in a very recent paper [7], where the Harnack inequality was proved for a
certain class of subordinate Brownian motions in R?, d > 3. By allowing
the subordinator to have a drift, the class in question includes processes with
both a diffusion and discontinuous component. A typical example of a pro-
cess belonging to this class is an independent sum of a Brownian motion and
rotationally invariant a-stable process in R?, d > 3.

The purpose of this paper is to prove the Harnack inequality for nonneg-
ative harmonic functions of another class of discontinuous Markov processes
in R?, d > 1, with a diffusion part. Note that the processes dealt with in this
paper are not Lévy processes in general, so the method of [7] does not apply.
We describe now the processes that will be studied.



HARNACK INEQUALITY 179

Suppose that a is a continuous map from R¢ into the space of symmetric

d x d matrices, and suppose that there exist 0 < A < A < oo such that
d
(1.1) NEP <D ay(@)&68 < AP, v, eRY
i,j=1

Suppose that b is a bounded map from R into R%. Suppose further that
k(z,y) is a function on R? x R¢ which is bounded between two positive num-
bers k1 < k2. For o € (1,2) let

(12) Lf@) = Y ay(e) g @)+ 3 ble) - f o)

%,J

k(x,
+ [ ) = @) =y T ) oy

It follows from [6] (see also [10]) that the martingale problem for L is
well-posed. That is, there is a unique conservative Markov process X =
(X, P,z € RY) on (D(]0,00),RY), B(D([0,00),R%))) such that for any
f € G (RY),

F(X0) — F(Xo) — /0 Lf(X.)ds

is a P,-martingale for each € R%. Here D([0,00),R%) is the space of R%-
valued cadlag functions on [0, ), and B(D([0, 00),R?)) is the Borel o-field
on D([0,00),R9).

Recall that a nonnegative Borel function h on R¢ is said to be harmonic
with respect to X in a domain D C R? if it is not identically infinite in D
and if for any bounded open subset B C B C D,

h(z) = Eo[W(X (78))Lry<oc), Va € B,

where 75 = inf{t > 0: X; ¢ B} is the first exit time of B.
We are going to prove the following Harnack inequality for nonnegative
harmonic functions of X:

THEOREM 1.1. For any domain D of R% and any compact subset K of D,
there exists a constant C' > 0 such that for any function h which is nonnegative
in R? and harmonic with respect to X in D, we have

h(z) < Chly), @,y € K.

REMARK 1.2. Note that we have assumed that o € (1,2). We do not
think that this restriction is essential, but it comes from the method of proof
we use.

The proof of Theorem 1.1 is based on the method developed in [2]. Neces-
sary lemmas are stated in the next section. We only prove some of them, and
refer the reader to proofs of similar lemmas in [8]. The last section contains
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the proof of the theorem following the idea from [1] which is a refinement of
the one from [2].

We use capital letters C1, Cs, . .. for constants appearing in the statements
of the results, and lowercase letters c1, ca, . .. for constants appearing in proofs.
The numbering of the latter constants starts afresh in every new proof.

2. AUXILIARY LEMMAS

Recall that we assumed that d > 1 and « € (1,2). Let

0? 0
Ly f(z) = Zaij(fﬂ)mﬂz) + Zbi(x)a—xif(z)a

0,J
and let

mfuwzégﬂw+w—f@%ﬁrvﬂﬂlyaﬁﬁﬁg@~

Then
Lf(z) = Lif(z) + Lo f(x).

Note that it follows from (1.1) that the functions a;; are uniformly bounded
on R%.

LEMMA 2.1. There exists a constant C; > 0 such that for any x € R?
and any r € (0,1) we have

P, (sup | Xs — Xo| > r) < Cir2t.
s<t

PROOF. Suppose that z € R is fixed. Let f be a C? function on R?
taking values in [0,1] such that f(y) = 0 for |y| < 1/2 and f(y) = 1 for
ly| > 1. Let (f : m > 1) be a sequence of C? functions such that 0 < f,, < 1,

_J ), yl<n+1
fn(y)_{ 0’ |y|>n+2’

and that (6%/0z;0z;)f, and (0/0z;)f, are uniformly bounded. Then there
exist positive constants ¢; and co such that

|an(y)| Sclv yeRdv

and

|y +2) = faly) —2- V()| < eo2]?, y,2 € R%
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Put f(y) = f((y — 2)/r) and fur(y) = ful(y —2)/r). For any r € (0,1),
y € R? and n > 1, we have

k(y, z
Lafur S 1 [ ot 2) = for ) =2+ Vo)1) i

k(y, 2)
: n,r 17« z ———=d
+/Rd |2V fur(y) o< \<1||Z|d+a 2

< 02K2r—2/ |z|_(d+o‘_2)dz+2clf<agr_l/ |Z|—(d+a—1)d2
|z]<r |z|>r

—
< ezkar

where the positive constant c3 depends on «, k1, ke and d.

By using the uniform bounds on functions a;;, b;, and the uniform bounds
for partial derivatives (8%/0z;0x;) f, and (9/9dx;)f,, we obtain that for any
re(0,1),y € Ry and n > 1,

Ly frr(y)| < car 2 +esrTt < eer2.

Hence, there exists a positive constant ¢; such that for any r € (0,1), y € R4,
and n > 1,

ILfnr(y)] < cr 2.
Therefore for any r € (0,1) and any n > 1,

TB((E,T)/\t
Ezfn,r(X(TB(z,r) At)) = ]Ez/ Lfnr(Xs)ds < crr 24,
0

Letting n T 0o, we get
Emfr(X(TB(m,r) A\ t)) < 077“7215.

If X exits B(x,r) before time ¢, then f.(X (7, At)) = 1, so the left hand
side is greater than P, (7p(y,r) < 1). O

LEMMA 2.2. Suppose € € (0,1) is a constant. Then there exists Cy > 0
such that for every x € R? and r € (0,1),

inf E.75(s.m > Cacr?.
z€B(x,(1—&)r) TB(w,r) = &2

PROOF. The proof is an easy modification of Lemma 3.2 of [8]. O

LEMMA 2.3. There exist o € (0,1) and C3 > 0 such that for any x € R?
and any r € (0,79) we have

sup E.7p(p,r < Cyr2.
z€B(x,r)
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PROOF. Let g € C2(R?) be a function taking values in [0, 2] such that
g(y) = |y|? for ly| < 1 and g(y) = 2 for |y| > 2. For z € R? any r > 0, put

f(y) =g((y —x)/r). Then for y € B(x,r),

d
L1 f(y) > 2au(y)r? + Y 2bi(y) (g — @)
=1 i=1

d
> Y 2au(y)r =Y 2bi(y)| yi — ailr
i=1 i=1
d
> Z 2ai(y)r—* — Z 2[b(y)|r
i=1 i=1
> 21772 — 2¢or7 !
> 63’1”72

provided 7 is small enough. From the proof of Lemma 2.1 we know that, for
any r € (0,1),
Laf(y)l < car™, ye Blx,r).
Thus we know that there exist ro € (0,1) and ¢5 > 0 such that for any
r € (0,79),
Lf(y) > csr™2, y€ B(x,r).

Therefore we have for r € (0,r9),

EzTB(w,r) = %g}% E, [TB(w,T) A t]
TB(I,’V‘)/\t
< cglr2 tl%m Ez/ Lf(X;s)ds
0o 0
< cglr2 liTm E.f(X(rp(z,7) At))
tToo
< 2cg1r2.

LEMMA 2.4. There exists Cy > 0 such that for any x € R?, any r € (0,1)
and any closed subset A of B(x,r), we have
Al

P (TA <TB x,2r ) > 047“270(77Vy S B(SE,T).
Y (:20) |B(xz,7)|

PROOF. The proof is similar to that of Lemma 3.4 of [8]. O

For z,y € R, let

: k(x,y)
Jz,y) = W-
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Then (j(z,y)dy,dt) is a Lévy system for X. Using the same argument as in
the proof of Lemma 3.5 of [8], we can easily get the following result which
does not depend on the continuous component of the process.

LEMMA 2.5. There exist positive constants Cs and Cg such that if v € R?,
r >0,z € B(xz,r) and H is a bounded nonnegative function with support in
B(z,2r)°, then

E-H(X(m5(s.r))) < O5(E=Tpar)) / H(y)j(. y)dy

and

EZH(X(TB(:I:,T))) > Cp (EZTB(IW))/H(y)j(%y)dy.

3. PROOF OF HARNACK INEQUALITY

THEOREM 3.1. Let rg be as in Lemma 2.3 and r € (0,r¢). There exists
a constant C7 > 0 such that for any zo € R and any nonnegative bounded
function in R which is harmonic with respect to X in B(zg,r) we have

u(z) < Cru(y), x,y € B(zo,7r/2).

PROOF. Suppose that u is nonnegative and bounded in R? and harmonic
with respect to X in B(zg,r). By looking at u + € and letting € | 0, we may
suppose that u is bounded from below by a positive constant. By looking at
au for a suitable a > 0, we may suppose that infpg(., ,/2)u = 1/2. We want
to bound u from above in B(zg,7/2) by a constant depending only on r, d
and a. Choose z; € B(zp,7/2) such that u(z;) < 1. Let v = 2 — a. Choose
pe ().

For i > 1 let

where c; is a constant to be determined later. We require first of all that ¢y
is small enough so that

=0

ool 3

Recall that by Lemma 2.4, there exists co > 0 such that for any z €
R 7€ (0,1),A C B(2,7/2) and € B(z,7/2),
(32) ]P)E(TA < TB(E,F)) > 627:7%.
|B(z,7/2)]
Let c3 be a constant such that

C3 S 022_4-~_’)’Y .
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Once ¢; and c3 have been chosen, choose K sufficiently large so that
1
(3:3) 12 exp(reyegi’ T )e Y > 23807 ted

for all 7 > 1. Such a choice is possible since py < 1. Note that K; will depend
only on r,d and « as well as constants ¢y, ce,c3. Suppose now that there
exists 1 € B(zp,7/2) with u(z1) > K;. We will show that in this case there
exists a sequence {(z;, K;) : j > 1} with xj41 € B(z;,2r;) C B(zo,3r/4),
K; = u(z;), and

(3.4) K; > Kyexp(rieicajt™).

Since 1 — py > 0, we have K; — o0, a contradiction to the assumption that
u is bounded. We can then conclude that v must be bounded by K; on
B(zg,7/2), and hence u(z) < 2Kyu(y) if z,y € B(zo,7/2).

Suppose that z1,a,...,2; have been selected and that (3.4) holds for
j=1,...,i. We will show that there exists x;y1 € B(x;,2r;) such that if
Kit1 = u(xiq1), then (3.4) holds for j = i + 1; we then use induction to
conclude that (3.4) holds for all j.

Let

A; = {y € B(zy,ri/4) s uly) > K;r*"}
First we prove that

| Ail 1
<=

(3:5) Bl r/D)] = 1

To prove this claim, we suppose to the contrary that |A4;|/|B(x;,r;/4)| > 1/4.
Let F be a compact subset of A; with |F|/|B(z;,7:/4)] > 1/4. Recall that
r > 8r;. By the definition of harmonicity, (3.2), (3.3) and (3.4),

1 > U(Zl) > Ezl [u(XTF/\TB(zo,T)); Tr < TB(ZO;T)]

> Kirl P, (Tr < T(s0.r))
F
> czKiT§7r77|B(z|0, L/4)|
> 2_262Kirf7 (Ti/’l’)d
> 272K, exp(r"*clcgil_p"y)r?"*(ri/r)d
> 272¢,K, eXp(T7C103i17p7)0§7+dT37 i—3pr—rd
> 93Py +pd;=3py—pd _ 2,

where the last line follows by (3.3). This is a contradiction, and therefore
(3.5) is valid.

Write 7; for 7p(s, r,/2)- Set M; = suppg(y, ) u. Let E; be a compact
subset of B(x;,7;/4) \ A; such that |E;|/|B(x;,7;/4)] > 1/2. In view of (3.5)
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such a choice is possible. Let p; = Py, (T, < 7;). We have

Ki=u(zi) = Eo[u(Xrpar)iTe, <7
+ Ezi [u(XTEi/\Ti); TEi > Ti7X7'i € B(zia Tl)]
(36) + Eml [U(XTEi/\Ti);TEi Z Ti,Xﬂ. ¢ B(mi,ri)].

Since F; is compact, we have

Eo, [w(X1p,ar,); T, < 7] < Kird Py, (T, < 75) < Kir}.
We also have

Eo, [(X1p, pr, )i T, > 7 X7y € Blwi,mi)] < Mi(1— ).

Inequality (3.5) implies in particular that there exists y; € B(x;,7;/4) with
u(y;) < Kirfv. We then have, by Lemmas 2.2, 2.3 and 2.5,

Kir]" > u(y) > By [u(Xr,) : Xr, & Blwi,mi)]
(37) 2> eyl [U(Xﬂ) : X, ¢ B(mia ri)] :

Therefore

Eo, [W(X1p, a7, ); T, = 7o, X, ¢ B(2i,13)] < s K]
for a positive constant c5. Consequently we have

Rearranging, we get

(3.9) M; > K; <M> .

L —pi
By (3.2) and by the fact that |E;|/|B(x;,r:/4)| > 1/2,

1
(3.10) Di > 5627"3.

1 Co ’Yl
01§ n )
41+ c5 T

and by using the fact that the r;’s are decreasing, we get

By choosing

1
(3.11) (14¢5)r2" < 1070

for all 4. Therefore
1— ips Pi
M, > K; [ —2= 14+ D)K.

Using the definition of M; and (3.10), there exists a point z;+1 € B(x;, ;) C
B(z;,2r;) such that

Kit1 = uw(@ip1) > Ki(1+ cor] /4).
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Taking logarithms and writing
log K11 =log K; + Z[log Kj1 —log Kj,
j=1
we have

logK;11 > logKk;+ Zlog(l + cor] /4)

J=1

Co ‘ ~
> log Ky + ngj

j=1

C : .
log K7 + gzﬂc?z; al

Jj=1

Z IOgKl + %’I”’Ycll.l_p’Y

V

log K1 + 1 cies(i 4+ 1)77,

where the last line follows by choice of c3.
Hence (3.4) holds for ¢ + 1 provided we choose ¢; small enough so that
(3.1) and (3.11) holds. The proof is now finished. O

By using standard chain argument, we can easily get the following conse-
quence of the theorem above.

COROLLARY 3.2. For any domain D of R% and any compact subset K
of D, there exists a constant Cg > 0 such that for any function h which is
nonnegative bounded in R% and harmonic with respect to X in D, we have

h(I) < Cgh(y), T,y € K.

ProOOF OF THEOREM 1.1. It remains to remove the boundedness as-
sumption in the corollary above. This is done in the same way as in the
proof of Theorem 2.4 in [8]. We include the proof for reader’s convenience.

Choose a bounded domain U such that K ¢ U ¢ U C D. If h is harmonic
with respect to X in D, then

h(:l?) = ]Ez[h(X(TU))l{TU<OO}]a zel.
For any n > 1, define
hn(I) = ]EI[(h A n)(X(TU))l{TU<oo}]a T E R%

Then h,, is a bounded nonnegative function on R¢, harmonic with respect to
X in U, and
lim h,(z) = h(z), z¢€R%

nToo
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It follows from Corollary 3.2 that there exists a constant ¢ = ¢(U, K) > 0 such
that

ho(z) < chn(y), z,y € K,n> 1.

Letting n T oo, we get that

(1]
2]
[3]
[4]
[5]
[6]
7]
(8]
[9]
(10]

(11]

h(z) < ch(y), @y € K.
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