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Abstract. In this paper, we investigate the complex oscillation of differential polynomials
generated by solutions of differential equations

+ AR =0,

where the coefficient A is analytic in the unit disc D = {2 : |2| < 1}.
AMS subject classifications: 34M10, 30D35

Key words: differential equation, analytic function, iterated order, the unit disc

1. Introduction and main results

Complex oscillation theory of solutions of linear differential equations in the complex
plane C was started by Bank and Laine [2, 3]. After their well-known work, many
important results have been obtained on the complex oscillation theory of solutions of
linear differential equations in C, see [18, 19]. The study on value distribution theory
of differential polynomials generated by solutions of complex differential equations
in the case of plane, according to our knowledge, has been initiated by Bank [1]. For
further results, refer to see [20, 24, 6]. In particular, some results on oscillation of
fixed points of solutions of differential equations can be found in [4, 5, 11, 12, 21, 23].

Recently, Chuaqui and Stowe [13] investigated the number of times that nontriv-
ial solutions of the equation

ff+ARf=0 (1)

in the unit disc D = {z : |2|] < 1} can vanish. Cao and Yi [10] obtained some
oscillation results of analytic solutions of equation (1) in D. In [7], some results
on the complex oscillation theory of analytic solutions of higher order differential
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equations in D were obtained. In this paper, we continue to consider this subject
and investigate the complex oscillation theory of differential polynomials generated
by analytic solutions of differential equations in D.

We assume that the reader is familiar with the fundamental results and standard
notations of the Nevanlinna’s value distribution theory of meromorphic functions
such as T'(r, f), N(r, f), N(r, f), m(r, f), see [15, 25]. Let f be an analytic function
in the unit disc D = {z : |2| < 1}, and let M(r, f) be the maximum modulus of f
on the circle of radius r centered at the origin. We introduce some definitions as
follows, e.g. see [7, 9, 17, 19].

Definition 1. Defining

. log"™ M(r, f)
Du(f) = hTHiSllEP m7

we say that f is of finite degree, if Das(f) < oo, while if Das(f) = oo, we say that
f is of infinite degree.

Definition 2. For n € N, the iterated n-order of f is defined by

. IOg:—&-l M(T‘, f)
n =1 ;
omnlf) =lmsp = )

where logf z=log" x, log;L"H: log™ logz x.

Definition 3. The finiteness degree of the order of f is defined by

0, if f is of finite degree,
i(f) =< min{n € N: op,(f) < oo}, if f is of infinite degree,
00, if opn(f) = o0 for alln € N.

Definition 4. The iterated n-convergence exponent of the sequence of distinct zeros
m D of f is defined by

_ log N(r, %)
. n I f

An = limsup ——.
) P Tlog(1 - 1)

Definition 5. The finiteness degree of the convergence exponent of the sequence of
distinct zeros in D of f is defined by

0, if N(r, +) = O(log 1%7),
ix(f) = { min{n € N: \,(f) < oo}, if some n € N with \,(f) < oo exists,
0, if A\n(f) = o0 for all n € N.

For a function f meromorphic in D, the iterated n-order o, (f) is defined by

s log,, T(r, f)
on(f) = hTHiSl‘iP m-
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Let £(G) denote a differential subfield of the field M(G) of meromorphic functions
in a domain G C C. Throughout this paper, we simply denote £ instead of L(D).
Special cases of such differential subfields used below are

Ly := {g meromorphic : T'(r, g) = S(r, f)}
and
Ly11,0 = {g meromorphic : 0,11(9) < o}

where o is a positive constant and S(r, f) = O (long(lfer(r, f))) possibly outside a
set £ C [0,1) with [ 4% < co. Note that for an analytic function f in D, oar,,(f) =
E

1—r

on(f) holds, where n > 2.
Now we show our main results as follows.

Theorem 1. Let A be an analytic function of infinite degree and finite iterated order
omp(A) =0 >0 (0 <p<o0) in the unit disc D, and let f be a non-zero solution
of equation (1). Moreover, let

Plfl=P(f.f ... ") => pjf¥ (2)
=0

be a linear differential polynomial with coefficients p; € L4115, assuming that at
least one of the analytic coefficients p; does not vanish identically. If ¢ € Lpi1,5 15
a non-zero analytic function in D, and neither P[f] nor P[f]—¢ vanishes identically,
then we have

ix(Plfl=¢)=i(f) =p+1

and

A1 (PUf] = @) = o pra(f) = oarp(A4) = 0.
Theorem 2. Let k > 2 and A be an analytic function of infinite degree and finite
iterated order oprp(A) = 0 > 0 (0 < p < o0) in the unit disc D. Assume that
¢ € Ly11,0 is an analytic function in D such that ¢*~7) £0 (j =0,1,...,k). Then
every non-zero solution f of the equation

fP + A f =0 (3)
satisfies that for j =0,1,.. ..k,
ix(f9 =) =i(fD =) =i(f) =p+1
and
M1 (fD = @) = oarpr1(F9) = ) = onrpsa (f) = oarp(A) = 0.

Theorem 2 is an extension of Theorem 1.1 in [26] which is a result on the fixed
points of analytic solutions of (3). The ideas of the proofs of Theorems 1 and 2 are
from [20] and [5], respectively, with modification from the complex plane C to the
unit disc D. We feel that f&) in Theorem 2 can be replaced by P[f], but we have
not been able to prove this.
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2. Some lemmas

For the proofs of our main results, we need some lemmas. The first part of the
following lemma is a standard result (see e. g. [15]), and the second part is due to
[22].

Lemma 1. Let f be a meromorphic function in the unit disc, and let k € N. Then

f(k)
rl

m(r, 7 ) =S(r, 1),

where S(r, f) = O (10g+ T(r,f)) +O (log (ﬁ)) , possibly outside a set E C [0,1)
with [ 2 < oco. If f is of finite order of growth (namely, o1(f) < oo), then
E

i—r
2~ 0 (e ().

T(r.f)

If f is non-admissible (namely, D(f) = limsup “Togti=ry < 00), then
m(r f—/) <lo ! + (24 0o(1))loglo !
Tf T 81, 88T

Lemma 2 (see [9]). Let f be an analytic function in D such that i(f) =n (0 <n <
00). Then there exists a set H C [0,1) with [ {%= = oo such that for r € H, given
H

e > 0, we have

1 —&
M(r, f) = eXpn(ﬁ)aM,nm .

Lemma 3 (see [14], Theorem 3.1). Let k and j be integers satisfying k > j > 0, and
let e >0 and d € (0,1). If f is a meromorphic in D such that f\9) does not vanish
identically, then

1 o\2te . b
= _ max § log ———,T'(s(|2), . 2| ¢ E,
<<1 |z|) {1 Ty Ts(l=D f)}) 1] &

where E C [0,1) with finite logarithmic measure [, <2 < oo and s(|z[) =1 —d(1 —
|z]). Moreover, if o1(f) < oo, then

; —i)(o1(f)+2+e)
f(k)(z) ( 1 )(k 7)
< |zl € E,
‘ (1—1z))

FM(2)

70 (z)

while if o, (f) < oo for some n > 2, then
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Lemma 4 (see [8], Lemma 2.5). Let Ag, A1, ..., Ax—1 and F # 0 be meromorphic
functions in D and let f be a meromorphic solution of the equation

FO 4 A () f* Y 4+ A2)f + Ao(2) f = F(z), (4)

such that max{c,41(F),0n41(4;)(G =0,1,...,k = 1)} < 0py1(f). Then Apy1(f) =
Jn-H(f)-

Lemma 5 (see [9, 17]). Let Ag, A1, ..., Ax—1 be analytic functions in D such that
i(Ag) = p (0 < p < o0) and that either max{i(A;) : j = 1,....,k —1} < p or
max{onp(A4;) 1 j=1,....k =1} < opp(Ag). Then every solution f # 0 of the
equation

FO 4 () f PV L+ A2)f + Aol2) f =0,

satisfies i(f) =p+1 and oy pr1(f) = omrp(Ao).

3. Proof of Theorem 1

Since A is analytic in the unit disc D, it is well known that f is also analytic in D. By
Lemma 5, we have i(f) = p+ 1, and Apr1(P[f] — ¢) < ompr1(f) = omp(4) = 0.
If the assertion is not true, then we may assume that

Ap1(Plf] = ¢) = Api1 < 0. (5)

Obviously, A € L,11,,. We may assume that v < 1. Indeed, if v > 2, then by
repeated differentiation of (1) we obtain that f(*) = qk70f+qk,lf/7 qk,0, k1 € Lpti,o
for k =2,3,...,v. Substituting into the form of P[f] yields the required reduction.
Hence, we may assume, from now on, that P[f] = pof +p1f/, where at least one of
the coefficients pg, p1 € Lp+1,0 does not vanish identically.

Note that

(P =)
Tl Pfl—¢

Hence, by Lemma 1, (5), (6) and the standard method of removing exceptional sets,
we get that for some 3 < ¢ and r — 17, there holds

)=

/

PlI—9) | _ 1
T(r, m) = O(expp(1 —

Hence, there exists a meromorphic function h € £,41,, such that

)?).

Using the fact that f” = —Af, we may rewrite (1) as

(po+py — hp1)f + (Do — 1A — hpo) f +hep — ¢ =0. (8)
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we denote by 1= pg +p/1 — hpy and by := pé — p1A — hpg.
We first assume that b1(z) = 0 and bg(z) # 0. Then f = “’b;oh“". Hence, f €
Lp+1,0 and so oprpy1(f) < o, a contradiction.

Assume that by(z) = 0 and by (z) Z 0. Then f = £ ;lh‘p. Hence, f € L,41,, and

s0 o pt1(f) = ch7p+1(f/) < o, also a contradiction.

Assume that bg(z) = 0 and b1 (z) = 0. Then we have h = £- because of ¢(z) # 0.
Hence, there hold

bo:pé—plA—M:O (9)
'
and
bi=po+p — L =0 (10)

By (9) and (10) we get

" i ’

A=D1 % 40P P 9@y

+ 5 22
D1 2 Y P1 2
this yields
| @] L d@ e el
A< O e | 2 e | [mo)| T2 e 1D

By Lemma 2 (or Lemma 2.1 in [17]), Lemma 3 and (11) we have

1 1
exp,(——)7 < M(r,A) < expp(f)ﬁﬁ7 re H\ E
1—r 1—r

for some B < o — 2¢. This is a contradiction.
Therefore, we may now assume that neither by nor b; vanishes identically. Rewrite
equation (8) as

bof +b1f =@ —he. (12)
Differentiating equation (12) and making use of f = —Af, we have

(by — b1A)f + (bo + b)) f = (¢ — he)

If the pair of equations (12) and (13) to determine f and f has a nonidentically
vanishing determinant, then we must have

(03 + boby — biby + B3A)f = —(¢ — hep)(bo + b)) + (¢ — hy) by (14)

’

(13)

Hence, we have f € L,11,,, and thus oarp41(f) < o0, a contradiction. Hence, the
determinant vanishes, and thus we have

b2 + bob) — byby + b2 A =0 (15)
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and
—(p = hp)(bo +by) + (¢ — hep) by =0. (16)

If now ¢ (2) — h(z)p(z) # 0, then by an easy computation we deduce from (16) and
(15) that

bo _ (¢ —hp)/br)
by (¢" = he) /by

and

hold, respectively. This yields

, N , ;12
(¢ = he)/b1) ((p_—hp)/br)
A= ( (¢ = hep) /b1 ) +‘ (¥ = he)/by

By Lemma 2 (or Lemma 2.1 in [17]), Lemma 3 and (17) we have

1 1
expy (7 )7 " S Ml A) Sexp, ()", reH\E

—7r —r

for some 3 < o —2¢. This is a contradiction. Hence, we must have ¢ (2)—h(2)¢(z)

0, and thus h = <. Integrating (7) we have

Plf]=pof +pf = Cyp, (18)

where C' # 0, 1 by assumption, while equation (12) reduces to

bof +bif =0. (19)
As the determinant of the pair (18) and (19) obviously has to be nonzero, we obtain
f= poblcfﬁjm. We also obtain f € £,11 , and thus o ,41(f) < o, a contradiction.

Therefore, we have
i(f) =ix(Plfl —¢) =p+1
and 7
Ap+1(Plfl =) = omp1(f) = onp(A) = 0.

4. Proof of Theorem 2

Suppose that f(z) # 0 is an analytic solution of equation (3). Set w; = f\9) — ¢
(=0,1,...,k), where ¢ € Ly41,,. Then for j =0,1,...,k, we deduce by Lemma 5
that i(w;) = i(f) = p+1, and op41(w;) = onmpt1(f) = omp(A) = 0. Differentiating
both sides of w; = Y9 — o and replacing f*) with f*¥) = —Af, we obtain that

wg(‘k_j) =-Af =% j=0,1,... k.
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Thus we have
(k—3) (k—3)
w; +
f=—— (20)

Combining (3) and (20) we obtain

(k=j)\ ) (k=) (B
w: . 7) .
( JA ) +w§k—]) _ <<<P < ) _Hp(k—g)> 7

and thus
wj(-zkij) + 92k_j_1w§2k7j71) +...+ gk_jw§k7j)
(k=) ¥ (k1)
¥ P
=—A A 21
(( ) A >> , 21)
where gr—j,...,926—j—1 € Lpt1,0 (j =0,1,...,k) are meromorphic functions in D.

k=

Note that there holds A # 0, p(*=7) # 0 and +— € Lpy1,0- Assume that

(k—5)\ *) (k—3)
_ ® © _
F:=-A <( 1 ) + A( 1 )) =0.

(k—3)\ ¥ (k—3)
SD <p p—
( A > +A( A )=0.

Then by Lemma 5 we obtain i(@(:j)) =p+1and O’M’p+1(ip(:j)) =omp(A) =0,

a contradiction. Hence we have F' # 0. Obviously, there holds

Thus

max{op11(gh—j); - - Opt1(g2x—j-1), Op1(F)} <0 < onrpia(wj) = oppa(wy)
for 7 =0,1,...,k. By Lemma 4 we have
ix(wy) = ix(wy) = i(w;) =p+1 and  App1(wy) = oarpe(wy),
where j =0,1,...,k. Hence, for j =0,1,...,k, we obtain our assertion that
ix(fP =) =ix(fV — ) =i(fV — ) =i(f) = p+1

and
M1 (fD = 0) = oarpi1 (f9 = @) = orrpy1(f) = oarp(4A) = 0.
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