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Abstract. In this paper, the existence, uniqueness and stability of the solution of a co-
efficient inverse problem (IP) for the kinetic equation (KE) are proven. The approximate
solution of this IP for one-dimensional KE is investigated using two different techniques:
finite difference approximation (FDA) and symbolic computation approach (SCA). A com-
parison among the exact solution of the problem, the numerical solution obtained from
FDA and the approximate analytical solution obtained from SCA is presented.
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1. Introduction

Kinetic theory appeared in the second half of the nineteenth century with Maxwell
and Boltzmann, later with Hilbert, Enskog, Chapman, Vlasov, and Grad. Searching
for a form of matter which could explain Saturn’s rings, Maxwell imagined that they
were made of rocks colliding and gravitating around the planet. The density of mat-
ter is then parametrized by the space position x and the velocity p of the rocks, the
so-called phase space. A few years later, Boltzmann completely formalized the pro-
cess, giving a general representation of a ‘dilute gas’ as particles undergoing collisions
and with free motion between collisions, and he wrote the famous equation which
is now named after him. Vlasov wrote another kinetic equation (KE) for plasmas
of charged particles. There, each particle undergoes a collective Coulombic attrac-
tion from others. Nowadays kinetic equations (KEs) appear in a variety of sciences
and applications such as astrophysics, aerospace engineering, nuclear engineering,
particle fuid interactions, semi-conductor technology, social sciences or in biology
like chemotaxis and immunology. The common feature of these models is that the
underlying Partial Differential Equation is posed in the phase space (x,p) € R?",
n>1,[15).
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In this study, the solvability of a coefficient inverse problem (IP) for the KE is
proven in the case where the values of the solution are known on the boundary of a
domain. A numerical scheme based on the Finite Difference Approximation (FDA)
is described to obtain the approximate solution of the problem. In order to evaluate
the effectiveness and stability of the proposed method, a random noise is added to
the exact data and several computational experiments are performed. The obtained
numerical solutions are compared with the exact solution and with the approximate
analytical solution computed from Symbolic Computation Approach (SCA) which
is based on the Galerkin method.

2. Statement of the problem

Let © be a domain in the Euclidean space R?", n > 1. For the variables (z,p) € €,
it is assumed that z € D, p € G, where D and G are domains in R™ with boundaries
of class C2, 00 =T1UTy, I'1 =0D x G, 'y = D x 9G.

We consider the following KE in the domain €

{u, H} — o (z)u =0, (1)

where H (z,p) is the Hamiltonian function, {.,.} is the Poisson bracket of v and H
defined by

" /O0H du  OH Ou
{U,H} o Z <8pz 8$z - 8£Ei 8pi> '

i=1

In applications, u represents the number (or the mass) of particles in the unit volume
element of the phase space in the neighbourhood of the point (z,p), V. H is the force
acting on a particle and o is the absorption term. The Hamiltonian function is often
of the form H(z,p) = %|p|* + ¢ (), where 1|p|? is the kinetic energy and ¢ (z) is
the potential energy of the physical system under consideration, [1, 3, 6].

Problem 1. Determine the functions u(x,p) and o (z) that satisfy equation (1),
provided that u (x,p) > 0, the H (z,p) € C? (Q) is given and the trace of the solution
of equation (1) on the boundary 0Q exists and is known: u|yq, = uo.

IP for a differential equation is the problem of determining the coefficients, the
right-hand side, initial conditions or boundary conditions of the equation from some
additional data on the solution of the equation. If a differential equation describes a
physical process (physical field), its coefficients describe the characteristics (parame-
ters) of the medium in which the process (field) is considered. The right-hand side of
the equation describes the sources of the process. Therefore, from the physical point
of view, inverse problems (IPs) are concerned with determining the characteristics of
the medium and (or) the sources of the physical field by using some information on
the physical field (solution of the direct problem). In IPs; it is often required to find
these characteristics and (or) sources of the field inside a certain domain, and the
information is given only at the boundary of this domain. Direct problems consist
of finding the physical field in the domain under consideration if the characteristics
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of the medium and the sources are given, [12]. IPs, generally speaking, are nonlinear
and most of them are not well-posed in the sense of Hadamard. The general theory
of ill-posed problems and their applications are developed by A. N. Tikhonov, V. K.
Ivanov, M. M. Lavrent’ev and their students [9, 10, 16].

The theory and applications of IPs have long made a silent imprint in science and
engineering as a critical tool in establishing the link between the model and observa-
tions. In recent times, however, IPs have taken the center stage in many disciplines,
a trend spurred not only by the advances in sensor technologies, wireless communi-
cations, and signal processing, but also by the necessity to obtain physically relevant
parameters and input for computational models with ever-growing complexity and
sophistication. Examples of such disciplines include seismic and medical imaging,
non-destructive material characterization, and structural health monitoring, 7, 14].

IPs for KE are important both from theoretical and practical points of view.
Interesting results in this field are presented in [2-6, 8].

3. Definitions and notations

In this section, we give some necessary definitions and notations used throughout
the paper. For a bounded domain G, C™ (G) is the Banach space of functions that
are m times continuously differentiable in G; C° (G) is the set of functions that
belong to C™ (G) for all m > 0; C5° (G) is the set of functions which have compact
support in G and belong to C* (G); Ls (G) is the space of measurable functions that
are square integrable in G, H* (@) is the Sobolev space and H* (@) is the closure of
Cg° (@) with respect to the norm of H* (G). These standard spaces are described
in detail, for example, in [11, 13].

The following definitions and notations are based on [3].

Let C3 = {o:90eC?(Q), ¢=0o0n 00N} and select a set {wy,ws, ...} C C3(9),
which is a complete and orthonormal set in Ly (€2). We may assume here that the
linear span of this set is everywhere dense in ﬁlﬂ (), where Hy 5 () is the set
of all real-valued functions u (z,p) € L2 (2) that have generalized derivatives uy,,
Up, s Ugp;s Upyp, (1, = 1,2,...,n), which belong to Lj (€2) and whose trace on 0f2
is zero. Indeed, the space I’Dll)g (Q) being separable, there exists a countable set
{o;tic, C 6’8 (©) which is everywhere dense in this space. If necessary, this set up
can be extended to a set which is everywhere dense in Ly (2). Orthonormalizing the
latter in Lo (£2), we obtain {w;};-,. The orthogonal projector of Ly (£2) onto M,, is
denoted by P,,, where M,, is the linear span of {wy, ws,...w, }. By I' (A) we denote
the set of all functions u € Ly () with the following properties:

i) For any u € I" (A) there exists a function v € Ly () such that (u, A*n) = (v,n)
holds for all n € C§° (2), where

_ N(OH 9 OH 0\ ~ ~~ 07
Au=LLu, L = ; (api oz, - ox; 3]91') , L= ; 0x,;0p;

and A* is the differential expression conjugate to A in the sense of Lagrange, and
(.,.) is the scalar product in Lo (£2).
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ii) There exists a sequence {uz} C C3 () such that up — u weakly in Lo ()
and (Aug,ur) — (Au,u) as k — oo.

4. Solvability of the problem

By introducing a new unknown function Inu = y, Problem 1 can be reduced to the
following problem.
Problem 2. Find a pair of functions (y, o) satisfying the equation
" (O0H 9y OH 0y
Ly= — - = 2

i=1

provided that the Hamiltonian H (x,p) € C? (Q) s given and y is known on O0S):
Ylpq = Inug = yg, where ug > 0.

The main difficulty in studying the solvability of such IPs for KEs is their overde-
terminancy. In the theory of IPs, if the number of free variables in the additional
data exceeds the number of free variables in the unknown coefficient (o(z)) or right-
hand side of the equation, then the problem is called overdetermined, but this is not
the case for n = 1 here. However, for dimension n > 2, Problem 2 is overdetermined
in this sense. On the other hand, inverse problems for KE and integral geometry
problems (IGP) are closely connected, i.e., many problems of integral geometry can
be reduced to the corresponding IP for KE, and vice versa [3]. And here, the under-
lying operator of the related IGP for Problem 2 is compact and its inverse operator
is unbounded. Therefore, it is impossible to prove general existence results. So,
the initial data for these problems cannot be arbitrary; they should satisfy some
”solvability conditions” which are difficult to establish, [3]. In this paper, we use the
term ”overdetermined problem” in this meaning.

On using some extension of the class of unknown functions o, overdetermined
Problem 2 is replaced by a determined one. This is achieved by assuming the
unknown function o depends not only upon the space variables x, but also upon
the direction p in some special manner, i.e., consider o(z,p). The dependence upon
p of o(x,p) cannot be arbitrary, because the problem would be underdetermined in
this case. This special dependence means that o(x,p) satisfies a certain differential
equation (Za = 0) with the following properties:

1) Problem 2 with the function o(z,p) becomes a determined one. In other
words, the class of unknown functions o is extended so that Problem 2 becomes a
well-posed problem for the new class.

2) The sufficiently smooth functions o depending only on z satisfy this equation.

Suppose that we have found a differential equation for o(z,p) satisfying prop-
erties 1 and 2. Suppose also that we know a priori that the function y§ represents
the exact data of Problem 2 related to a function o depending only on z. Then,
utilizing y§, a solution ¢ to Problem 2 can be constructed. By the uniqueness,
& and o(x) coincide. At the same time, knowing the approximate data y§ with
196 — Y6 |l 1290y < €, an approximate solution o(x,p) can be constructed such that

HO’ — O'aHLZ(Q) < Ce.
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Recall that, if o depends only on z and y§ does not satisfy the ”solvability con-
ditions”, the solution ¢ depending only on z does not exist. In other words, a
regularising procedure is constructed for Problem 2.

Application of this method of solvability of Problem 2 leads to a Dirichlet problem
for the third order equation of the form

Au=LIu=F.

The method was firstly proposed by Amirov [2] for the transport equation.

Problem 3. Find a pair of functions (y (x,p), o (x,p)) defined in Q@ from equation
(2), provided that o (x,p) satisfies the equation

<U’En> =0, L= zn: 8:66-;]9- (3)
i=1

for any n € C§° (Q), the trace of y (x,p) on 0N exists and given is y|5q = yo, where
(.,.) denotes the inner product in Lo (). Equation (3) is satisfied in the generalized
function sense.

Theorem 1. Assume that H € C? (ﬁ) and the following inequalities hold for all
EeR”, (z,p) €Q:

n 82H o 9 n 82H o
il > ae)?, T gigi <, 4
oy €6 2 el ' @

0z;0x;
ij=1 ij=1 """

where « is a positive number. Then Problem 3 has at most one solution (y, o) such
that y € T (A) and o € Ly ().

Proof. Since Problem 3 is linear, in order to prove the uniqueness of the solution of
the problem, it is sufficient to establish that the homogeneous version of the problem
has only a trivial solution.

Let (y,o) be a solution to Problem 3 such that y = 0 on 9Q and y € T'(A).
Equation (2) and condition (3) imply Ay = 0. Since y € I'(A), there exists a
sequence {yr} C 5’8’ such that yr — y weakly in Lo () and (Ayg,yx) — 0 as
k — oo. Observing that y, = 0 on 0f), we get

— (Aye i) = — (LLu, i) :Z<£ (L) G ). )

i=1
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We consider the identity
Oy 0 dyr 0 OH Oy,  OH Oyy,
Z < Oz apj Ye) Z dz; Op; Z Op; Ox;  Ox; Op;
" [ 0*°H

} dyr Oy O°H Oy, dyx
2 dpidp; Ox; dx;  Ox;0x; Op; Op;

i, =1

*3 2 5 (o (o -

.

=1 apa Ox; \ O0x; Op;  Op; Ox;
1 Z 0 [Oyx (O OH 0y 0H

1 Xn: OH 8yk 8yk _ 1 Xn: 0 OH 8yk 8yk (6)
Ox; \ Op; 0z Op; 2 e Op; \ Oz; Oz Op;
If the geometry of the domain 2 and the condition y; = 0 on 02 are taken into

account, then gip’: =0onI'; and g‘%’: =0 on I'y, i = 1,n. Therefore the divergent
terms will disappear in (6), so from (5) we obtain

- <Ayk,yk> = J(yk)v (7)

where

®)

02H Oy O 0?H Oy 0
T () = /( Yk OYk Y yk>dﬂ

1
2 5 Op;iOp; Ox; 81‘] 81‘18% Op; Op;

From (4) and (8), we have

1 & 0°H Oy Byk a/ 2
> Q> — " dQ.
-2 ,;1/apzap] ox; (9x] -2 [Vl
i,j= Q

The use of Poincaré inequality yields

/y,idQ < Co/ Voynl® dQ < CJ (yr)
Q Q

where Cy > 0 depends on the Lebesgue measure of the domain 2 and does not
depend on k, C =2a"'Cy and V,y, = (ykml 3 Ykay s "'7ykzn)' Thus from (7) and the
definition of T (A), we get

/y"’dﬂ < lim JJyel* < C lim J (yi) = —C lim (Ayg, yx) =0,
k—o00 k—o00 k—o00
Q
ie,, y=01in . Then (2) implies o (z,p) = 0. Hence uniqueness of the solution of
the problem is proven. O



A COEFFICIENT INVERSE PROBLEM FOR THE KINETIC EQUATION 289

It is worth to note that, if y|,, = yo # 0, then Problem 3 will not have a solution
from T (A). Because as can be seen from the proof of Theorem 1, if a pair (y,0)
satisfies equation (2), condition (3) and y € I' (4), then y = 0 on Q. So in the case
when yg # 0 the solution would not satisfy the boundary condition.

Remark 1. The geometry of the domain Q is essential for the uniqueness of the
solution of Problem 3. More precisely, it is important that Q can be represented in
form of a direct product of two domains in the spaces of x and p, correspondingly.
Indeed, the assertion of the theorem does not hold if for ) we take a ball of the form
Q = {(x,p) ER' xR : 22+ (2—-p)< 1}. To prove this, consider the equation
pu, = o(x,p) in Q. It is obvious that condition (4) is satisfied, since H = %p2.
Also, it can be directly verified that the pair of functions u = % (1:2 +(2-p)? - 1)

and 0 = x satisfies the equation pu, = o, o satisfies condition (3) and u =0 on Q.

If yo € C3(09) and D € C3, G € C?, then Problem 3 can be reduced to the
following problem.

Problem 4. Find a pair of functions (y,0) satisfying the equation
Ly=oc+F (9)

provided that F is a known function in H? (), the trace of the solution y on O
exists and is zero, and o satisfies condition (3).

In this reduction, we simply consider a new unknown function § = y — ®, where
® is a function such that ®|,, = yo and ® € C3 (). Since yo € C3(9Q) and
dD € C3, 0G € C? the existence of the function ® follows from Theorem 2 in [13,
p. 130]. Finally, if we again denote § by y, we can obtain (9) and the condition
Y|pq = 0, where FF = —L®.

The following theorem establishes the existence and stability of the solution of
the problem.

Theorem 2. If H € C*(Q), F € H*(Q) and the inequalities

n n

0’H
8$Z‘8.’L'j

0?H .
£ > an €,

i¢j ~ _ 2
Ipidp; £¢ < —agl¢] (10)

i,j=1 1,5=1

hold for all (z,p) € Q, £ € R, then there exists a solution (y,0) of Problem 4 such
that y € T (A) N H(Q), 0 € Ly (Q) and the inequality

19l ) + ol o) < CNIREI L, @) + I1F L,

holds, where C' depends on the given functions and the Lebesgue measure of the
domain Q, JpF = (Fp,, ..., Fp, ). In (10), a1 and oy are some positive numbers.

Assumption (10) of the theorem has a physical meaning: The family of rays
corresponding to the Hamiltonian H(z,p) is regular, which implies the absence of
waveguides in the domain ).
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Proof. Let us consider the following auxiliary problem
Ay=F, (11)

Yoo =0, (12)

where F = LF.
An approximate solution of problem (11)-(12) is sought in the form

N
YN = ZaNiwi; an = (an,, ANy, s any ) € RY,
i=1
where the unknown vector ay is determined from the following system of linear
algebraic equations:

(Ayy — F,w;) =0, i=1,2,..,N. (13)

We shall prove that there exists a unique solution ay of system (13) for any F' €
H? () under the hypotheses of the theorem. For this purpose, the i-th equation of
the homogeneous system (F = 0) is multiplied by —2ay, and the sum from 1 to N
with respect to ¢. Hence

-2 (Ayn,yn) =0

is obtained. If the identity — (Ayn,yn) = J (yn) is considered, then the assumptions
of the theorem imply Vyy = 0, where Vyy = (yNw1 s YN s YNy s s YN, ,). As a
result of the condition yn|y, = 0, we have yy = 0 in Q. Since the system {w;} is
linearly independent, we get an, = 0,4 =1,2,..., N. Thus the homogeneous version
of system (13) has only a trivial solution. Therefore, the original inhomogeneous
system (13) has a unique solution any = (an,), i = 1,...,N for any function F' €
H? ().

Now we estimate the solution yy in terms of F. We multiply the i-th equation
of the system by —2ay, and the sum from 1 to N with respect to i. Since F = LF,
we obtain

-2 (Ayx,yw) = ~2(LFyw ). (14)

Observing that yy = 0 on 99, the right-hand side of (14) can be estimated as
follows:

oOF O
LFyN —Q/Zap ai;N
gﬂ/Wﬁfﬂuﬂ*/wwm%& (15)
Q Q

where 3 > 0. As can be seen from (7), the left hand-side of (14) is equal to 2J (yn).
Then from (14) and (15), we have

2J (yn) < 6/|VpF\2dQ+ﬂ_1/\Vl.yN\2dQ.
Q Q
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Recalling that € is bounded and yn|s¢ = 0, the last inequality implies
||yN||ﬁ11(Q) <C |||VPF|||L2(Q) ) (16)

where 37! < oy and the constant C' > 0 does not depend on N.

This implies that the set of functions yy, N = 1,2,3, ... is bounded in H! (Q).
Since H! () is a Hilbert space, {yx} is weakly compact in it. Hence, there exists
a subsequence in this set that is denoted again for simplicity by {yn} converging
weakly in H' (Q) to a certain function y € H* (Q). From inequality (16) and weak
convergence of {yn} to y in H* (), it follows that

19l 1) < Im [lynll g o) < CHIVREFIlL, @) - (17)
N—o0

On the other hand, from estimate (16), it is easy to prove that there exists a subse-
quence of {yx} and using (13), we have

<LyN .y Ewi> —0. (18)

Since the linear span of the functions w;, ¢ = 1,2,3,... is everywhere dense in
Hi 5 (), passing to the limit as N — oo in (18) yields

<Ly .y En> —0, (19)

for any n € 10{1,2 (Q). Setting 0 = Ly — F, from (19) we see that o satisfies condition
(3) for any n € C§° () C Hy 2 (R2) and the following estimate is valid:

loll L, < Clyl HIF L0 - (20)

al(Q)

Consequently, by using inequality (17), we obtain
1yl g0y +llollp, @) < CUIVEIl L, @) + 1F L, @) - (21)

In expression (21), C stands for different constant that depend only on the given
functions and the size of the domain Q. Thus we have found a solution (y,o) to
Problem 4, where y € H' (2) and o € L (). Now it will be proven that y € ' (4).
Since y € Lo (2) and F € H? (Q), it follows that F = Ay € Ly () in the generalized
sense. Indeed, for any n € C§° () we have

0109 = (5. (1)) (0. (2) ) = () ) =

Here F = LF € Ly ().
To complete the proof, it remains to show the convergence

(Ayn,yn) — (Ay,y) as N — oo.

From (13), it follows that Py Ayy = PyF. Since Py is an orthogonal projector,
PnF strongly converges to F in Ly () as N — oo, i.e., Py Ayny — F = Ay strongly



292 F. GOLGELEYEN AND A. AMIROV

in Ly () as N — oo. Then we have (PyAyn,yn) — (Ay,y) as N — oo because
{yn} weakly converges to y and {PxAyn} strongly converges to Ay in Ly () as
N — oo. By the definition of Py and yy (since the operator Py is self adjoint in
L2)7

(Ayn,yn) = (Ayn, Pnyn) = (PNAYN, YN ) -

Hence (Ayn,yn) — (Ay,y) as N — oo, which completes the proof. O

5. Approximate solution of the problem

In this section, we present and compare two different approaches for the approximate
solution of Problem 1 for n = 1. The first one is "finite difference approximation
(FDA)” which is based on the finite difference method and the second one is ”sym-
bolic computation approach (SCA)” which is based on the Galerkin method.

5.1. The finite difference approximation

We shall consider the following auxiliary Dirichlet problem with homogeneous bound-
ary data:

Problem 5. Find a function y which satisfies the following third order partial dif-
ferential equation

Ay = yafpme_ypsza:+yz;chp_ypsz:c +ymppr_yprxp+y:chpx_Z/pH:cpx =F,
(22)
and the boundary condition

Yloo =0, (23)
where Ay = ELy and F =LF.

Equation (22) can be derived by applying the operator L to equation (9) in
Problem 4. We establish the FDA to the solution of Problem 5 on © = (a,b) X (¢, d),
where a, b, c,d € R. Application of central FDA to Problem 5 yields the following
system of linear algebraic equations:

(k1 + ko) Gic1j—1 + (2k1 — ka + k) i j—1 + (—k1 — k2) Gig1,j—1
+ (—2ko + k3 — ks) Gi—1,; + (—2ks 4 2k4) §i j + (2k2 + k3 + ks) Tiy1,5
+ (k1 4 k2) Giz1,j41 + (—2k1 — ks — k) Gij+1 + (k1 — k2) Jig1,j41
= Fig, i=1, 0, =1, (24)
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where
b — hijr1 —hij1 Chiprg—hioa
1 — 4(A 2 9 2 — 2 2
(Az)” (Ap) 4(Az)” (Ap)
_ higer =2hij+hig—r . hivig —2hii Hhicyg
ks = 2 2 kg = 2 2
(Az)” (Ap) (Az)” (Ap)
ks = hivirr — 2R +hivi i1 —hic1 41 +2hi 15— hio1,51
4(Az)* (Ap)? ’
ks = hiv1er — 20 jo1 +hic1 01— hig1j-1 +2hi 1 —hi—1 51
4(Ax)* (Ap)®
In the above equations, I, J are positive integers, Az = E?:g and Ap = E?;;)) are

step sizes in the directions x, p, respectively. The notation g; ; denotes the finite
difference approximation to the solution y(z;,p;) = y(a + iAx,c+ jAp) and h; ; is
the approximation to H(x;,p;) = H(a + iAx,c+ jAp). The condition y|,, = 0 in
Problem 5 is discretized as

G0 = Y141, =Yio =Vig+1 =0, (i=0,1,..,1+1, j=0,1,...,J +1).
System (24) can be written in the matrix form as follows
Ty=b. (25)

Here T is a block tridiagonal matrix of order I x J with tridiagonal blocks of order
I and it consists of the coefficients of system (24), ¥ is the column matrix:
Y = [01s G2, oo 1,15 81,2 G225 oo 1,20 oo 1,05 2t oons 0]

)

and b is the column matrix, which consists of the values F; ;. By solving the matrix
equation (25), we obtain the approximate values ; ; at I x J mesh points of €.
Finally, by taking into account the relation Inu = y and the reduction of Problem
3 to Problem 4, the approximate values of u can be easily obtained by setting
;= exp(Fi,j + Pij)-

Numerical solution for o can be obtained using the approximate values g; ; from
the difference equation

AzAp [k1Git1,; — k1Gi—1,j — ki j+1 + kalij—1] = 645, (26)

which is a discrete form of equation (2) forn=1,i=1,2,....1, j=1,2,...,J. Here
G;; is the finite difference approximation to the unknown coefficient o(x;,p;) =
o(a+iAx,c+ jAp).

5.2. The symbolic computation approach

The approximate analytical solution of Problem 5 will be sought in the following
form:

N-1
YN = Z a; jw; ;¢ () § (p), (27)

,5=0
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where the functions ¢ (z), £ (p) are selected such that they vanish on the boundary
and outside of the corresponding domains. In (27), w; ; = z'p’ and {xi}zo, {pj}jio
are complete systems in Lo (D) and Lo (G), respectively. The unknown coefficients
o, (1,7 =0,...,N — 1) are determined from the following system of linear algebraic
equations:

N-1

> (Alaijwig) ¢ ()€ (p),wir o€ (@) € (P)) 1,0 = (FrwiryC (@) E(P)) 1y (0 »

4,7=0

where i’,7' = 0,..., N — 1. Finally, we obtain the approximate u by setting Uy =
exp(Yy + @), where @ is the function used in the reduction of Problem 3 to Problem
4. The unknown coefficient ¢ can be computed approximately from (9) with the
help of Yy, [4].

6. Numerical experiments

The proposed methods have been implemented and evaluated on various IPs. Two
examples are presented below. We test the robustness of the FDA by using noisy
data in the experiments. For this aim, we added multiplicative random noise to the
exact boundary data u; as follows:

(umax - Umin) Y

100

[0
Unoisy (xivpj) = Up (xiapj) 1+

Here, (z;,p;) is a mesh point at the boundary 0f, « is a random number in the
interval [—1;1], Umax and umi, are maximal and minimal values of the boundary
data wyp, respectively, and v is the noise level in percents. We compared the result
of FDA with the exact solution of the problem and with the result obtained by the
SCA which was developed by the authors in [4]. The maximum absolute percentage
error § is calculated as follows:

5 _ |uexact - uapproximate| « 100%

‘uexact |

Example 1. Let us consider the problem of finding (u,0) in Q = (—1,1) x (1,2)
from the equation

Hp (xap) Uy (l’,p) - H:C (Sﬂ,p) up (IE,p) -0 (x,p)u = 0} (28)

provided that H (x,p) = x — In(p), Lo = 0, and the boundary conditions

u(~1,p) = exp(—p + — +amtan(p/2)),

8(4+ p?) 16
D arctan(p/2)
1 =
u(l,p) = exp(p+ S+ 9 T );

. 1 tan(1/2
u(z,1) :exp(xd+E+%%(/)

1 t 1
u(e,2) = exp(22 4 =+ TM

),
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Figure 1: (a) Computed u, (b) Ezact u, (c¢) Computed o, (d) Ezact o
. . . . p
are given. The exact solution pair of the problem is u (x,p) = exp(z3p+ 7T
8(4+ p?)
arctan(p/Q)) (2,p) = —32% — 2 1
— ), 0(x,p) =37 -1’ - ——.
16 (4+p?)
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Figure 2: The exact solution and numerical solution for different noise levels

In Figure 1 above, the exact solution and a finite difference solution of the prob-
lem are given for I =24, J = 199. Figure 2 displays one-dimensional cross sections
(p = 1.5) of computed approximate solutions with different noise levels superim-
posed with the exact solution of the IP. In Figure 3, we present the results obtained
from SCA for the approximate analytical solution of the same problem.
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The maximum absolute percentage error in the finite difference solution is
§ = 0.4 x 107*% and in symbolic computation § = 0.6 x 10~ %.

(k)

1

P 1.5 1 0 x

Figure 3: A symbolic computational approach: (a) for u, (b) for o

Example 2. Determine a pair of functions (u, o) defined in Q = (—=1,1) x (—1,1)
that satisfies equation (28), Lo = 0 and the boundary conditions

u(=1,p) = exp((p — 1)°™), u(1,p) = exp(4 + (p — 1)°e™),
u(x,—1) = exp(2(x +1) — 8¢ 7°), u(z,1) = exp(2(x + 1)),

where H (x,p) = —x + p? is given. The exact solution of the problem is
u(z,p) = exp(2(z + 1) + (p — 1)%e™), o (z,p) = 4dp+ (3(p — 1)* + 5(p — 1))e’.

In Figure 4, the numerical solution and the exact solution of the problem are
shown for I = J = 39.

.
NN
Sy
S
MM
T1J38490 100450 1 AIKSR NS A LSS
10322225,,5732) 3 10>3
JaNIILRY
R

p -1 -1 p -1 -1

Figure 4: (a) Computed u, (b) Ezact u, (¢) Computed o, (d) Ezact o
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In Figure 5, a comparison between the exact solution and the approximate solu-
tion of the inverse problem for different noise levels is presented by one-dimensional
cross sections (p = 0).

@ (b)
25¢ 0

O FDM
Exact
* %5 Noise |20+
vV %10 Noise
O %15 Noise

15¢

10t

0 1
X X

Figure 5: The exact solution and finite difference solutions with different noise levels

Figure 6 shows the results obtained from SCA for the approximate analytical
solution of the problem.

1]

“ Ly “1.“1_11!
1.'4"5': T
ot

Figure 6: Approzimate analytical solution of the problem using SCA: (a) for u, (b) for o

Maximum absolute percentage error of the FDA is § = 0.1 x 1071°% and in sym-
bolic computation the error is § = 0.9 x 10~'*%. In computations, matrix equation
(25) is solved using a Matlab program and symbolic computations are performed
using a Maple program on a PC with Intel Core 2 T7200 2 GHz. Computational ex-
periments show that proposed methods provide highly accurate numerical solutions
and they are robust against the data noises.
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