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ABSTRACT. This note was inspired by A. Mann’s letter [M1] at June
28, 2009, in which the number of subgroups of given order in a metacyclic
p-group for odd primes p was computed. Below we present another proof
of that result. The offered proof is extended to so called quasi-regular
metacyclic 2-groups. In Sec. 2 we compute the number of cyclic subgroups
of given order in metacyclic 2-groups. In Sec. 3 we complete computation
of the number of subgroups of given order in metacyclic 2-groups. In Sec. 4
we study the metacyclic p-groups with small minimal nonabelian subgroups
or sections.

Recall that a group G is said to be metacyclic if it contains a normal
cyclic subgroup N such that G/N is cyclic. In this note we consider finite
metacyclic p-groups only.

In the Lemma J we gathered some results which we use in what follows.

LEMMA J. Let G be a nonabelian metacyclic p-group.

(a) If G is of order 2* and exponent 4, then G = Hy = (a,b | a* = b* =
1, a® = a®) is minimal nonabelian and G' = (a2). All subgroups of
order 2 are characteristic in G.

(b) [B, Proposition 10.19] If G has a nonabelian subgroup of order p*, then
it is of mazimal class (in particular, if p > 2, then |G| = p3).

(¢) If p=2 and L <G is such that G/L is nonabelian of order 8, then L
is characteristic in G.

(d) /B, Theorem 1.2 and Lemma 1.6] There are exactly four series of
nonabelian 2-groups with cyclic subgroup of index p: dihedral Dan,
generalized quaternion Qan, semidihedral SDan, Man = (a, b | a2 =
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=1a=a"""* n> 3). The first three series exhaust 2-groups
of mazimal class.
(e) |(G)| # p? if and only if p =2 and G is of mazimal class.

Let us prove Lemma J(a). There is in G a normal cyclic subgroup A =
(a) of order 4 such that G/A is cyclic. If B = (b) < G is cyclic and such
that AB = G, then |B| = 4. Since |G : Cg(A)| = 2 and A has only one
automorphism a — a® of order 2, we obtain a® = @® and so G has the same
defining relations as in (a). The subgroup G’ = (a?) is characteristic in G.
Next, G has exactly three subgroups of order 2: G’ = (a?), U = (b?) and
V = (a®b?), and all these subgroups are central. Since G/V = Qg and G has
no cyclic subgroup of index 2, it follows that a2b? is the unique involution
which is non-square in G. It follows that V is characteristic in G, and we
conclude that U is also characteristic in G.

Let us prove Lemma J(c). Clearly, U2(G) < L. If U3(G) = L, it is
nothing to prove. Now let Us(G) < L. Then |G : U2(G)| = 2, so G/U2(G)
is nonabelian metacyclic of order 2% and exponent 4, and the result follows
from Lemma J(a).

1. MANN’S THEOREM ON THE NUMBER OF SUBGROUPS OF GIVEN ORDER
IN CERTAIN METACYCLIC p-GROUPS

Let G be a metacyclic group of order p™ and exponent p© and let f = n—e.
We also write e = ¢(G) and f = f(G). This notation is also applicable to
subgroups and epimorphic images of G.

DEFINITION 1.1. A metacyclic p-group G is said to be quasi-regular
provided:

(QR1) If p =2, then G has no nonabelian sections of order 8.
(QR2) If H is a section of G, then U1(H) = {aP | x € H}.

Sections of quasi-regular p-groups are quasi-regular. Metacyclic p-groups,
p > 2, are quasi-regular ([B, Theorem 7.2(c)]). If G is a quasi-regular
(metacyclic) p-group of exponent p¢, then

(%) exp(Qn, (G)) < p™ for all m < e and {2 | z € G} = U1(G)

(the first equality follows from Lemma J(e) and induction). The irregular
groups Man (see Lemma J(d)) are quasi-regular, but the group Ha (see
Lemma J(a)) is not quasi-regular.

It is worth while to note that quasi-regular p-groups are powerful (see
[B, §26]). This is obvious for p > 2. Now let p = 2 and set G = G/Us(G).
We have to prove that G is abelian. Assume that this is false. One has
|G| € {23,2%}. By the definition, |G| # 23. Then G = Hs (Lemma J(a)), and
so GG is not quasi-regular, by the previous paragraph.
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Let s, (G) s0,(G), cm(G) be the number of subgroups, noncyclic sub-
groups, cyclic subgroups of order p™ in G, respectively, and let c, e, f,m,n,t
be positive integers.

The main result of this section is the following

THEOREM 1.2 (Mann [M2] for p > 2). Let G be a quasi-reqular metacyclic
group of order p"™ and exponent p¢ < p™, m < n. Set f(G)=f=n—c¢e (so
that f > 1). Then one of the following holds:

m+1_q
(a) If m < f, then s;,,(G) = £ s
(b) If f <m <e, then s, (G) = pf;_fl
n—m-+1__
(c) If m > e, then s, (G) = Ppi_ll

As far as I know, this is a unique counting theorem for so wide class of
p-groups.

Since our proof is inductive, it would be impossible to prove this theorem
without previous knowledge of Mann’s result obtained in another way.

LEMMA 1.3. Let G be a quasi-reqular (metacyclic) group of order p™ and
exponent p¢. Given a cyclic A < G of order p¢, there is a cyclic B < G such
that G = AB and AN B = {1}.

PROOF. We use induction on |G|. One may assume that G is nonabelian
and f = n —e > 1 (otherwise, either G is abelian or Mpm, and then the
assertion is known). In that case, U1(G) is noncyclic of exponent p¢~!, by
(QR2). We have |A N U1(G)| = p¢~! so, by induction, U;(G) = UV, where
U=ANU1(G), Vis cyclicand UNV = {1}. It follows that ANV = {1}.
Let V = (v). Then, by (QR2), there is b € G such that v = b*. Set B = (b).
Then AN B = {1} and G = AB since |A||B| = |G]. O

Note that, for general abelian p-groups, cyclic subgroups of maximal order
are complemented ([B, Introduction, Exercise 4]). As we see, this property
also holds for quasi-regular (metacyclic) p-groups. This is not true, in general,
for p = 2. However, it is not true that if p > 2 and A <G is cyclic and such
that G/A is cyclic, then A is complemented in G. Example: G is abelian of

type (p,p"), n > 2, and A is a cyclic subgroup of order p? not contained in
D(G).

PROOF OF THEOREM 1.2. One may assume that 1 < m < n (otherwise,
the validity of the theorem is checked easily).

If f =1, then G is either abelian of type (p°,p) or G = Myn (see [B,
Theorem 1.2]). In both these cases, s, (G) = p+ 1, and the same result yield
formulas in (a-c). Next we assume that f > 1; then G has no cyclic subgroup
of index p.

By Lemma 1.3, G = AB, where A, B < G are cyclic of orders p°, p/,
respectively, and A N B = {1}. Taking into account that G is quasi-regular
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and f < e, we get

(xx) |Q:(G)| = p2k (k < f) and G/Qf(G) = Cpeff = Cpn72f7
where Cx is cyclic of order p*.

We have
(1.1) sm(GQ) = 8, (G) + e (G).

If H < G is noncyclic, then Q;(G) < H since [Q1(G)| = p? = |Q1(H)|
(Lemma J(e)), and so

(12) (@) = s a(C/(C)).
Therefore, one can rewrite (1.1) as follows:
(1.3) $m(GQ) = sm—2(G/(G)) + cm(G).

(A) We first compute ¢, (G) for m < e (if m > e, then ¢,,(G) = 0). Since
G is quasi-regular, it follows that

_ |0 (G) — Q1 (G)]
-1
(i) Suppose that m < f. Then |Q,(G)| = p*™, |Qm-1(G)| = p*™ 2 so
that, by (1.4),

(1'4) Cm(G)

pm—l(p _ 1)
(i) Suppose that f <m <e. By (*), we have
|Qm(G)| = p2f+m—f :pm-i-f and |Qm71(G)| _ p2f+m—1—f _ pm+f_1.
Therefore, by (1.4),

(1.5) em(G) = =p™ p+1).

pmtf — pmtf-l
prtp—1)
(B) In view of (1.3), it remains to compute s,,—2(G/Q1(G)). Here we use
induction on m. We have
(1.7)
G/u(G) =p"% e1 = e(G/(G)) = e~ 1, fi = f(G/N(G) = f - 1.
() Let m < fythenm—2< f—-2< f—1= f(G/Q(G)). By induction

m—2+1_7

f

(1.6) cm(G) = =pl.

m—1_1

(see part (a) of the statement), sm—2(G/(G)) = bEoF— = L= s0
that, by (1.3) and (1.5), we get
m—1 m-+1
D -1 m1 D -1
m = 1) = - 1
sm(G) PR (p+1) ]

completing this case.
(Gj) Let f < m < e; then

H=fG/NG)=f-1<m—-2<e—-2<e—1=¢(G/U(G)) =ey.
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If m—2 = f—1(= f1) or, what is the same, m—1 = f, then, by induction
(see part (a)),
p'rn—2+1 -1 pf -1
G/ (G)) = =
Sm—2(G/1(G)) -1 p—1’

so, by (1.3) and (1.6), we obtain

ff]_ f+171
p p
sm(@) =p’ + = ,
(@ =r p—1 p+1

and we are done in this case.
Now let m—2 > f—1 or, what is the same, m > f+1. Then, by induction
(see part (b)),

7pf71+1717pf71
- p-1  p-1’

sm—2(G/(Q))

so, by (1.3) and (1.6), we have

f_1 f+1 _ 1
p D
Q) = pf _
Sm( )—p b1 = b1 >

completing case (jj).

(jij) Now let m > e+1 or, what is the same, m—2 > e—1 = e(G/(G)) =
e1. Then $,,(G) = sm—2(G/21(G)) since all subgroups of G of order p™ are
noncyclic so contain 4 (G).

Let m—2=e—1=ey, ie., e+ 1=m; then, by induction (see part (b)),

_ p(ffl)Jrl -1 _ pf -1 _ pnfe -1 _ pnferl -1

Sm72(G/Ql(G)) p—1 p—l B p—1 B p_1 ’

and this coincides with formula in (c).
Now let m—2 > e—1,i.e., m > e+ 1. Then, by induction (see part (c)),

B p(n72)7(m72)+1 -1 pnferl -1

sm—2(G /1 (Q))

Y

p—1 B p—1
and this coincides with formula in (¢). The proof is complete. O

COROLLARY 1.4 (Mann [M2] for p > 2). If G, n,m, f,e are as in
Theorem 1.2, then s, (G) = sp—m/(G).

PROOF. One may assume that 1 < m < n.
(i) Let m < f;thenn—m>n— f=e.
If n —m =e, then m =n —e = f. We have, by Theorem 1.2(b,a),

7pf+171 pm+1*17

P — = s (G).

If n —m >e, then m <n —e= f. We have, by Theorem 1.2(c,a),

Sn—m(G) = 8.(G)

pnf(nfm)Jrl -1 pm+1 —1 B

Sn—m(G) = o1 =1 = s, (G).
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(ii) Let f<m<ejthen f=n—e<n—-m<n—f=e.
If n —m = f, then m =n — f = e. We have, by Theorem 1.2(a,b),

pftl -1
Sn_m(G) = Sf(G) = ﬁ = Se(G) = Sm(G)
If f <n—m < e, then, by Theorem 1.2(b),
f+1 _ 1
_Pp _
Sn—m(G) = 1 sm(G).

(ili) Let m > e, then n —m < n — e = f so, by Theorem 1.2(a,c),

pn—m+1 —1

Sn—m(G) = ﬁ = sm(G),

and the proof is complete. O

The group G = {(a,b | a* =b* =1,a° = a3) 2 Hy withn =4, e = f = 2,
is not quasi-regular, however, s,,(G) is such as in Theorem 1.2.

2. THE NUMBER OF CYCLIC SUBGROUPS OF GIVEN ORDER IN A
METACYCLIC 2-GROUP

In this section we find the number of cyclic subgroups of given order in
metacyclic 2-group (for p > 2 this was done in 1°). In what follows we suppose
that G is a metacyclic group of order 2™. Set

w=w(G) =max {i | |Q(G)] = 2%} but [Qu11(G)| # 22+,

In that case, we write R(G) = Q,(G). Then |R(G)| = 22% and G/R(G) is
either cyclic or a 2-group of maximal class (Lemma J(e)). We retain this
notation in what follows.

If w = 0, then either G is cyclic or of maximal class (Lemma J(e)). The
maximal subgroups of such G are known. This allows us, using induction
and Hall’s enumeration principle ([B, Theorem 5.2]; see also (3.1), below), to
prove the following known theorem, and this completes case w = 0.

THEOREM 2.1. Suppose that G is a 2-group of maximal class and order
2" > 23,
A Ifn>m > 2, then cpn(G) = 1.
(a) If G = Dan, then c1(G) =21 +1 and c2(G) = 1.
(b) If G =2 Qan, then c1(G) =1 and c2(G) = 2"2 + 1.
(c) If G =2 SDan, then c1(G) = 2" 2 +1 and c2(G) = 2" 3 + 1.
B. We have s, (G) = 2" 4+ 1 for2 <m < n.

In what follows w = w(G) is a positive integer and G is metacyclic of
order 2™.
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THEOREM 2.2. Suppose that R(G) = G; then |G| = 2" = 22¥. In that
case, G = AB, where A< G and B are cyclic of the same order 2 and
em(G) =3-2m71 for allm € {1,...,w}.

PROOF. Since G is metacyclic, there is a cyclic A< G such that G/A is
cyclic. It follows from exp(G) = 2% and |A| < 2¥ that |G : A] > 2¥ =
exp(G) = 2¥ so |A| = 2¥. If B < G is cyclic such that AB = G, then
|B| = 2%, AN B = {1}, and the first assertion is proven.

Since |Q:(G)| = 22 for all non-negative integers t < w, we get

| (G) — Q1 (G)| 22m —22m =2
am—1 = am—1

em(G) = =3.2m 1

completing the proof. O

In view of Theorem 2.2, we suppose in what follows that Q,,(G) = R(G) <
G. By Theorem 2.2, if m < w, then ¢,,(G) = 3-2m~1. Therefore, in the
following two theorems we assume that m > w.

THEOREM 2.3. Let G/R(G) is nonidentity cyclic and m > w. Then
cm(G) =2%.

Proor. We have
|2:(G)| = 92w+(m—w) _ qutm Q1 (G)] = 92wH(m—1-w) _ gwtm—1
Therefore,

Q9 (G) — Q1 (G)| _ 2vHm —2wim—t
om—1 = om—1 =2 ’

em(G) =
and the proof is complete. O

In what follows we assume that G/R(G) is of maximal class. If L/R(G) <
G/R(G) is cyclic of order 2°, s > 0, then ¢, (L) = 2%, by Theorem 2.3. If
Li/R(G) < G/R(G) is another subgroup of order 2°, then L N Ly has no
cyclic subgroups of order 2@+, If L < G is cyclic of order 2™ > 2%, then
LR(G)/R(G) is cyclic of order 2™~ % since |L N R(G)| = 2*. Therefore, we
get

THEOREM 2.4. Suppose that G/R(G) is a 2-group of maximal class and
m > w. Then ¢m(G) =2Y - cpm—w(G/R(G)).

Since - (G/R(G)) is known (Theorem 2.1A), we completed computing
cm(G) if G/R(G) is of maximal class. Thus, the number c,,(G) is computed
for all metacyclic 2-groups.
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3. THE NUMBER OF SUBGROUPS OF GIVEN ORDER IN A METACYCLIC
2-GROUP

In what follows G is a metacyclic 2-group of order 2" with R(G) > {1}
or, what is the same, w > 1. In this section we compute the number s,,(G) of
subgroups of order 2" in G. We first consider a metacyclic 2-group G = R(G)
(see the second paragraph of §2).

THEOREM 3.1. If G is a metacyclic 2-group such that G = R(G), w > 1
(in that case, |G| = 22%), then
(a) If m < w, then s, (G) =2mT1 — 1.
(b) If1 <t <w, then sy1+(G) = 2wt — 1,

PROOF. It is easily checked that the theorem is true for w = 1 and t = w.
Next we assume that w > 1 and t < w. As in the proof of Theorem 1.2,
formulas (1.1), (1.2) and (1.3) hold. Therefore, in view of Theorem 2.2, it
remains to find the number of noncyclic subgroups of order 2™. If H < G is
noncyclic, then €4 (G) < H so the number of noncyclic subgroups of order 2™
in G equals sp,—2(G/Q(Q)).

(a) Suppose that m < w. In our case, w' = w(G/N(G)) = w — 1,
|G/Q1(G)| =22¥72. We have m—2 < w—1 =w'. Let H < G be of order 2™.
If H is noncyclic, then the number of such H in G equals s,,—2(G/Q1(G)) =
20m=2)+1 _ 1 — 9m=1 _ 1 by induction (see the previous paragraph). If
H < G is cyclic, then the number of such H equals ¢, (€,,(G)) = 3 - 22m~1
(Theorem 2.2) so, by (1.3), we obtain

sm(G)=3-2m"1 p(2mt 1) =2t |

completing the proof of (a).

(b) In what follows we assume that m = w + ¢, where 1 <t < m. Since
exp(G) = 2¥, then exp(G/Q:(G)) = 2¥~ ' If H < G is of order 2V, then
WU (G) < H and |[H/U(GQ)| = 2¥71, and 80 $y4t(G) = sw—t(G/U(Q)). As
we know, R(G/Q(GQ)) = G/U(G); therefore, using the formula from the
previous sentence and (a) for G/Q:(G), we get Sy+t(G) = 8w—t(G/Q(G)) =
2w—t+l _ 1 and the proof is complete. O

It is easy to show that the groups of Theorem 3.1 coincide with metacyclic
2-groups G of order 22* and exponent 2. Indeed, if G is metacyclic of order
22% and exponent 2V, then G is not of maximal class so Q;(G) is abelian of
type (2,2), by Lemma J(e), and now, by induction, |Q;(G/Q1(G))| = 2% for
all i <m — 1, and our claim follows.

It follows that the number s,,(G) of Theorem 3.1 is computed by the
same formulas as in Theorem 1.2. But 2-groups of these two theorems do not
coincide.

A group G = AB of Theorem 3.1 has a noncyclic center. This is a case
if one of subgroups A, B, say A, is normal in G since Q;(A) < Z(G) and, in
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view of |Aut(A)| = 2™, Q;(B) centralizes A so contained in Z(G). Now
suppose that A and B are not normal in G. Then there exists x € G—Ng(A)
such that A® # A. By Ore, AA” # G so AN A* > Qy(A) > {1} for all
r € G, by the product formula. It follows that Ag = [),co A* > {1} so
Z(G) > Q1 (A) > {1}. Similarly, Z(G) > Q;(B) > {1}, and our claim follows
since Q1 (A) x Q1(B) < Z(G) is noncyclic.

Suppose that a metacyclic 2-group G is such that G/R(G) is nonidentity
cyclic and R(G) > {1}. We claim that then G = AB, where A, B < G are
cyclic and AN B = {1}. Indeed, suppose that exp(G) = 2¢ and, as above,
exp(R(G)) = p¥; then w < e. Let A < G be cyclic of order 2¢; then AN R(G)
is cyclic of order 2¥. By Theorem 2.2, we have R(G) = (AN R(G))B, where
B < R(G) is cyclic of order 2% and (AN R(G)) N B = {1}. It follows that
AN B = {1} so AB = G, by the product formula.

Let I'y = {A,B,C} be the set of maximal subgroups of a noncyclic
metacyclic 2-group G. Then, supposing 2™ < |G|, we have, by Hall’s
enumeration principle (see [B, Theorem 5.2]),

(3.1) $m(G) = 8m(A) + 8m(B) + 3 (C) — 28, (2(G)),

where ®(G)(= AN BNC) is the Frattini subgroup of G (note that equality
(3.1) is easily proved without enumeration principle). If 2”2 = |G| = 2" and
G has no cyclic subgroup of index 2, then, by (3.1)

sm(G) =sp_o(G)=3-3-2-1=7=2%—-1=2%43,

(we shall use freely this fact in what follows). Next we retain the notation
introduced in this paragraph.

Now we compute s,,(G) for the case where G/R(G) is nonidentity cyclic.
The following lemmas will help us to state the inductive hypothesis. If m < w,
then 8,,(G) = s, (R(G)), and this number is computed in Theorem 3.1(a).
Therefore, in what follows we consider case m > w only.

LEMMA 3.2. Suppose that G is a metacyclic 2-group such that |G/R(G)| =
2. [f 1 S t S w + 1; then Sw+t(G) = 2w_t+2 — 1.

PRrROOF. If t = w + 1, then w +t = 2w + 1 = n, where 2" = |G|; then
Swit(G) =5, (G) =1 =2v"(wHD+2 _1 a5 in the statement. Next we assume
that t < w + 1. We have exp(G) = 2¥*L. If w = 1, then t = 1, G is abelian
of type (4,2) (indeed, if G is nonabelian of order 8, then |21 (G)| # 4), and so

Swit(G) =s2(G) =3=22 -1 =212

as in the statement. Next we also assume that w > 1.

In view of Theorem 3.1, s,,1+(R(G)) = 2*~t*1 — 1 so it suffices to find
the number of subgroups H < G of order 2“** such that H £ R(G). Let H
be such a subgroup; then exp(H) = 2! = exp(G).
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If H is cyclic, then m = w + 1 so t = 1, hence the number of such H is
equal to ¢,y41(G) = 2% (Theorem 2.3), and we get

Sw+1(G) = suwr1(R(G)) + cwpr (G) = 2V = 1) +2¥ =29 — 1,

completing this case. Next we assume that |H| = 2(# 1)+ where 0 < t < w.
In that case, H is noncyclic and (G) < H.

Suppose that H £ R(G). Since exp(H) = 2%l = exp(G), then
H/Q:(G) is of order 2wHtHl=2t — gw=it+l and exponent 2¥~*+!1 hence
H/Q(G) is cyclic. We have w(G/Q(G)) = w — t. The number of such
H equals cy—t1+1(G/%(G)) = 2~ (Theorem 2.3). Since sy+14¢(R(G)) =
gw=(t+1)+1 1 = 2w=t _ 1 (Theorem 3.1(b)), we obtain

Switr1(G) =2Vt (2wt — 1) = 2wt 1,

Replacing ¢t + 1 by t in the last equality, we get s,,4+(G) = 2¥7t+2 — 1, as
required. O

LEMMA 3.3. Suppose that a metacyclic 2-group G is such that G/R(G)
is cyclic of order 4.
(a) swi1(G) =2vF —1.
(b) If2 <t <w+2, then sy¢(G) = 2¢ 13 — 1.

PROOF. (a) By Lemma 3.2,
Sw+1(G) == Sw+1(Qw+1(G)) = 2’11)—1-‘,—2 — 1= 2’u)+1 _ 17

and (a) is proven.

(b) If t = w + 2, then 2°T" = |G| 50 Syiwi2)(G) = sn(G) = 1 =
u—(wA2)43 1 If t = w + 1, then 5,14(G) = s, 1(G) = 3 =22 -1 =
gw—(w+D)+3 _ 1. Next we assume that t < w + 1. If w = 1, then |G| = 2*
has cyclic subgroup of index 2, ¢t = 2 (by hypothesis), s14+(G) = s3(G) =3 =
22 — 1 = 2123 _ 1 and this coincides with the required result. Next we
assume that w > 1.

Set U = Quy1(G); then |U : R(G)| = 2 = |G : U|. Since sy4++(U) =
2w=t+2 1 (Lemma 3.2), it suffices to compute the number of H < G of order
2wt such that H £ U. Let H be such a subgroup. Then exp(H) = 2¥+2 =
exp(G). If H is cyclic, then |H| = 2**2 (in that case, t = 2), and so the
number of such H equals ¢y,42(G) = 2% (Theorem 2.3), and we get

Sut2(G) = Cuya(G) Fsu42(U) = 29+ (20722 1) = 291 -1 = 207243

and this coincides with the required result for ¢t = 2 (note that if ¢t = 2 and
H £ U, then H is cyclic).

Now let |H| = 2w*+2+ where 0 < t < w. Then H is noncyclic
of exponent 2¥T2 = exp(G), % (G) < H and H/Q(G) is cyclic of order
lwtt+2)=2t — gu—t+2 (cyclic since |H/Q:(G)| = exp(H/Q:(G)). Since
exp(R(G/%(GQ)) = 2¥~*, the number of such H equals c,—t12(G/Qu(G)) =
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2v=t (Theorem 2.3). Since S,i442(U) = 20~ +2 1 — guw=t _ |
(Lemma 3.2), we get

Switre(G) =2Y"F (27— 1) = 2wt 1.

Replacing in the last equality ¢ + 2 by ¢, we get s,,4+(G) = 2~ — 1, and
the proof is complete. O

LEMMA 3.4. Suppose that G is a metacyclic 2-group such that G/R(QG)
is cyclic of order 23, w > 0.
(a) Ift =1, then s,11(G) = 2+ — 1.
(b) Ift =2, then sy 42(G) = 2@t — 1.
(c) If 3 <t <w+3, then s,14(G) = 2v 71+ — 1.

PRrROOF. (a) and (b) follow from Lemmas 3.2 and 3.3, respectively. Indeed,
if t =1, then, by Lemma 3.2,

Swt1(G) = Swi1(Qui1(G)) =297 112 1 = 2wl 1,
Now let t = 2. Then, by Lemma 3.3,
Swi2(G) = Swia(Quia(G)) =223 1 =2wtl 1,

Next we assume that 3 <t < w + 3.

(c) One may assume that ¢t < w + 3. If w = 1, then ¢ = 3, by hypothesis,
G has a cyclic subgroup of index 2 so s143(G) = 3 = 21734 — 1. Set U =
Qui2(G).

Let H < G be of order 2¥*3. Since s,,43(U) = 273+ — 1 = 2% — 1
(Lemma 3.3), it suffices to count the number of H such that H € U. In this
case, exp(H) = 2%*3 so H is cyclic; then the number of such H is equal to
Cw+3(G) = 2% (Theorem 2.3). We get

Swis(G) =2+ (2¥ - 1) = gw+l _ | _ gw—3+4 _ 1,

and this coincides with the required result for ¢t = 3.

Now suppose that H < G be of order 2¥*3+ where 0 < t < w, H £
U. Then Q(G) < H, H/Q:(G) is cyclic of order 2*~t*3. The number of
such H equals cy,_1+3(G/Qu(G)) = 2¥~" since exp(R(G/%(G))) = 2wt
(Theorem 2.3). All such H are not contained in U = ;12(G) since exp(H) =
w3 > 2wt — oxp(U). Since syyz4(U) = 2w 43 1 — guw=t
(Lemma 3.3), we get

Swisrt(G) =2Vt (2wt — 1) = 2wt 1,

Replacing in the last equality t + 3 by ¢, we get s,+(G) = 2w~ — 1,
completing the proof. O

The proofs of the previous three lemmas are similar. Our goal there was to
state inductive hypothesis and show as to attain this. In any case, Lemma 3.2
must be proved (it is the basis of induction). Now we are ready to prove the
following
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THEOREM 3.5. Suppose that G is a metacyclic 2-group of order 2™ such
that w > 1 and G/R(G) is cyclic of order 2° (in this case, n = 2w + ¢).
(a) If 1 <t < e, then syt(G) =2+ — 1,
(b) Ifc <t <w+c, then sy4(G) = 2w—tHerl 1,

PROOF. We proceed by induction on c.

(i) First we prove (b): as we shall see, (a) follows from (b). Thus, t > c.
As in three previous lemmas, one may assume that ¢ < w4+ c¢. Set U =
Quc—1(G); then exp(U) = 2v e~ = Lexp(G), |G : U| = 2 and U/R(U) =
UR(G)/R(G) is cyclic of order 2671 > 1.

The theorem holds for ¢ = 1,2,3 (Lemmas 3.2-3.4) so one may assume
that ¢ > 3. We have exp(G) = 2%*¢. By induction,

Sw-‘,—t(U) — 21U7t+(671)+1 _ 1 — 2w7t+c _ 1

since

t>c—1=1ogy,(|[UR(G)/R(G)|).
Therefore, it suffices to find the number of those H < G of order 2¥* that
are not contained in U. All such H have the same exponent 2“%¢ = exp(G).
If such H is cyclic, then |H| = 2%*¢ (in this case, t = ¢), and the number of
such H in G is equal to ¢y1c(G) = 2% (Theorem 2.3). Therefore, we get

Sw+C(G) = Cw-‘rc(G) + Sw+c(U) =2¥ + (2w—0+c —1) = quwtl _ 1,

and this coincides with the required result for t = c.

Next we assume that |H| = 2(¥+9+ where 0 < ¢t < w. Then Q(G) <
H and H/Q(G) is of order 2wTett=2t — gw=t+¢ — oxp(H/Q4(G)) hence
H/Q(G) is cyclic. We have

Sw+c+t(U) _ 2w—(c+t)+(c—1)+1 1= Qw_t . 1’

by induction. Since R(G/Q:(G)) = R(G)/Q%(G) and exp(R(G/U(G))) =
2wt the number of such H equals ¢y—_t4.(G/Q(G)) = 2@~ (Theorem 2.3).
Therefore,

Swrert(G) =297 4 (2vTF 1) = 2wt 1,
Replacing in the displayed formula t + ¢ by t, we get s, = 2@~ iHett — 1,
and the proof of (b) is complete.

(ii) Tt remains to prove (a); then t < ¢. In this case, H < V = Qyu4+(G).
The subgroup V/R(G) is cyclic of order 2¢. By part (b), applied to V, we get
Swie(V) = 2wt 1 = 2w+l 1 Since 84,1¢(G) = sw4¢(V), the proof of
(a) is complete. O

To complete computation of s, (G), it remains to consider the case where
G/R(G) is of maximal class. There are three infinite series of 2-groups of
maximal class and order 2¢, unless ¢ = 3 (see Lemma J(d)). Note that all
these 2-groups contain a cyclic subgroup of index 2 ([B, Theorem 1.2]). In the
notation of (3.1) (namely, I'y = {A, B,C} is the set of maximal subgroups
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of G), we assume in the sequel that C'/R(G) is cyclic. These three cases
will be covered in Theorems 3.9, 3.11 and 3.12 and supplements to them.
In those theorems we consider case w > 1, ¢ > ¢ — 1. In supplements we
consider cases w = 1 and t = 1 separately. In the case under consideration,
R(G) < ®(G) since d(G/R(G)) = 2 = d(G), where d(G) is the minimal
number of generators of G.

The following two lemmas are induction bases for Theorems 3.9 and 3.11,
respectively.

LEMMA 3.6. Let G be a metacyclic 2-group of order 2" such that
G/RG) = Qs andw+t>w>1. 1 <t<w+3 (thenn=2w+3).
(a) Ift =1, then sy41(G) = 2v T — 1.
(b) If2 <t <w+ 3, then s,1¢(G) = 2v 14 — 1.

PROOF. If t = w + 3, then w +t = n 50 5,1¢(G) = 1 = 2w~ (W) +4 _ 1
asin (b). Ift = w+2, then w+t =n—150 5,44(G) =3 =22-1=
2w—(w+2)+4 _ 1 asin (b). In what follows we assume that ¢ < w + 2.

We have R(A) = R(B) = R(C) = R(®(G)) = R(G) and the
quotient groups A/R(G), B/R(G) and C/R(G) are cyclic of order 4,
B(G)/R(B(G))] = 2.

If t =1, then, by Lemma 3.2,

Swt1(G) = 8w+1(Quw+1(G)) = sw1(2(G)) = P AR B

and the proof of (a) is complete.
Now let ¢ > 1. Then

Sw+t(A) = Sw+t(B) = Sw+t(C) = 2w—t+3 -1 (Lemma 33),
Swit(P(G)) = 2¥72 — 1 (Lemma 3.2)

so, by (3.1),
Swpt(G) =3 (23 —1) —2. (U2 _ 1) = gw-ttd
and the proof is complete. 0

LEMMA 3.7. Suppose that G is a metacyclic 2-group of order 2™ such that
G/R(G)=Dg andw+t>w>1,1<t<w+3.
(a) Ift =1, then sp41(G) =2wH3 —2wtl 1 =3. 2w+l 1,
(b) Ift > 1, then s, 4(G) = 2@ 14 — 1.
PROOF. In the notation of identity (3.1), we have
R(A)=A, R(B)=B, w(A)=w(B)=w+1,
R(C) = R(®(G)) = R(G), w(C)=w(®(G)) =w.
If t = w+ 3, then w+t = n, and, as in the previous lemma, we have
Swit(G) =1 =2v=(wtd)+4 1 asin (b). If t = w + 2, then

Swit(G) =3=22 -1 =2w-(wi+d _
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as in (b). Next we assume that ¢ < w + 2.
For t =1, we have

Swi1(A) = syy1(B) =20V 1 — 9v+2 _ 1 (Theorem 3.1(a)),
Sw1(C) = 80+1(Quwt1(C)) = 8011 ((G)) = 29712 -1 =2v+ —1
(Lemma 3.2), so that, by (3.1),
Swi1(G)=2- (22 — 1)+ (¥t —1) —2(2¥™ —1)=3.2vFt —1,

as in (a).
Ift > 1, then w+t=(w+1)+ (¢t — 1) so that

Swit(A) = sppe(B) = 2wHD=E=D+L 3 — gw=t+3 _ 1 (Theorem 3.1(b)) ,
Swit(C) =2V — 1 (Lemma 3.3), s,44(®(G)) =2¥ "2 — 1 (Lemma 3.2)
so that, by (3.1),

Swit(G) = 3(2W 718 — 1) — 22w T2 1) = 2wttt
completing the proof. O

LEMMA 3.8. Let G be a metacyclic 2-group of order 2" such that
G/R(G) 2 Qoi,w>1and1 <t <w+4. Then

(a) swi1(G) = 2w+ —1.
(b) If2 <t <w+4, then s,4(G) = 2v 715 — 1.

PROOF. If t = w + 4, then s, 4 (v44)(G) =s,(G) =1 = Qu—(w+d)+5 _ 1
as in (b). If t = w + 3, then S, 4 (wi3)(G) =3 =22 — 1 =2w-(WI+5 _ 1 a9
in (b). If t = 1, then

Swi1(G) = w1 (Quy1(G)) = 29712 — 1 = 2%+ _ 1 (Lemma 3.2),

as in (a).
We have w(M) = w for M € {A, B,C,®(G)}.
Now let t = 2. Then, by Lemmas 3.6, 3.4, 3.3, respectively, we have

Swi2(A) = syyo(B) =2v 72T 1 = 2w 2 1,
Swi2(C) =292 1 =292 1 5, H(®(G)) =223 —1=2wFl 1,
Therefore, by (3.1), we get
Swia = 3292 —1) —2(2v ! —1) = 2w 3 1,

as in (b) for ¢ = 2. Next we assume that 2 < t < w + 3.
By Lemma 3.6, Theorem 3.5 and identity (3.1),

S’w—‘,—t(G) — 2(2w—t+4 _ 1) + (2w—t+4 _ 1) _ 2(2w—t+3 _ 1) — 2'w—t+5 _ 1,
and the proof is complete. 0

Now we are ready to prove the following
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THEOREM 3.9. Let G be a metacyclic 2-group such that G/R(G) = Qac
andw+t>w>1, c— 1<t <w+c. Then sy(G) =2w—tHetl 1,

PrROOF. We use induction on c¢. The theorem is true for ¢ = 3,4
(Lemmas 3.6, 3.8) and ¢ € {w + ¢ — 1,w + ¢} (direct checking; see Lemma
3.8). Next assume that ¢ > 4 and t < w+c—1. Asin Lemma 3.8, w(M) = w
for M € {A,B,C,®(G)}. We have

A/R(G) 2 Qqe-1 2 B/R(G), C/R(G) = Cye-1, ®(G)/R(G) =2 Cyge-2.
Then, by induction, s,4+(A) = sy4:(B) = 2w~t*¢ — 1. By Theorem 3.5,
Swt(C) =297 — 1, 5, 14(®(GQ)) = 2w~tTe=1 — 1. Therefore, by (3.1),

Sw-‘,—t(G) — 3(2w—t+c _ 1) _ 2(2w—t+c—1 _ 1) _ 2w—t+c+1 _ 17
and the proof is complete. 0

There is no problem to compute s,,4+(G) for t < ¢—1. Our method works
also in this case.

Now suppose that w = 1 and G/R(G) is of maximal class and order
2¢. Taking into account that C' and ®(G) have cyclic subgroups of index
2, cl(C) < 2 and ®(G) is abelian (indeed, Co(R(G)) > ®(G)), we obtain
$14+¢(C) = s144(P(G)) = 3. Therefore, by (3.1), we get
(32) s14¢(G) = s144(A) + s144(B) — 3.

SUPPLEMENT 1 TO THEOREM 3.9. Let G/R(G) = Qae, w = 1, |G| =
2n =22+ 1 <t <c. Then

(a) s2(G) =3 (in this case, t = 1).
(b) If 1 <t <c, then s144(G) = 217tF¢ 43,

PROOF. One may assume that 1 +¢ < n — 2 (= ¢) (we have s,,_2(G) =
22 43 =271 3 wheret =n—3 and ¢ = n — 2; see the displayed formula
following (3.1)). If ¢ = 1, then s141(G) = s2(Q2(G)) = s2(P(G)) = 3 since
02(Q) is abelian of type (4,2). Next we also assume that ¢t > 1. By the same
displayed formula following (2,1), if ¢ = 3 and t = 2, then s3(G) = 22 +3 =
91-243 4 3.

If ¢ = 4, then t = 2 (by assumption, ¢ < ¢) so, by (3.2) and the previous
paragraph,

s142(G) =222 +3) —3=2%+3 =272 1 3

If ¢ = 5, then t € {2, 3} so, by (3.2),

s142(G) =2(2° +3) =3 =2% +3=21"2"° 1 3, by the previous paragraph,

s143(G) =2-(224+3) =3 =23 +3 =2""3"° 1 3 by the first paragraph.
If c = 6, then ¢t € {2,3,4}. We have, by (3.2) and the previous paragraphs,
s112(G) =2(2443) —3=2°+3=21"276 1 3,
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s113(G) =2(2° +3) -3 =2 +3=21"310 1. 3
$144(G) =2-(2243) —3=23+3=2""%6 1 3
Now let |G/R(G)| = 2%t € {2,...,c—1}, ¢ > 3. We claim that s14,(G) =
21—t+¢ 1 3. We prove this by induction on c¢. By the above, this is true for
¢ =3,4,5,6 so one may assume that ¢ > 6. By induction and (3.2), we have

s144(G) =202 77 4 3) — 3 =217 43,
and we are done. O
We see that cases w = 1 and w > 1 are differed essentially.

SUPPLEMENT 2 TO THEOREM 3.9. Let G/R(G) = Qae, w > 1 and t =
1. Then sy1(G) = 2wt — 1.

PROOF. For arbitrary ¢ > 3, we have, by Lemma 3.2,
Sw+1(G) == Sw+1(Qw+1(G)) = 2’11)—1-‘,—2 — 1= 2’u)+1 _ 17
as required. 0

LEMMA 3.10. Let G be a metacyclic 2-group such that G/R(G) = Do,
w>1and 3 <t <w+3. Then sy, +(G) =2wtH5 1 = gw—t+0+1) _

PRrROOF. It follows from the structure of maximal subgroups of G that
w(M) =w for M € {A,B,C,®(G)}. By Lemmas 3.7, 3.3 and (3.1), we have

Swit(G) =229 — 1) 4 2V — 1) — 22V — 1) = 2w — 1,
and we are done. O
Now we are ready to prove the following

THEOREM 3.11. Let G be a metacyclic 2-group such that G/R(G) = Dae,
wHt>w>1,c—1<t<w+c—1. Then s, ¢(G) = 2w~ trett 1,

PROOF. We proceed by induction on ¢. The theorem holds for ¢ = 3,4
(Lemmas 3.7 and 3.10). So one may assume that ¢ > 4. As above, w(M) = w
for M € {A,B,C,®(G)}. Indeed, since ¢ > 4, subgroups A/R(G) and
B/R(G) have no normal abelian subgroups of type (2,2). By induction,
Theorem 3.5 and (3.1), we have

Sw-‘,—t(G) — 2(2w—t+c _ 1) T (2w—t+c _ 1) _ 2(2w—t+c—1 _ 1) —_ 2w—t+c+1 _ 1,
completing the proof. O
Now we consider case G/R(G) = Dac, w = 1. As above, let |G| = 2™.

SUPPLEMENT 1 TO THEOREM 3.11. Let G/R(G) = Dae, w =1 (so that
n=c+2),1<t<c Thensii(G)=2"""c4+31

f t = ¢, then s14(G) = |T'1| = 3.
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PROOF. By the paragraph containing (3.1), we have s,,_o(G) =22+ 3 =
21-(n=3)+n=24 3 (here t = n—3 and ¢ = n—2), as in the statement. Therefore,
one may assume in the sequel that t <n—-3=(c+2)—-3=c—1.

Let t = 1. If H < G is of order 4 and H # R(G), then HR(G) of order 8
contains exactly two # R(G) subgroups of order 4 since HR(G) is abelian of
type (p?,p), by Lemma J(b). Since s1(G/R(G)) = 2°71 + 1, we get

s101(G) =14+2(27 +1) =20+ 3=21"1c 1 3,
as in the statement. In what follows we assume that ¢ > 1; then ¢ > 3.
Let ¢ = 4. Then t = 2. Using (3.2), we obtain
s142(G)=2-(22+3)—-3=23+3=21"2"1 1 3
by the displayed formula following (3.1).
Let ¢ = 5. Then ¢ € {2,3} and
s142(G) =2(2° +3) —3=2"4+3=21"275 1 3

$113(G)=2-(22+3)-3=22+3=2"3%5 13
(the first equality follows from the previous paragraph and the second one
follows from the formula following (3.1)).
Now we will prove by induction on ¢ that s1.4(G) = 2!7t7¢ + 3. This is
true for ¢ = 3,4,5 and ¢t = 1. By induction, Theorem 3.5 and (3.2), we get
s144(G) = 20277 £ 3) —3 =217 43,
as required. O

SUPPLEMENT 2 TO THEOREM 3.11. Let G/R(G) = Dye, w > 1. Then
Swi1(G) = 2wteml powtl

ProoF. Let
X1/R(G), ..., X9c-1/R(G), Xoe-1,1/R(G) = Z(G/R(QG))

be all subgroups of order 2 in G/R(G). Then R(X;) = R(G), sy+1(X;) =
2w=1+2 1 = 2wl 1 for all i (Lemma 3.2) and s,,+1(R(G)) =2v~ 1Tl -1 =
2% — 1 (Theorem 3.1(b)). We have X; N X; = R(G) for i # j and, given
H < G of order 2* T not contained in R(G), there is exactly one i < 2¢71 +1
such that H < X;(= HR(G)). Therefore,

2¢7141
Sw+1(G) = Z Sw+1(Xi) - 20_1Sw+1(R(G))

=1
— (2(;71 + 1)(2w+1 _ 1) _ 2(;71(2’UJ _ 1) — 2’u}+671 + 2w+1 _ 1

and the proof is complete.? 0

)

2Tt is easy to check that, for ¢ = 3, the obtained result coincides with Lemma 3.7(a).
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SUPPLEMENT 3 TO THEOREM 3.11. Let G be a metacyclic 2-group such
that G/R(G) 2 Dac, w > 1 and t = 2. Then s,12(G) = 2wHe=2 4 2wtl 1,

PROOF. Suppose that X;/R(G),..., Xoc—2/R(G) < G/R(G) are abelian
of type (2,2) and Xsc-241/R(G) = Y/R(G) < G/R(G) cyclic of order 4. We
have X; N X; = Q,11(Y) for i # j. Given H < G of order 2¥*2 there is
i€{l,...,2°2 + 1} such that H < X; since |[H N R(G)| > 2¥. Therefore,

2°72 41
(3.3) swi2(G) = Y suya(Xi) =277 sup2(Quia (V).

i=1
We have R(X;) = X; fori < 2°72 and R(Y) = R(G). By Theorem 3.1(b),
Swi2(Xi) = S(urnyp1(X) = 200D —guwtl gy < 9e2)
and, by Lemmas 3.3, 3.2, respectively (recall that ¥ = Xoc—2, ),
Swi2(Y) =2Y7213 1 =29 T 1 g, 10(Quy1 (V) =292 -1 =2v — 1.
Therefore, we get, by (3.3),
Swi2(G) =272 (29T — 1) (2vH —1) -2 (¥ —1) = 2w Fe R vt
and the proof is complete. 0
Note that cases t = 3,...,c — 2 of Supplement 3 are more difficult and,
to treating them, one has to use the enumeration principle and induction on
c for each value of t.

The cases G/R(G) € {Qac,SDac}, w > 1 and ¢ = 2, are considered
similarly.

THEOREM 3.12. Let G be a metacyclic 2-group such that G/R(G) = SDac
andw+t>w>1,c—1<t<w+c—1. Then sy4(G) = 2w tretl 1.

PROOF. It is easily seen that the theorem holds for t € {w+c—1,w+c}.
Next we assume that t <w +c— 1.
By Theorems 3.5, 3.9, 3.11 and (3.1), we have

S’w—‘,—t(G) — 3(2w—t+c _ 1) _ 2(2w—t+c—1 _ 1) — 2w—t+c+1 _ 1, t> 1,
and the proof is complete. O

SUPPLEMENT 1 TO THEOREM 3.12. Let G/R(G) = SDge, w = 1 and
t>1. Then
(a) Ift =1, then s141(GQ) = s2(G) = 271 + 3.
(b) If1 <t<c—1, then s144(G) = 217F¢ 4 3.

Proor. If t = ¢ — 1, the result follows from the displayed formula
following (3.1). Now let ¢t < ¢ — 1.
By Supplements 1 to Theorems 3.9 and 3.11 and (3.2),

5141(G) =2(G) =3+ (217171 +3) —3 =27 43,
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s14(G) =202 el 13y —3=21""" 1 3for 1 <t <c,
completing the proof. O

SUPPLEMENT 2 TO THEOREM 3.12. Let G/R(G) = SDge, w > 1. Then
Swi1(G) = 2wHe=2 gwtl .

PRrROOF. We have

(3-4) Swt1(G) = Swt1(4) +5w41(B) + 8uw11(C) = 25w 1(B(G)).

Let {A/R(G), B/R(G)} = {Dge-1,Qqc—1}. By Supplements 2 to Theorems
3.11, 3.9 and Theorem 3.5(b), we have

Swi1(A) = 2wtem2powtl g g 1 (B) =2 — 1, 5,41(C)
= su41(®(Q)) =2 1.
Substituting these results in (3.4), we get

Swi1(G) = (22 42wl 1) 4 (2wt — 1) 4 (2wt — 1) —2(2v T — 1)
2w+c72 + 2w+1 o 1

)

as was to be shown. O

The lower restrictions for ¢ in Theorems 3.9, 3.11 and 3.12 are made
by technical causes (otherwise, statements of these theorems would be more
complicated). However, if necessary, it is not difficult, using the above
approach, consider cases t € {2,...,¢c— 2}.

It is known that if G is a noncyclic p-group of order p™ such that s (G) = 1
forsome k € {1,...,n—1}, then k = 1, p = 2 and G is a generalized quaternion
group. By Sylow’s theorem, si(G) =1 (mod p) for the same k. It follows that
if G is neither cyclic nor generalized quaternion and k < n, then si(G) > 1+p.
Therefore, it is natural to classify the noncyclic p-groups G of order p™ > p3
satisfying si(G) = 1+ p for some fixed k € {2,...,n —2} (5,—1(G) =1+p if
and only if d(G) = 2).

PROPOSITION 3.13. Suppose that G is a group of order p™ > p* satisfying
sk(G) = 1+ p for some fized k € {2,...,n —2}. Then one of the following
holds:

(a) G is abelian of type (p

(b) G = Mn.

(c)p=2,k=2and G={(a,b|a
a~1t) is metacyclic.

n—1

,D)-

27L72 27L73

=1,n>4a = =1a" =

PrOOF. By Theorem 2.1, G is not a 2-group of maximal class. Then G
has a normal abelian subgroup R of type (p,p) (Lemma J(e)).

(i) Let k = 2. Assume that E < G is of order p* and exponent p; then E
is nonabelian. It follows that all subgroups of G of order p? are contained in
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E; then exp(G) = p so s2(G) = 1+ p + 2p? (mod p?) ([B, Theorem 5.9]), a
contradiction. Thus, E does not exist.

Assume that G/R has two distinct subgroups X/R and Y/R of order p.
Then X and Y contain together at least so(X) +s2(Y) —1=2p+1>p+1
distinct subgroups of order p?, a contradiction. Thus, G/R is either cyclic
or generalized quaternion. In the first case, G is one of groups (a), (b).
If G/R is generalized quaternion, then |Q2(G)| = 22 so G is as in (c), by
[B, Lemma 42.1(c)].

(ii) Suppose that k > 2. Then, as in (i), G/R contains exactly one (proper
since k < n — 1) subgroup of order p*~!. In this case, G/R is cyclic. The
subgroup Cg(R) is abelian with cyclic subgroup of index p and |G : Cg(R)| <
p. Then ©1(G) = R so G is as in (a) or in (b). O

Now let s1(G) =14 p. If p > 2, then G is either metacyclic or a 3-group
of maximal class ([B, Theorems 12.1(b), 9.8(a) and 7.2(d)]). Such G is also
described very well for p = 2, see [BJ, §82].

PROPOSITION 3.14. Let M be a metacyclic p-group and G a p-group of
order p™ > p3, p > 2. If s2(G) = so(M), then one of the following holds:

(a) G is metacyclic.

(b) G = EC, where E = Q1(G) is nonabelian of order p3 and exponent p
and C' is cyclic of order > p.

(c) G is of mazimal class and order p*, all mazimal subgroups of G are
two-generator.

PROOF. One may assume that M is noncyclic; then G is also noncyclic.
We have s3(G) = s2(M) = {1+ p,1 + p+ p?} (Theorem 1.2). Assume that
G is nonmetacyclic. Then s3(G) = 1+ p + p?, by Proposition 3.13, and so
02(@) is nonmetacyclic ([B, Remark 41.2]).

(i) Assume that G has a subgroup E of order p* and exponent p. Then
s2(E) = 1+ p+ 2p* + sp? for some nonnegative integer ([B, Theorem 5.9]) so
s2(E) > 1+ p+ p? = s2(G), a contradiction.

(ii) Assume that G has an elementary abelian subgroup E of order p.
Then so(E) = 1+ p + p?, so, by the first paragraph, all subgroups of G of
order p? are contained in E. It follows that exp(G) = p, and so, by (i), G = E
is of order p?, contrary to the hypothesis.

(iii) Tt follows from (ii) that either G is a 3-group of maximal class or
G = EC, where E = Q;(G) is nonabelian of order p* and exponent p and C
is cyclic ([BJ, Theorem 69.4]). The group G = EC satisfies the hypothesis
(note that one of such groups is of maximal class; then its order is equal to
pY).

Suppose that G is a 3-group of maximal class and order > 3%. Let G; be
the fundamental subgroup of G (see [B, §9]); then G is metacyclic without
cyclic subgroup of index 3 ([B, §9]) so that s3(G1) = 1+ 3 + 3% = s3(M) =
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s2(G). Tt follows that all subgroups of G of order 32 are contained in Gy so
that Q2(G) < G;1. However (see [B, Proposition 13.14(b)]), 22(G) = G > G,
and this is a contradiction. Thus, if G is a 3-group of maximal class, then
n = 4. By (ii), G has no subgroup of type (3,3, 3), and this holds if and only
if G is not isomorphic to a Sylow 3-subgroup of the symmetric group of degree
9. O

4. METACYCLIC p-GROUPS WITH SMALL MINIMAL NONABELIAN SUBGROUPS
OR SECTIONS

In the following four paragraphs G is a nonabelian metacyclic p-group.

If G, p > 2, has a proper subgroup H = (a,b | a?’ =P’ = 1, a® = a'*P),
then |G : H| = p. Indeed, setting L = (b*) and C' = Cg(L), we see that
|G : C| < pand H/L < C/L is nonabelian of order p. By Lemma J(b),
C/L = H/L so that C = H. Since C = H < G, we get |G : H| = p, as
asserted.

If p>2 {1} < LaM < G and M/L is nonabelian of order p?, then
INg(M) : M| = p. Indeed, since M/Uy(M) is of exponent p? and Ua(M),
being characteristic in M, is normal in Ng (M), the claim follows from the
previous paragraph.

Let us prove that if every minimal nonabelian subgroup of G has a cyclic
subgroup of index p, then G has an abelian subgroup of index p. One may
assume that G is not a 2-group of maximal class; then there is in G a normal
abelian subgroup R of type (p,p) and R £ Z(G). Also, G has no nonabelian
subgroup of order p* (Lemma J(b)). Set C = Cg(R); then |G : C| = p.
Assume that C' is nonabelian. Then C' contains a minimal nonabelian
subgroup A. Since Q1 (G) < Z(C), it follows that Q4 (G) = Q1(A4) < Z(A) so
AJZ(A) is cyclic, a contradiction since A is nonabelian.

If every minimal nonabelian subgroup of G has no cyclic subgroup of
index p, then Q1(G) < Z(G). Indeed, if A < G is minimal nonabelian, then
01(G) = M (A) < Z(A) (Lemma J(b) and [BJ, Lemma 65.1]). Since G is
generated by minimal nonabelian subgroups ([B, Theorem 10.28]), our claim
follows.

Below G is a metacyclic 2-group. If G = R(G), then R(U1(G)) = U1(G).
We use this obvious fact in the proof of the following theorem.

THEOREM 4.1. Suppose that a metacyclic 2-group has a nonabelian
section of order 8. If G is not of mazximal class, then

(a) There is R< G such that G/R = Qg. Next, G/G' is abelian of type
(4,2) and there is a cyclic C <G such that G/C' is cyclic of order 4.

(b) U1(G) has no nonabelian section of order 8.

PROOF. (a) First we prove the existence of R such that G/ R is nonabelian
of order 8. We use induction on |G|. Let L <M < G be such that M/L is
nonabelian of order 8. One may assume that M < G (otherwise, we are done
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with R =L). Let M < H € T';. Then, by induction, there is S < H such that
H/S is nonabelian of order 8. By Lemma J(c), S is characteristic in H so
normal in G. By Lemma J(b), G/S is of maximal class. Let R/S = Z(G/S);
then G/R is nonabelian of order 8, as was to be shown.

Now let M = G. We claim that then G/U2(G) = Hs. Clearly, U2(G) < L.
If U3(G) = L, then |G : G'| = 4 so G is of maximal class, by Taussky’s
theorem, a contradiction. Thus, |G/U2(G)| = 2%, and G/U3(G) = Ha, by
Lemma J(a).

Since G is not of maximal class, |G : G'| > 4. By hypothesis, G has no
cyclic subgroup of index 2. It follows that Us(G) < R, where R is as in the
first paragraph of the proof. Then G/U2(G) = Ho (Lemma J(a)). It follows
that U2(G) < G’ so that G/G' is abelian of type (4, 2). Since G is metacyclic,
there is a cyclic C<G such that G/C is cyclic. Since G’ < C, we conclude that
G/C is of order 4. Since G/U2(G) = H, has an epimorphic image isomorphic
to Qs, the proof of (a) is complete.

(b) Assume that U;(G) = ®(G) has a nonabelian section of order 8. Then,
by (a), there is S < U1(G) such that U1(G)/S is nonabelian of order 8. By
Lemma J(c), S is characteristic in U1 (G) so normal in G. By Lemma J(b),
G/S is of maximal class (of order 2°). It follows that U;(G/S) = U1(G)/S
is cyclic of order 8, a contradiction since, by (a), U1(G)/U1(G)’ is abelian of
type (4,2). O

Suppose that a metacyclic p-group G has a proper normal nonabelian
subgroup H of order p* and exponent p?. Let L < Q;(H) be of order p,
L # H'; then C = Cg(L) has index < p in G and C = G provided p = 2.
Since H/L < C/L is nonabelian of order p®, C = H for p > 2 and G/L is of
maximal class if p = 2. In addition, G/G’ is abelian of type (p?, p).

PROBLEMS

1. Study the metacyclic p-groups, p > 2, possessing a nonabelian section
of order p? (see Theorem 4.1).

2. Find the number of subgroups of given order in nonmetacyclic minimal
nonabelian p-group.

3. Let G be an abelian group of type (p®,...,p* ). Find the types of all
maximal subgroups of G counting multiplicities.

4. Find the number of subgroups of given order in abelian p-group of rank
3.

5. Let G be a homocyclic p-group of rank d. (i) Find the number of
subgroups of given order in G. (ii) Find the number of subgroups of
rank 2 and given order in G.

6. Given a positive integer k > 1, classify the p-groups G such that there
exists a metacyclic p-group M satisfying si(G) = sg(M).
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7. Study the p-groups G such that s;(G) = si(A) for all positive integers
k and some abelian p-group A.

8. Given p > 2 and n > p, does there exist an absolutely regular p-
group A (see [B, §9]) and an irregular p-group G of the same order p”
satisfying si(G) = sg(A) for all k € {2,...,n — 1}7?
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