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FINITE p-GROUPS G WITH p > 2 AND d(G) > 2 HAVING
EXACTLY ONE MAXIMAL SUBGROUP WHICH IS
NEITHER ABELIAN NOR MINIMAL NONABELIAN

ZVONIMIR JANKO
University of Heidelberg, Germany

ABSTRACT. We give here a complete classification (up to isomorphism)
of the title groups (Theorems 1, 3 and 5). The corresponding problem for
p = 2 was solved in [4] and for p > 2 with d(G) = 2 was solved in [5]. This
gives a complete solution of the problem Nr. 861 of Y. Berkovich stated in

[2).

Here we determine up to isomorphism the title groups (Theorems 1, 3
and 5). It is obvious that for such groups G we have d(G) = 3. All resulting
groups will be presented in terms of generators and relations. But we shall
also state all important characteristic subgroups of these groups so that the
results could be useful for applications. The corresponding problem for p = 2
was solved in [4] and for p > 2 with d(G) = 2 was solved in [5].

Our notation is standard (see [1] and [2]). In particular, S(p*) denotes
for p > 2 the nonabelian group of order p? and exponent p and an Ls-group
is a p-group G in which Q1 (Q) is of order p and exponent p and G/Q1(G) is
cyclic of order > p.

In addition to known results which have been stated at the beginning of
our previous paper [5], we need also the following known results which are
quoted in the proof of our theorems. Moreover, if these results are quoted
from the unpublished book [3], then we also give a proof.

THEOREM 7.2 IN [1]. If G is a regular p-group, then exp(Q,(G)) < p"
and [Q,(G)| = |G : U,(G)].
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PROPOSITION 26.10 IN [1]. If G is a powerful p-group, p > 2, then each
element in U1(G) is a p-th power.

PROPOSITION 71.1 IN [2]. Suppose that G is an Ag-group of order > p*.
Then |G'| = p if and only if G has at least two distinct abelian maximal

subgroups and in that case one of the following holds:

(a) G = H x Cp, where H is minimal nonabelian.

(b) G = {(a,b,c), where a?" = " = = IL,m>n>1 m > 2,
[a,b] = d, ¢® =d, [a,d] = [b,d] = [a,c] = [b,c] = 1. Here H = (a,b) is
non-metacyclic minimal nonabelian, H' = G’ = (d), G = H * (c¢) with
H{e) = (d) = (c").

PROPOSITION 71.4(B) IN [2]. Suppose that G is a non-metacyclic Ag-
group of order > p* possessing exactly one abelian maximal subgroup. Then
G' = E,» and assume in addition that G’ < Z(G). In that case d(G) = 3,
Z(G) = ®(G), and if G has a normal elementary abelian subgroup E of order
p3, then E = Q1(G).

EXERCISE P1 IN [3]. If a nonabelian p-group G has two distinct abelian
maximal subgroups Ap, Ay, then |G'| = p.

PROOF. Since A; N Az < Z(G), we get |G : Z(G)| = p>. Then Lemma 1.1
in [1] implies |G’| = p. O

EXERCISE P10 IN [3]. Let G be a p-group with |G'| = p. If H is a
minimal nonabelian subgroup of G, then G = HCq(H).

PROOF. We have H = (a,b) for some a,b € G and H' = G’ so that H is
normal in G. Also, Cq(H) = Cg(a) N Cq(b) < G so that |G : Cq(H)| < p*
But HNCq(H) = Z(H) and H/Z(H) =2 E,» and so G = HCq(H). O

EXERCISE P11 IN [3]. All p? + p + 1 subgroups of order p? in an
elementary abelian group E = (a,b,c) of order p* are: (a,b) , (a,b'c) (p+ 1
subgroups containing (a)), and (a’b, a*c) ( p? subgroups not containing (a)),
where i, j, k are any integers modulo p.

PROOF. Proof is trivial. O
We turn now to a proof of our theorems.

THEOREM 1. Let G be a p-group, p > 2, which possesses exactly one
mazimal subgroup which is neither abelian nor minimal nonabelian. Suppose
that d(G) = 3 and G has more than one abelian mazimal subgroup. Then we
have one of the following possibilities:

(a) G =UxZ, where U = S(p?), Z =2 Cpm, m >3, and UN Z = Z(U).
Here G is an Ls-group.
(b) G=U x Z, where U 2 S(p®) or U= M,s and Z = Cpm, m > 2.
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Conversely, groups in (a) and (b) satisfy the assumptions of our theorem.

PROOF. Our assumptions imply that G/Z(G) = E,2 and G has exactly
p + 1 abelian maximal subgroups (Exercise 1.6(a) in [1]). By Lemma 1.1 in
(1], 1G] = plG|1Z(G) gives '] = p.

Conversely, assume that G is a title group with |G’| = p. Since G has at
most p+1 abelian maximal subgroups, there is a minimal nonabelian maximal
subgroup H. From |G'| = p follows G = HCg(H) , where H N Cg(H) =
Z(H) = ®(H) = ®(G) and Cg(H) = Z(G). We have G/Z(G) = E,> and so
all p + 1 maximal subgroups of G containing Z(G) are abelian.

In what follows H will denote a fixed maximal subgroup of G which is
minimal nonabelian. Suppose that there is an element ¢ € Z(G) — H of
order p. Then G = H x (¢) and so each maximal subgroup of G which does
not contain (c) is isomorphic to G/{c) = H and so is minimal nonabelian,
a contradiction. Hence there are no elements of order p in Z(G) — H which
implies 4(Z(H)) = Q1 (Z(G)) so that d(Z(H)) = d(Z(G)). It follows that
for each x € Z(G) — H, 2P € Z(H) — ®(Z(H)). Obviously, |G| > p® since
the exceptional maximal subgroup M (which is neither abelian nor minimal
nonabelian) is of order > p*.

(i) First assume that H is metacyclic. We may set:

(a,b | a?” =" =1, a® =az, z= apmA),
where m > 2, n>1, m+n >4, H = (2) = G, |H| = p™*", and |G| =
pmt Tl We have Z(H) = (aP) x (b?) = ®(H) = ®(G) and for each = €
Z(G) — H, a? € (a?,bP) — (a?”,bP") since (a?*,bP") = ®(Z(H)).

Suppose that n = 1 so that o(b) = p, m > 3, H = M,m+1 and Z(H) =
(aP). Here Z(G) = Cpm is cyclic and so there is ¢ € Z(G) — H such that
c? = a~P which gives (ca)? = cPa? = 1 and o(ca) = p. Since [ca,b] = z, we
get U = {ca,b) = S(p3), UNZ(G) = (z) which together with |G : Z(G)| = p?
gives G = UZ(G). We have obtained the groups stated in part (a) of our
theorem. Here M = U % (cP), all p + 1 maximal subgroups of G containing
(c) are abelian and we have to show that all subgroups (c‘a, ¢/b) are minimal
nonabelian maximal subgroups of G for all integers ¢, 7 mod p unless ¢ =
(mod p) and j =0 (mod p). Indeed, [c’a, c’b] = [a,b] = z and so, by Exercise
P9 in [3], (c’a,¢?b) is minimal nonabelian and

®((c'a, b)) = ((c'a)? = PaP =a Paf = aP(— ) ()P =a™P7, 2)
= (a") =2(G)
if and only if either ¢ # 1 (mod p) or j #Z 0 (mod p).
It remains to treat the case n > 2. Suppose in addition that there is an

element x € G — H of order p. We know that ¢ Z(G) and so [a,z] # 1 or
[b, z] # 1. Obviously, (a,b,x) = G.
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First suppose [a,z] # 1. Since (a) I G, (a,2) = Mym+1 is minimal
nonabelian of order p™*1. But |G| = p™ ™™+ and n > 2 which implies that
M = ®(G){a,z) = {a,z) x (bP) is a maximal subgroup of G which is neither
abelian nor minimal nonabelian. Assume at the moment that also [z, b] # 1.
In that case (b) x (z) <G and so (b, z) is non-metacyclic minimal nonabelian
of order p"*2. Tt follows that (b, x) must be a maximal subgroup of G with
|G| = p"*3 (and so m = 2). But this case will be studied in part (ii) of
this proof (where G possesses a non-metacyclic minimal nonabelian maximal
subgroup). Hence we may assume [x,b] = 1. This gives [z,ab] = [x,a] = 2",
r # 0 (mod p) and so (z,ab) is minimal nonabelian which forces that (x, ab)
must be a maximal subgroup of G. Now, (ab) covers H/{(a) = Cpn and so
o(ab) > p", n > 2. We have (ab)?" = a?"b*" = a?". If n > m, then
o(ab) = p™ and (ab) N (a) = {1}. Since (ab,z) < G, we see that (ab,x) is
a non-metacyclic minimal nonabelian subgroup of order p”*2. In that case
(ab, x) must be a maximal subgroup of G (with m = 2) and again this will be
studied in part (ii) of the proof. It follows that we may assume n < m. In that
case o(ab) = p™ and (ab) > (z) so that (ab) < G. Hence (ab, x) is metacyclic
minimal nonabelian of order p"*! and so (ab, z) must be a maximal subgroup
of G. From |G| = p™*"*+! follows n = 1, contrary to our assumption.

We may assume [a,z] = 1 and then [b, 2] # 1. Since (b) x (z) <G, (b, z)
is non-metacyclic minimal nonabelian of order p"*2. If (b, z) is a maximal
subgroup of G, then this case will be treated in part (ii) of this proof. Thus we
may assume that (b, z) is not a maximal subgroup of G and so M = ®(G)(b, x)
with m > 2. Tt follows that (ab,z) being minimal nonabelian must be a
maximal subgroup of G. Since (ab) covers H/{a), o(ab) > p", n > 2, and
(ab)?" = aP". If n > m, then o(ab) = p™ and (ab) N {a) = {1} and so (ab, x) is
non-metacyclic minimal nonabelian of order p"*2. In that case (ab,x) must
be a maximal subgroup of G with m = 2, a contradiction. We may assume
n < m and then o(ab) = p™ with (ab) > (z) and so (ab,z) is metacyclic
minimal nonabelian of order p™*1. But then |G| = p™ "1 implies n = 1,
contrary to our assumption.

We have proved that we may assume that there are no elements of order p
in G—H. We know that for an element ¢! € Z(G)—H, ¢ P € Z(H)—®(Z(H))
and so ¢~ P is not a p-th power of any element in Z(H). But U1(H) = Z(H) >
H' = {z) and so H is a powerful group. Then ¢ ? = h? for some element
h € H — Z(H) (see Proposition 26.10 in [1]). It follows hc¢ € G — H and
(he)? = hPcP =1 and so hc is of order p, a contradiction.

(ii) It remains to consider the case where H is non-metacyclic minimal
nonabelian. We may set:

(a,b | a?" =" =1, [a,b] =z, 2P =[a,z] = [b,z] = 1),

where we may assume m > 2, n > 1 since |G| > p°. Here H' = (z), |H| =
pm Tl hand |G| = p™ T2, Also, (z) is a maximal cyclic subgroup in H,
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Z(H) = (aP) x (b") x (z) = ®(H) = ®(G) and for each x € Z(G) — H,
aP € Z(H) — ®(Z(H)).

(iil) First assume n = 1 so that Z(H) = (a?) X (z) and for an element
¢ € Z(G) — H, ¢ = aP"z°, where both integers r,s are not divisible by
p. Suppose that r = 0 (mod p) and then s # 0 (mod p). Replacing ¢

with another suitable generator of (c), we may assume that ¢? = a?’"' % for
some integer /. Take the element ¢ = a™?" ¢ € Z(G) — H and then we get
()P =a P =z Thus G = H % (¢) with (¢/)? = z and (z) = H' and so
we have obtained a p-group of Proposition 71.1(ii) in [2] which is an As-group,
a contradiction. We have proved that ¢ = aP"2° with  # 0 (mod p). Set
a’ = a~" so that o(a’) = p™, [d/,b] = 27" and (ca’)P = P(a')P = 2°, where
(a’,b) = H. Consider the subgroup U = (ca’,b). Since [ca’,b] = 27" and
o(b) = p, we have in case s # 0 (mod p) that U = M,s and in case s = 0 (mod
p), U = S(p?). However, c? = (a')"Pz%, G = (da’,b,c), o(c) = p™, m > 1, and
() NU = {1} and so we get G = U x (c) which are the groups stated in part
(b) of our theorem. Here M = U x (cP) and all p + 1 maximal subgroups
containing (c) are abelian.

We have to show that all subgroups (c'a’,c’b) are minimal nonabelian
maximal subgroups of G (not containing (c) ) for all integers ¢, j (mod p) unless
i =1 (mod p) and j = 0 (mod p) holds. Indeed, [c'a’, c?b] = [a’,b] = z~" and

@((cia’, Cjb>) _ <Cpi(a/)p — gPTiyStgTPT — apr(ifl)zsi’ cPi — aprjzsj’ Zfr>

= ®(G)=(H)

if either 4 # 1 (mod p) or j # 0 (mod p).

(ii2) It remains to consider the case n > 2. In this case for an element
c € Z(G) — H we have ¢ = aP’bPI 2* where at least one of the integers i, j, k
is 0 (mod p).

First suppose that i =0 (mod p) and j = 0 (mod p) so that k # 0 (mod
p). We may set P = aP’ " bP°3 2k for some integers i/, 5.
d=aP'bP'ceZ(G)— H, we get

For the element

G a Py = k0 (mod p),

and so G = H = () with (¢Y N H = (z) = H' and this is an Aj-group of
Proposition 71.1(ii) in [2], a contradiction.

Now assume that one of the integers i, j is = 0 (mod p) and the other
one is Z 0 (mod p). Because of the symmetry, we may assume ¢ Z 0 (mod p)
and j =0 (mod p). We have

d({(a™ b e, b)) = (a P PIcP = 2K 0P [aT b b = 27T £ 1) < (G)
and

®((ab,a”c)) = (aPbP, aP"cP = aPTIBPI LR [ab,a"c] = 27T #1) < &(G)
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for some suitable » Z 0 (mod p) such that ¢ +r = 0 (mod p). Hence
®(G){a""bc,b) and ®(G)(ab,a"c) are two distinct maximal subgroups of
G which are neither abelian nor minimal nonabelian, a contradiction.

Finally, we consider the case, where both ¢ and j are £ 0 (mod p). We
have

D({a™b e, b)) = (@ PbPIcP = 2K 0P [a7 b e, b = 27 #£ 1) < B(G)
and
®((a,b"c)) = (aP, BP"cP = aPBPUTT 2R [a,b7¢] = 2" # 1) < B(G)

for some suitable » # 0 (mod p) such that j +r = 0 (mod p). Hence
®(G){a""bIc,b) and ®(G){a,b"c) are two distinct maximal subgroups of
G which are neither abelian nor minimal nonabelian, a contradiction. Our
theorem is proved. O

LEMMA 2. Let G be a p-group, p > 2, which possesses exactly one mazximal
subgroup M which is neither abelian nor minimal nonabelian. Suppose that
d(G) = 3 and G has at most one abelian mazximal subgroup. Then ®(G) =
Z(G) = ®(H) for each minimal nonabelian mazimal subgroup H of G. Also,
|G'| > p, |M'| = p and d(M) > 3 which implies |G| > p°.

PROOF. By the first two paragraphs of the proof of Theorem 1, we have
|G : Z(G)| > p® and |G| > p. Let H be a maximal subgroup of G which
is minimal nonabelian. Then ®(H) = Z(H) < ®(G) and |H : ®(H)| = p?
which gives ®(H) = ®(G). Let K # H be another maximal subgroup of
G which is minimal nonabelian. Then Z(K) = ®(K) = ®(G) which implies
Ce(®(G)) > (H,K) = G and so ®(G) = Z(G). Since |M : ®(G)| = p?
and ®(G) = Z(G), we have M = S x ®(G), where S is minimal nonabelian
and SN ®(G) = ®(5) < ®(G) = Z(M). This implies M’ = 5" = C, and
d(M) > 3. O

THEOREM 3. Let G be a p-group, p > 2, with d(G) = 3 which has ezxactly
one maximal subgroup M which is neither abelian nor minimal nonabelian.
Suppose that G has exactly one abelian mazximal subgroup A. Then we have
O(G) = Z(G), G' = Ep, |M'| = p, d(M) > 3, U (G) = E = Eps, and
E £ 3(G).

If E £ A, then we have the following possibilities:

(a) G = (a,b,t|a?""" = W=t =1, [b,t] = 2z, a?" = 2", P = u, [t,a] =

u, [u,a) = [u,t] = [a,b] = [z,t] = 1), where m > 2 and n £ 0 (mod p).

We have |G| = p™t*, G' = (u,z) = Ep2, ®(G) = Z(G) = (aP,u) =

Cpm x Cp, N(G) = E = (u,2,t) = Eps, A= (a,b) is abelian of type

(pmtL, p?), M = (b,t) x (aP), where (b,t) is a non-metacyclic minimal

nonabelian group of order p* and all other p?>+p—1 mazimal subgroups
of G are minimal nonabelian.
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(b) G = (a,b,?ﬁ|a”2 = =t = 1, a? = z,u = [t,a], [b,t] = ulz, bP =
uz%, [u,a] = [u,t] = [a,b] = [2,t] = 1), where I,n,s are integers mod
p, nZ 0 (mod p), n is a square (in GF(p)) and (I + s)*> = 4n (mod
p). The group G is a special group of order p° with G' = (u,z) = E,2
and Q1 (G) = E = (u,z,t) =2 Eps. Also, A = (a,b) = Cp2 x Cpe,
M = (a’b,t)G’, where j = (1/2)(l — s) (mod p) and all other mazimal
subgroups of G are minimal nonabelian.

If E < A, then we have:

) G = (abd|a?” = b = & = 1,a"" = z,¢ = [a,b], 2z =
[d,a], [d,b] = ¢*,dP = 2", P = [¢,d] = [¢c,a] = [¢,b] = 1), where
a>2,n,7,s are integers mod p, n £ 0 (mod p). We have |G| = p**+3,
G = (z2,¢) =2 Ep, ®(G) = Z(G) = (aP,c) = Cpa-1 x Cp, and
A=9(G){b,a"*d).

If « > 3, then M = ®(G)(b,d) with s #Z 0 (mod p).

If « = 2, then M = ®(G){(b,a™"d) with r £ s (mod p). All
other mazimal subgroups of G (distinct from A and M) are minimal
nonabelian.

PROOF. By Lemma 2, ®(G) = Z(G) (and so G is of class 2), |M’| = p,
d(M) > 3, |G'| > p and |G| > p®. By a result of A. Mann (see Exercise
1.69(a) in [1]), |G" : (A’H")| = |G’ : H'| < p, where H is a minimal nonabelian
maximal subgroup of G. Hence |G| < p? and so |G/| = p*. If G’ = (v) = C,e,
then all p? + p + 1 maximal subgroups of the nonabelian group G/(v?) are
abelian, a contradiction (see Exercise 1.6(a) in [1]). Hence G’ = E,2. We see
also that each of the p+1 subgroups of order p in G’ is the commutator group
of exactly p nonabelian maximal subgroups of G.

For each z,y € G, (xy)? = aPyP[y, z] () = 2PyP and so G is regular. By
Theorem 7.2 in [1], Q1(G) is of exponent p and |Q1(G)| = |G : U1(G)|.
Suppose that [2;(G)| > p°. Let H be a minimal nonabelian maximal
subgroup of G. Then |H N Q(G)| > p*, contrary to the structure of H.
We have proved that |Q1(G)| < p*.

Suppose that G' has no normal elementary abelian subgroup of order p3.
Then |Q1(A)| < p? and so A is metacyclic. If H is any minimal nonabelian
maximal subgroup of G, then |H| > p* and the fact that Oy (H) = E,s is
not possible imply that H is metacyclic. In that case M (with d(M) > 3)
is the only maximal subgroup of G which is not metacyclic. By Proposition
A.40.12 in [3] of Berkovich, G is an Lg-group. In this case Q;(G) = S(p*) (the
nonabelian group of order p® and exponent p) and G/Q;(G) is cyclic of order
> p?. But then E,2 = G’ < Q;(G), contrary to the fact that G’ < Z(G).

We have proved that G possesses a normal elementary abelian subgroup
E = Eps of order p®. Suppose that G has an elementary abelian subgroup
F of order p*. Since G’ = E,2 and G’ < Z(G), we have G’ < F and so
F <G. Also, |Q:1(G)] < p* implies that F = Q4(G). If G/F is noncyclic,
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then there is a minimal nonabelian maximal subgroup K of G containing
F, contrary to the structure of K. Hence G/F is cyclic of order > p. Let
a € G — F be such that (a) covers G/F. Then o(a) = p™, m > 2, which
implies that ({a)) = (2) < ®(G) = Z(G) and so z € F. On the other
hand, G/G’ is abelian of rank 3 which forces z € G'. Set F = G'(f1, f2)
for some f1, fa € F — G’ so that (a, f1, f2) = G and ®(G) = G'(aP). Since
[F,{a)] = G', we may choose f; € F — G’ so that [f1,a] = z and therefore
(f1,a) = Mym+1. This gives (f1,a)G" = Cp, x Mym+1. Since [f1, faa] = 2
and (f2a)? = fLa?[a, fo]®) = aP, it follows that Qi ({f2a)) = Q1((a)) = (2)
and (f1, faa) = Mym+1. Hence (f1, f2a)G" = C,, x Mpm+1 is another maximal
subgroup of G (distinct from (f1,a)G’) which is neither abelian nor minimal
nonabelian, a contradiction. We have proved that G does not possess an
elementary abelian subgroup of order p*.

Assume that Q;(G) = S is a nonabelian subgroup of order p* and
exponent p. Then we have Z(S) = G'. If G/S is noncyclic, then there is a
minimal nonabelian maximal subgroup H of G containing S which contradicts
the structure of H. Hence G/S is cyclic of order > p. Let t,t' € S — G’
so that S = G'(t,t') and then 1 # [t',t] = z € G, (t,t') = S(p?) and
S = S(p3) x Cp. Let M be the unique maximal subgroup of G containing
S so that M is neither abelian nor minimal nonabelian and let A be the
unique abelian maximal subgroup of G. Then A > G’ and AN S = E;3
so that we may assume that AN S = G'(t'). Also, A covers G/S and so if
c € A— M, then (c) covers A/(ANS) = G/S and o(c) > p? which implies
N {e) < PG)NS =Z(G)NS =7Z(S) = G'. We have &(G) = G'{cP)
and so G = (c,t,t') and [c,t'] = 1. If [¢,t] € (z), then G/(z) is abelian,
a contradiction. Hence [c,t] = u € G’ — (z) so that G’ = (u,z). Other
p? + p — 1 maximal subgroups of G (which are distinct from A and M)
are of the form T®(G), where T is one of the following minimal nonabelian
subgroups: {c, (t')t) and (c¢/t', c*t), where i, j, k are integers mod p and both
j and k cannot be congruent 0 (mod p) (see Exercise P9 and P11 in [3]). Here
T®(G) must be minimal nonabelian and this will be the case if and only if
®(T) > ®(G) = G'(cP). Tt is enough to consider (c,t) and (c/t, ct) for any
integer j mod p. We have:

O({e, 1)) = (¢, [e,t] = u) = 2(G)
if and only if Q1((c)) # (u) which gives Q;({(c)) = (u'z) for some integer
mod p. Further, we get:
QU ct)) = (P ()P =PI, (ct)P = PP = P, [t ct] = u/z) = (P, u?2).

But Q4 ({c)) = Q1({cP)) = (u'z) and so for j = I, ®((c!t',ct)) = (?) < ®(G)
which shows that (c't’, ct)®(G) is another maximal subgroup of G (distinct
from M) which is neither abelian nor minimal nonabelian, a contradiction.
We have proved that €, (G) = E = E,s.
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(i) Assume that Es = E = O,(G) £ Z(G) = ®(G) and E £ A, where
A is the unique abelian maximal subgroup of G. Then AN E = G, A
covers G/E and A is metacyclic. Since G/G’ is abelian of rank 3, we have
d(G/FE) = 2 and so there is at least one maximal subgroup H of G which is
minimal nonabelian. If H/E is noncyclic, then E < ®(H) = &(G) = Z(G), a
contradiction. Hence H/E = (HN A)/G = Cpm, m > 1. Since d(G/E) = 2,
G/E = A/G' is abelian of type (p™,p). Let a € H N A be such that (a)
covers (H N A)/G’. Noting that Q1(G) = E, we have o(a) = p™T! and
1#2z=0a" €G. Lett e E—G sothat [t,a] = u € G' — (z) and so
G’ = (u,z) since H is non-metacyclic and so H' = (u) is a maximal cyclic
subgroup in H. Since A/G’ = Cpm x Cp, there is an element b € A — H such
that 1 £ b € G', b? € G’ — (z) and [a,b] = 1. Indeed, if b? € (z), then the
subgroup (b, Q2((a))) contains elements of order p in A — H, a contradiction.
We have ®(H) = ®(G) = (a?,u), G = {(a,b,t) and A = (a) x (b) is abelian
of type (p™*1,p?), m > 1. If [b,t] € (u), then G/(u) would be abelian, a
contradiction. Hence [b,t] € G’ — (u) and so replacing b with ¥ = b° (with
some s # 0 (mod p) ), we may assume from the start that [b,t] = u'z for some
integer [ mod p.

We have A = (a,b) and so we have to check p*> + p other maximal
subgroups of G which are of the form T®(G), where T is one of the minimal
nonabelian subgroups: (a, b't), (a’b, a*t), where i, j, k are any integers mod p
(see Exercise P11 in [3]).

(i1) First assume m > 2 so that ®(G) > G’. Consider T = (b, t), where

O((b, 1)) = (W7, b,1]) < G' < 2(G)

and so M = (b,t)®(G) must be our unique maximal subgroup of G which is
neither abelian nor minimal nonabelian. All other maximal subgroups of G
(which are distinct from A and M) must be minimal nonabelian. Indeed,

®((a,b't)) = (a?, b’ = b'? [a,b't] = v~ ') = ®(G).
Further, for j # 0 (mod p), we have:
d((a?b,t)) = (aPIbP, [a? b, t] = uIu'z).

Here (aP7b?) covers ®(G)/G’ and Q4 ((aP?bP)) = (z). Hence if [ # 0 (mod p),
then ®({a'b,t)) = (aP'b?) < ®(G), a contradiction (since (a'b,t)®(G) will be
another maximal subgroup which is neither abelian nor minimal nonabelian).
Hence I = 0 (mod p) and so [b,t] = z. Finally, if both j and k are not
congruent 0 (mod p), then we have:

®((a’b, a"t)) = (aPIbP, aP*, [a?b,a™t] = u™I2) = B(G).

We have b? € G’ — (z) and so b? = u"z°, where n and s are some integers
mod p with n #Z 0 (mod p). Then we replace a with o’ = a™b~° and u with
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u = u"z® and get:
(a')?
Writing again a instead o’ and u instead v/, we see that we have obtained the
relations stated in part (a) of our theorem.
(i2) Now assume m = 1 so that |G| = p° and G’ = Z(G) = ®(GQ) = (u, 2)
and therefore G is a special p-group. In this case we have:

aP =z, [t,a] = u, [a,b] =1, [b,t] =u'z, P = u"2®,

m

=2" W =4, [t,d]=[t,a"b "] =u"2" =

where [, n, s are some integers mod p with n # 0 (mod p). Also, A is abelian
of type (p?,p?). For all integers i mod p we have:

®((a,b't)) > (a? = z,[a,b't] =u~ ') = G’ = (G)

and so all subgroups (a, b't) are minimal nonabelian maximal subgroups of G.
Hence in the rest of p? nonabelian maximal subgroups (a’b, a¥t)G’ (j, k are
any integers mod p) exactly one is not minimal nonabelian. We have:
d((a’b, akt)) = (W21 28wl 2),

and so if k # 0 (mod p), then ®((a’b,a’t)) = (u,z) = G’. It remains to
examine the case k =0 (mod p), where we must have:

d((a?b, 1)) = (2" u' I 2) £ G = (u, 2)
for exactly one j. It follows that the quadratic congruence:

n s+7
I—j 1
must have exactly one solution in j. This occurs if and only if

(s —1)* — 4(n — sl) = 0 (mod p)
or equivalently, (s + )2 = 4n (mod p). In this case we get j = (1/2)(l — s)
(mod p) and for that integer j the maximal subgroup M = (a?b, )G’ is the
only one which is neither abelian nor minimal nonabelian. We have obtained
the groups from part (b) of our theorem.

(ii) Assume Ejs = E = Q1(G) £ Z(G) = ®(G) and E < A, where A is the
unique abelian maximal subgroup of G. Since d(G/E) = 2, there is (at least
one) maximal subgroup H containing E which is minimal nonabelian. Then
H is non-metacyclic, H/E # {1} is cyclic and Z(H)NE = G'. Indeed, if H/E
is noncyclic, then E < ®(H) = ®(G) = Z(G), contrary to our assumption.
Taking an element ¢ € H — E such that {(a) covers H/E and an element
be E— G, wehave Q((a)) <G and

H = <a7b | a” =P = L, c= [aab]a = [aac] = [b,C] = 1>a
where a > 2, H' = (c), Z(H) = ®(H) = (aP) x (c), and |G| = p*T3. Setting
a?""" =z, we have G’ = (¢, 2), E = (b) x G’ E,s because (c) is a maximal
cyclic subgroup in H and therefore {c) # (z).

=32 4+4j(s—1)+ (n—sl) =0 (mod p)
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Now, {(a,c) is an abelian normal subgroup of G of type (p®,p) which
possesses exactly p cyclic subgroups (ac') (i any integer mod p) of order
p*. But [a,b)] = ¢' and so Ny ((a)) = (a,c) and all subgroups (ac’) are
conjugate in H. Therefore N = Ng((a)) covers G/H and so G = NH with
NNH = (a,c). Since N/G' = G/E is abelian of rank 2, it follows that N/G’
is abelian of type (p*,p). Hence there is an element d € N — H such that
1 # dP € G’ and (d) normalizes (a). But N is a maximal subgroup of G which
does not contain E and so N is nonabelian (noting that in our case £ < A).
This gives 1 # [d,a] € (z) and so replacing d with a suitable power d’ (j # 0
(mod p)), we may assume from the start that [d,a] = z. If d? € (z), then
(d,a) = Mpe+1 in which case there are elements of order p in (d,a) — H, a
contradiction. We have proved that d? € G’ —(z) so that (d, a) is a metacyclic
minimal nonabelian maximal subgroup of G = (a,b,d). Now, H = (a,b) is
a minimal nonabelian maximal subgroup of G containing E and the other p
maximal subgroups of G containing E are (b, a'd)®(G), where i is any integer
mod p and ®(G) = G'(aP). For exactly one i, (b,a’d)®(G) is the unique
abelian maximal subgroup A of G, i.e., [a’d,b] = 1 and then c’[d,b] = 1 and
so we may set [d,b] = ¢® for some integer s mod p. Since d? € G’ — (z), we
may set dP = ¢"z" for some integers n, r mod p with n # 0 (mod p).

All p? maximal subgroups of G which do not contain E are (b’ a, b*d)®(G),
where j, k are any integers mod p. They are all metacyclic minimal nonabelian
since:

d((Va,bd)) = (aF, dP = c"2", [Pa,b"d) = ¢ TF71 £ 1) = (@),

where we have used the facts (a?) > (z) and n Z 0 (mod p).

We have A = (b,a*d)®(G) is the unique abelian maximal subgroup of G
and in the set of p — 1 nonabelian maximal subgroups (b, a'd)®(G) for i # —s
(mod p) exactly one of them is not minimal nonabelian. We compute for all
1 % —s (mod p):

O((b,a'd)) = (B =1, (a'd)? = aP'c"2", [b,a’d] = ¢ 7% # 1) = (aP2", c).

If a > 3, then (2") < (aP) and so in this case ®((b, a’d)) # ®(G) if and
only if ¢ = 0 (mod p). Then we have M = (b, d)®(G) and in this case s # 0
(mod p).

If @ = 2, then ®({(b,a’d)) = (21", c) since a? = 2. Hence in this case
®((b,a’d)) # ®(G) if and only if i = —r (mod p). Then we have M =
(b,a""d)®(G) and in this case we must have r # s (mod p). We have obtained
the groups stated in part (c) of our theorem.

(iii) It remains to consider the case Eys = E = 0,(G) < Z(G) = ©(G).
We shall show that this difficult case cannot occur.

If H; is any minimal nonabelian maximal subgroup of G, then ®(H;) =
®(G) > E = E;3 and so |H;| > p® which implies |G| > pS. By the first
paragraph of this proof we know that there are exactly p nonabelian maximal
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subgroups of G whose commutator subgroup is equal M’ = (m). Obviously,
G/M' is an As-group of order > p° with (G/M') = G'/M' = C,, and G/M’
has exactly p+1 abelian maximal subgroups. By Proposition 71.1 in [2], there
is a minimal nonabelian maximal subgroup H/M' of G/M’ and an element
d € G — H such that 1 # dP? € G’ and [(d),G] = M’'. We have H' = (¢) with
c € G — M and G’ = (¢,m) which implies that H is a minimal nonabelian
maximal subgroup of G (noting that H # M since H' # M’).

There are exactly p + 1 maximal subgroups X; of G (i = 1,2,...,p+ 1)
containing (d). Then X; N H is an abelian maximal subgroup of H. We have
X!/ =[(d),(X;NH)] < M’ and so X; is either abelian or X| = (m). It follows
that {X1,..., Xp41} = {A, M, Hy, ..., Hy 1}, where H; (j = 1,2,...,p — 1)
are minimal nonabelian with (H})" = (m) = M'. But H} (containing E) is
non-metacyclic and so M’ is a maximal cyclic subgroup in H. 7 which implies
d? € G’ — M’ and we may set d? = c¢*m’, where s,t are some integers (mod
p) with s Z 0 (mod p).

Consider H* = H; so that H* is a minimal nonabelian maximal subgroup
of G containing (d) and (H*)" = (m). Choose an element a* € (HNH*)—®(G)
so that H* = (d,a*) and [d,a*] = m. By exercise P9 in [3],

O(H") = (d",[d,a”] = m){(a")") = G'{(a")"),

and we know that ®(H*) = ®(G). If Q1({(a*)) < G, then E £ ®(G), a
contradiction. Hence ©;({a*)) € G’ which implies ®(H*) = &(G) = ((a*)P) x
G’ and this is an abelian group of type (p,p,p?~!), where o(a*) = p7, v > 2
and HNH* = (a*) x G'. Tt follows that (H N H*)/G" = Cp+ and since H/G’
is noncyclic abelian, there is b* € H — (H N H*) such that 1 # (b*)? € G’ and
(a*,b*) = H. We may set [a*,b*] = ¢, where (¢) = H'. Also, {(c) is a maximal
cyclic subgroup in H which gives (b*)P € G’ — (c¢) and we have G = (a*, b*,d),
|G| = p7t4, v > 2. We may set (b*)P = c’m®, where v, w are some integers
(mod p) with w # 0 (mod p).

Suppose that [d,b*] =1 so that A = (d,b")®(G). Also, (d,a*) = H* and
so we investigate other maximal subgroups (d, (a*)'b ><I>(G) containing (d),
where i £ 0 (mod p). We get:

D((d, (a*)'b*)) = (d" € G’ — (m), [d. (a*)'b"] = m’, (@")"'(b*)P) = &(G).
But then there is no subgroup M in the set of maximal subgroups of G
containing (d), a contradiction. Hence we have [d,b*] = m" with r Z 0 (mod
p)-

Since the maximal subgroups A and M are contained in the set of p + 1
maximal subgroups of G which contain (d), it follows that all p? maximal
subgroups (d'a*,d’b*)®(G) of G (i, are any integers mod p ) which do not
contain (d) must be minimal nonabelian.

For each integer ¢+ mod p we must have:

B((da”, b)) = (" (@), (07 = c"m”, [d'a*,b] = em”™) = B(G)
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and this will be the case if and only if (c!m%, em™) = G’ = (¢,m) or
equivalently:

1 7

But r # 0 (mod p) and so if v # 0 (mod p), then the congruence vri — w =
0 (mod p) would have a solution in %, a contradiction. Hence v = 0 (mod p)
and so (b*)P = m™.

For each integer ¢ mod p we must have:

B((d'a*, db*)) = (AP (a)P, dP(b")P = *mt*, [dia*, db*] = em™ ) = B(G)

v ‘zvm’—w;éO(modp).

and this will be the case if and only if (c*m!™% em™~ 1) = G’ = (¢, m) or
equivalently:

s t+w
1 r—1

‘:(sr)i—s—t—w?_éo(m()dp)'

But sr # 0 (mod p) and so the congruence (sr)i—s—t—w = 0 (mod p) would
have a solution in ¢, a final contradiction. Our theorem is proved. o

LEMMA 4. Let P be a p-group with |P'| = p. If P possesses a minimal
nonabelian maximal subgroup H, then P has exactly p + 1 abelian mazximal
subgroups.

PRrROOF. By Exercise P.10 in [3], P = HCp(H) and in our case Cp(H) is
abelian so that Cp(H) = Z(P). But then all p + 1 maximal subgroups of P
containing Z(P) are abelian and so we are done (see Exercise 1.6(a) in [1]).

o

THEOREM 5. Let G be a p-group, p > 2, with d(G) = 3 which has ezxactly
one maximal subgroup M which is neither abelian nor minimal nonabelian.
Suppose that G has no abelian mazimal subgroups. Then we have ®(G) =
Z(G), U (G) = G' = Eps, IM'| = p, d(M) > 3 and we have one of the
following possibilities:

(a) G = (a,b,c|a]”2 = = = La?P = 2,0 =y, = z, [a,b] =
z, la,c] = yzﬁa [b, ] = x71y62n7 [z,0] = [x,a] = [y,a] = [y,c] = [2,b] =
[z,c] = 1), where 3,0,n are integers mod p, n Z 0 (mod p) and (5 —
8)% + 4n is not a square in GF(p). We have |G| = p°®, Q1(G) = G’ =
O(G) = Z(G) = (x,y,2) = Eps and so G is a special p-group. Also,
M = {(a,b)G" and all other mazimal subgroups of G are non-metacyclic
minimal nonabelian.

(b) G = (a,b,c|a”2 = =" =1, =, 0P =y, P =z, [a,b] =
z, [e,a] = xaynzﬂ, [e,b] = ny’YZéa [2,0] = [2,c] = [y,a] = [y,c] =
[2,a] = [2,b] = 1), where n > 3, «,B,7,d,n,( are integers mod p,
n#0 (modp), ¢ #0 (mod p), and (o — )% + 4n¢ is not a square
in GF(p). We have |G| = p"™, 1 (G) = G' = (z,y,2) =2 E;s and



116 Z. JANKO

®(G) = Z(G) = (cP,x,y) is abelian of type (p"~*,p,p). Also, M =
(a,bY®(G) and all other mazimal subgroups of G are non-metacyclic
minimal nonabelian.

PrOOF. LetI'y = {Hy, Hy, ..., Hy2,, M} be the set of maximal subgroups
of G, where H; (i = 1,...,p? + p) are minimal nonabelian and M is neither
abelian nor minimal nonabelian. By Lemma 2, ®(G) = Z(G) = Z(H;) =
Z(M), d(M) > 3, |[M'| = p, and |G'| > p. By a result of A. Mann (see
Exercise 1.69(a) in [1]), |G : (H{H})| < p and so p? < |G'| < p?.

Suppose that for some H; # H; we have H; = H} or H{ = M'. Then, by
the above result of A. Mann, |G'| < p? and so |G'| = p?. If G’ = C 2, then the
nonabelian group G/ (G") has p? + p+ 1 abelian maximal subgroups, which
is a contradiction by Exercise 1.6(a) in [1]. Hence G' = E,2. Let X be any
fixed subgroup of order p in G’. Then there is a minimal nonabelian maximal
subgroup H; (i € {1,...,p>+p} ) such that H! # X so that H;/X is minimal
nonabelian. By Lemma 4, G/X has exactly p+ 1 abelian maximal subgroups.
Hence there are exactly p + 1 maximal subgroups of G whose commutator
subgroup is equal X. But G’ has p + 1 subgroups of order p and so G must
have (p + 1)? = p? + 2p + 1 maximal subgroups, a contradiction.

We have proved that {H{,Hé,...,H];2+p,M’} is the set of p?2 +p + 1
pairwise distinct subgroups of order p in G’ and so, in particular, G’ = E,s.
Assume that there is an element t € G — G’ of order p. Since G/G’ is abelian
of rank 3, G/(G’ x (t)) is noncyclic. But then there is a maximal subgroup Y
of G containing G’ x (t) which is minimal nonabelian, a contradiction (with
the structure of Y'). We have proved that ;(G) = G’ = E,s and all minimal
nonabelian maximal subgroups of G are non-metacyclic.

Set T/G" = Q1 (G/G") =2 Eps. If G/T is noncyclic, then there is a maximal
subgroup K of G containing 7" which is minimal nonabelian. Since K > T,
T is abelian of type (p?,p% p?). But K’ < G’ and so K’ is not a maximal
cyclic subgroup in K, contrary to the fact that K is non-metacyclic minimal
nonabelian. We have proved that G/T is cyclic.

(i) First assume that 7' = G, i.e., G/G’' = E,3 and so in this case G is a
special group of order p® with G’ = Q;(G) 2 E,s.

We determine the structure of M. We have M = G’ % S, where S =
(a,b) is minimal nonabelian and G’ N S = ®(S) < G’ since d(M) > 3. Set
S =M = (z) 2 Cp. If (S) = (z), then (z) is a unique subgroup of
order p in S which implies that S would be cyclic, a contradiction. Hence
(S) = N (S) 2 E, and so S is metacyclic of order p* and exponent p*. We
may choose a,b € S — G’ so that a? = 2z, b =y € ®(S) — (z) and [a,b] = z.
Since U1 (M) = U1(S) = (y,z) > M’ = (2), it follows that M is a powerful
group. By Proposition 26.10 in [1], each element in (y, z) is a p-th power of an
element in M. Let ¢ be an element in G — M. Suppose that ¢? € (y, z). Then

there is m € M such that m? = ¢7P. We get (mc)? = mPcP|c, m](g) =1,
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contrary to the fact that Q1(G) = G’. Hence ¢?» = 2 € G’ — (y, z) and so
G' = (x,y,z) and G = (a,b,c). All p?> + p maximal subgroups of G which are
distinct from M must be minimal nonabelian.

We have ®((a,c)) = (z,2,[a,c]) = G’ and so [a,c] = y"y’, where r # 0
(mod p) and y’ € (z,z). Replacing ¢ with ¢ = ¢, where ' £ 0 (mod p) is
such that 77’ =1 (mod p), we get

la, ¢ =la,¢"] = [a,d]" =y (v)" = y(y)",
where ¢ € G— M, (y)" € (x,2) and ()P = (?)” =2 =2’ € G — (y,2).
Writing again ¢ and x instead of ¢/, ’, respectively, we see that we may assume
from the start [a,c] = yy” and ¢® = x, where ¢y’ € (z,z) and so we may set
[a, ] = 2%y2® for some integers «, 8 mod p. From ®((b,c)) = (y,z,[b,c]) = G’
follows that [b, c] = z7y°2", where 7, §,n are some integers mod p with n % 0
(mod p).

Maximal subgroups of G containing (c) are (a,c)G’ and (a'b,c)G’.
Therefore we must have for all integers i mod p:

O((a'b,¢)) = (y2', 2, [a'b, ] = a0 = ¢
which is equivalent with:

0 1 1
1 0 0 =i?+ (6 — B)i —n # 0 (mod p).
aity i+6 Bitn
Hence the quadratic congruence i? + (§ — 3)i —n = 0 (mod p) should not have
any solution in i which is equivalent with the requirement that (8 — §)% + 4n
is not a square in GF(p).
We have to examine p? maximal subgroups (¢’a,c*b)G’ of G (j,k are

integers mod p) which do not contain (c). For all k¥ # 0 (mod p) we have:

q)(<a7 Ckb>) = <Z,l‘ky, [aa ckb] = xkaykzkﬁ+1> = G/a

which is equivalent with:

0 O 1
ko1 0 =k? —ka = k(k —a) # 0 (mod p).
ka k kf+1

Hence we must have a = 0 (mod p) and so [a, ] = yz”.
For all j # 0 (mod p) we have:
D((a, b)) = {272, , [Fa, b = a9y ~0 27 = @,
which is equivalent with:
J 0 1
0 1 0 =Jj(=nj +~+1) # 0 (mod p).
=g =0 —mj+1
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Since 77 # 0 (mod p), we must have ¥ = —1 (mod p) and so [b,c] = 2~ 1y°2".

We have obtained the groups of order p% stated in part (a) of our theorem.
It remains to check that all maximal subgroups (c¢’a, c*b)G’ are minimal

nonabelian unless j = k£ = 0 (mod p) in which case (a,b)G’ = M. Indeed,

D((da, b)) = (272, 2%y, [ a, Fb] = aly =0Tk TERLY <
if and only if
J 0 1
u ! 0 =k 4+ k(Bj — 6j) —nj* = 0 (mod p).
j —0j+k —mj+pBk+1

The quadratic congruence in k:
(%) k* + kj(8 = 8) —nj? = 0 (mod p),
(where j € GF(p) is fixed) has a solution in k if and only if the discriminant:

F2(B = 6)% +4ni® = (B —6)* + 4n)j?

is a square in GF(p). But we know that (38— 4)? + 47 is not a square in GF(p)
and so we must have j = 0 (mod p). From (*) we get then k% = 0 (mod p)
and so also k = 0 (mod p) and we are done.

(i) Now assume that 7' < G, where T/G’ = Q1 (G/G’) =2 Es and T/G’
is cyclic. Hence G/G’ is abelian of type (p™,p,p), m > 2, and the unique
maximal subgroup of G containing T is obviously equal M. There are normal
subgroups U and V of G such that G = UV, UNV = G', U/G" = E,» and
V/G" = Cpm, m > 2. Let ¢ be an element in V' — G’ such that (c) covers
V/G'. We have o(c) = p™, n > 3, where n = m+ 1 (noting that Q;(G) = G).
Set "' = z, where z € G'. Then M = (P)U, ®(G) = Z(G) = G'(cP)
is abelian of type (p"~!,p,p) and |G| = p"*t*. Let a,b € U — G’ be such
that U = G'{a,b), where a?, b? € G’ and G = (a,b,c). Since each minimal
nonabelian maximal subgroup H; of G (i = 1, ..., p*>+p) is non-metacyclic and
contains ®(G) and (z) is not a maximal cyclic subgroup in ®(G), it follows
that H] # (z) (for all ) and so M’ = (z). Therefore 1 # [a,b] € (z) and so
we may assume [a,b] = z.

Now, G/(z) has the unique abelian maximal subgroup M/(z) and all other
maximal subgroups of G/(z) are minimal nonabelian. Hence G/(z) is an Ao-
group with d(G/(z)) = 3 and order p"™ > p* (since n > 3), G'/(z) = E,2,
G'/(z) < Z(G/(z)) and G/(z) has a normal elementary abelian subgroup
(G',Q2({(c)))/{z) of order p3. Hence G/(z) is an As-group of Proposition
71.4(b) in [2] which implies that Q4 (G/(z)) = (G',Q2((c)))/(z). Set a? = x
and b? = y and consider the abelian group M/(z). If the abelian subgroup
U/(z) of order p* and exponent < p? has rank > 2, then Q;(U/(z)) > G’ /(=)
which contradicts the above fact. Hence U/(z) = Cp2 x C,2 which implies
G = (5,,2).
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Since ®({c,a)) = (P, x,[c,a]) = ®(G) and D({c,b)) = (P, y,[c,b]) =
®(@), we must have [c,a] = x%y"28, [c,b] = x%y7z° for some integers
a, B,7,0,1,¢ mod p with n £ 0 (mod p) and ¢ Z 0 (mod p).

Maximal subgroups of G containing (c) are (a,c)®(G) and (a'b, c)®(G).
Therefore we must have for all integers ¢« mod p:

q)(<cv azb>) = <cp7 xiya [C, azb] = mai+§yni+yzﬁi+5> = (I)(G)v
which is equivalent with:

0 0 1
i 1 0 |=ni*+(y—a)i—(¢#0(mod p).
ai+C mi+y Bi+d

Hence the quadratic congruence 7i? +(y—a)i—¢ = 0 (mod p) should not have
any solution in i which is equivalent with the requirement that (y — a)? +4n¢
is not a square in GF(p). We have obtained the groups stated in part (b) of
our theorem.

It remains to check that all maximal subgroups (c’a,c*b)®(G) are
minimal nonabelian unless j = k = 0 (mod p) in which case (a,b)®(G) = M.
Note that ®(G) = () x (z) x (y) and ®(P(G)) = <cp2> > (z), where
O(G)/2(®(G)) = Eps. We have

d((a, b)) = (Pia, PPy, [ a, Fb] = xtI—kyri=nk Pi=BR1Y (@)
if and only if

j 1 0
k 0 1 = nk? + (o — 7)jk — ¢§% = 0 (mod p).
0 ¢j—ak vj—mnk

The quadratic congruence in k:

() nk? + (o = 7)jk — ¢j% = 0 (mod p),
(where j € GF(p) is fixed) has a solution in k if and only if the discriminant:

7@ =7)" +4nGj® = (@ =7)* +4n¢)j*
is a square in GF(p). But we know that (o — v)? + 47¢ is not a square in
GF(p) and so we must have j = 0 (mod p). From (%) we get then nk? = 0
(mod p) and so (noting that n Z 0 (mod p)) k =0 (mod p) and we are done.
Our theorem is proved. O
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