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RANK ONE REDUCIBILITY FOR UNITARY GROUPS

MARCELA HANZER
University of Zagreb, Croatia

ABSTRACT. Let (G, G’) denote a dual reductive pair consisting of two
unitary groups over a nonarchimedean local field of characteristic zero.
We relate the reducibility of the parabolically induced representations
of these two groups if the inducing data is cuspidal and related to each
other by theta correspondence. We calculate theta lifts of the irreducible
subquotients of these parabolically induced representations. To obtain
these results, we explicitly calculate filtration of Jacquet modules of
the appropriate Weil representation (as Kudla did for the orthogonal—
symplectic dual pairs), but keeping in mind the explicit splittings of covers
of these two unitary groups, also obtained by Kudla.

1. INTRODUCTION

In this paper we study the relation between reducibilities of the paraboli-
cally induced representations of two unitary groups constituting a dual
reductive pair in a symplectic group over F, where F' is a non-archimedean
field of characteristic zero. In more words, let G! be the unitary group
preserving a skew—hermitian form on the vector space W, over E, a qua-
dratic extension of F, of the Witt index equal to n. On the other hand,
we look at the tower of hermitian vector spaces, where the unitary group
of the vector space V; on the [-th level (i.e., with the Witt index [) is
denoted by G;. The pair (G, G}) constitutes a dual reductive pair in the
symplectic group (over F') Sp(V; @ W,,). Let o be an irreducible supercuspidal
representation of G, and let r be the smallest index for which o appears
in the theta correspondence with the representations of the group G,, i.e.,
for which there is a non-zero G, intertwining map from w,, . to o. Here
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Wy, denotes the Weil representation of Sp(V,. ® W,,), an (infinite) cover of
Sp(Vi ® W), corresponding to the additive character ¢ of F ([18]) pulled

back as a representation of G, X G, (since this pair splits in Sp(V ® W),
we can indeed view it as a representation of G; x G/, and not of their covers).
The biggest quotient of wy ., on which G} acts as a multiple of o is of
the form o ® O(o,r), where ©(c,r) is a smooth, finite length representation
of G, (for general irreducible representation o); for o supercuspidal (as in
our case) it is known ([13], Théoreme principal, p. 69) that O(o,r) is an
irreducible cuspidal representation of G,. We denote it by 7. Let p be an
irreducible cuspidal representation of GL(j, E). Note that GL(j, E) x G}, i

isomorphic to a Levi subgroup of a maximal parabolic subgroup P' of G, tns
the analogous statement is true for G;4,, where the correspondmg maximal
parabolic subgroup is denoted by P;. So, we want to relate the reducibility of

the representations Ind Gt (p® o) with the reducibility of the representation

Inde’” (p ® T), using theta correspondence and to describe the first non—
vanishing theta-lifts of each irreducible subquotient of these representations.
The first work in this direction was [14], where a situation of a dual pair
consisting of an even-orthogonal and a symplectic group was studied. After
that, in the joint work with Goran Muié¢ ([6]), we studied the representations
of the same form, but we considered dual pairs consisting of odd-orthogonal
and symplectic groups, so the result was about relating representations of
metaplectic group (since the symplectic member in the dual pair in this
situation does not split in the double cover of the “big” symplectic group)
and the representations of odd—orthogonal groups.

The main idea of this work (as well as [14] and [6]) was using information
on theta correspondence from the filtration of Jacquet modules of the
representation wy . In the case of symplectic-orthogonal dual pairs this
filtration is explicitly calculated in [10]. There is also a calculation of this
filtration for the general type I reductive dual pairs in [13], but in terms of
their covers. We calculate this filtration for the unitary dual pairs, following
the procedure in [10], but now having in mind explicitly described splittings
for unitary dual pairs, calculated in [11]. So, we calculated the filtration
of Jacquet modules of the representation wyy;nyj4, Where these Jacquet
modules are viewed as representations of P; x G}, ; or G,4; x P} and not of
their covers.

When this calculation is obtained, for most representations p of GL(j,F)

(described above) the lifts and reducibility of representations Ind P?“ (p®0o)
and Indp;” (p ® 7) are described in Theorem 4.4. While this case is very

similar to Theorem 3.5 in [6], there are more exceptional cases than in the
case of symplectic-odd -orthogonal dual pair of [6] (the fourth section there).
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One of the exceptional cases here (Proposition 5.6) is very similar to Theorem
4.4 in [6], but cases covered in Propositions 5.2 and 5.3 here do not have a
direct analogon in [6].

We hope that the results obtained in this work on theta correspondence
for unitary dual pairs would find an application not only in the local
representation theory, but also in the theory of automorphic forms.

For the convenience of the readers, we describe the main results of this
paper. Npg denotes the composition of the reduced norm on GL;(E) with
the norm on F*. We have an explicit description of the filtration of Jacquet
module of the representation wy n q :

THEOREM. Let W,, and V; be a skew—hermitian and hermitian space,
respectively.  Then, the normalized Jacquet module RPJ{ (win) has the
following Gy x M ]'-finvariant filtration:

W5 570 5 o).

0
Rp]( (W) = T;( ) D T]{
Here » = min(l, j), but we need only to consider the case [ > j so we continue
to assume r = j. The successive quotients 7/, = Tj{(k)/T]{(kJ’_l)

follows:

are described as

GiXGL;xG!,_.
ik = Iﬂdp,iizzj;:c;’y Bik @ Xk @ Wik,n—j»
where 5,1, is a character on GLy(E) X GL;_(E) X GLK(E) C Py x Rjj, defined
as follows
, m;—k ’ mp—k—tn+j ’ m;—k .

Bjr(a,g',9) = Ne(a) 2 Nge(¢) 2 Bv(d)Ne(g) 2 5v(9)5wg(9 ),
and Xy is the usual action of GLi(F) X GLi(E) on S(GLk(E)) given by
Yi(a,9)p(h) = ¢p(a*hg). Here R,y is a maximal parabolic subgroup of GL,(E)
with the Levi subgroup isomorphic to GL;_(E) x GLi(E); Bv(¢’) and By (g)
correspond to the embedding of a € GL;(E) C G(W] & W) into

Sp(V ®E/(\W7J(®W](')), and ﬂwg corresponds to the embedding of a €

—~—

GLi(E) C GV, @ V') into Sp((V, & V') @r WY).

Then, we were able to relate the reducibilities of the induced representa-
tions described above, in the following four results; firstly we cover the main
case:

THEOREM. Let m, = dimgV,, where V, is a hermitian space, and let
G, be the corresponding unitary group. Let t, = dimgW,, where W, is
a skew-hermitian space, and G, is a unitary group of that space. Let o
be a cuspidal representation of Gl whose first non-zero lift in the hermitian

power containing V, is cuspidal representation T of G.. Let p be an irreducible
4 mp—tnl 4 mp—tn =1

cuspidal representation of GL;(E). Then, ifp ¢ {Np > & Ng 2 &},
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. Gl . . . .
the representation Ind ;" (p ® o) reduces if and only if the representation
J

Indgj"” (¢ p @ 7) reduces. Here & and €' are characters of E*, whose

s * My tn ; _
restrictions to F* are €B/F and €5/ respectively, and where eE/F(x) =

(z,A)p is a quadratic character related to the extension E/F. In the case

of irreducibility we have @(Indg{"“ (p@o),r+j)= IndIng"“ (¢ tpxT) (and
J

. g . [eiany
vice versa). In the case of reducibility, the representation Ind ;™ (p ® o) has
J

two irreducible subquotients, say, w1 and ma, satisfying
0—m — Indgé““ (p®0o) = m — 0.
Then, ©(m;,r + j) # 0, and the following holds
0— O(m,r+7J) — Inlea;H e peT1) = O(me,r+4) — 0.
The analogous statement holds for the theta lifts of the irreducible subquotients
of Indf ™ (€6 p @ r).
Then, we have couple of exceptional cases:

THEOREM. Assume that m,. # t,, so that the representations
mp—ty—1 mp—tp+1 myp—tn+1

Np 2 ¢dxrand Ny 2 ExoX=Np 2 €xo

are irreducible. If we additionally assume that m, — ¢, # —1, then

mp—tn+1
2

the representation ©(Np ¢ X o,r + 1) is non—zero, it has a unique
irreducible quotient, namely ©(o,r + 1). Moreover, then we have ©(0(c,r +

_mp—tntl

1),n+1)=N, 2 £xo. Also, we have ©(ma,n + 1) = 0.

Totally symmetrically, we have

My —tp —1

THEOREM. Assume that m, # ¢, so that the representation N, 2 &'

g —tp —1

7 is irreducible. Assume further that m, —t, # 1. Then, ©O(Ny B & x
7,n + 1) has a unique quotient, namely ©(7,n + 1). Moreover, we have

Mg —tp —1

OO(r,n+1),r+1) =Ny 2" & x 7. Also, we have O(m1,r +1) =0.

The last exceptional case is the following:

THEOREM. Assume that m,. = t,. Then,

(i) ©O(r,n+1),r+1) = ENE %7, 0O(0,r +1),n+1) = EN2 % 0.
(ii) We have ©(my,7) = O(mw2,n) = 0and O(my,74+2) # 0, O(mw2, n+2) # 0.
One of the following two situations occurs:
-O(my, 7+ 1) # 0 and every irreducible quotient of O(m,r 4+ 1) is
7, and vice versa, O(me,n + 1) # 0, and every irreducible quotient of
@(’/TQ,’I?,+ ].) is .
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-O(m, 7+ 1) = 0= 0O(mg,n+ 1). Then, every irreducible quotient
of ©(m,r+2) is a unique (tempered) common irreducible subquotient

1
of Nz x O(o,r + 1) and &'Stgr2,p) % 0. In the same way, every
irreducible quotient of ©(me,n + 2) is a unique tempered common

irreducible subquotient of Néf X O(7,n+1) and Staro,m) X T

Now we briefly describe the content of this paper: in the Preliminaries
section we recall of the unitary groups which we study, together with the
way in which they form a reductive dual pair in a certain symplectic group.
Then we describe cocycle defining the cover of this symplectic group, and write
down the explicit splittings of the covers of groups in this dual pair, but under
condition that the skew—hermitian unitary group is split reductive group. This
constraint turns out to be of no importance later (Remark after Theorem
3.1). In the third section we calculate the filtration of the normalized Jacquet
module Rpr(wnip) (Bp,(wWiny), respectively). In the fourth section, using
the filtration of the previous section, we calculate certain isotypic components
in the Jacquet module of Rp;(wn,i,y) and Rp, (win,y) (Proposition 4.3) and
we obtain Theorem 4.4 where most of the cases of the relation between the
representations IndIG,;” (p ® o) and Indgj”j (p ® 7) are covered. All of the

remaining cases of p are covered in the fifth section.

2. PRELIMINARIES

Let F' be a non-archimedean field of characteristic zero. We fix a
nontrivial additive character ¢ of F. By yrp we denote the Weil invariant
acting on the characters of second degree (on F'). It assumes values in the
group of the eighth roots of 1, if we consider it as a one—variable function,
and in the group of the fourth roots of 1 if we consider it as a two—variable
function ([10, p. 231]). Let E be a quadratic extension of F' and let 7 be the
non-trivial Galois automorphism. Let W = E?" (row vectors) be a vector
space over F of dimension 2n with skew—hermitian form given by

((z1,91), (22, 92)) = :Etly; - yimg,
and let
G, =GW) ={g € GL2,(F) : (w19, wa2g) = (w1, ws), Vwy, ws € W}

be the isometry group of W. More generally, W is a left vector space over a
division algebra, so that the linear operators act on it from right, but since
we only treat the quadratic field case, this is not of big importance. W has an
obvious complete polarization W = X + Y, where X = {(2,0) : z € E"} and
Y ={(0,y) : y € E™}. Let (V,(-,)) be a vector space (right, if we wish) of
dimension m over E with a non-degenerate hermitian form and let G = G(V)



126 M. HANZER

be the isometry group of V. If we denote by tr : £ — F the reduced trace,
then

1 T
W=VepW () =5tr((,)@)7)
is a symplectic vector space over F' of dimension 4mn. Then, there is a natural
embedding i : G, x G — Sp(W), so that (G}, G) is a dual reductive pair in
Sp(W).
We introduce the metaplectic group Mp(W) as C'— extension
1 — C'— Mp(W) = Sp(W) — 1.

This extension (not the usual two—fold central extension of the symplectic
group) is better suited for our purposes since some subgroups of Sp(W) split
in this Mp(W), and do not split in the two—fold central extension. We recall
that the metaplectic group is equipped with the natural representation (the
Weil representation) depending on the fixed additive character ¢ ([13, Chapter

2)).

To describe the cocycle in the metaplectic group we need a notion of
the Leray invariant. Now we follow closely the exposition in [11]. Let Q =
Q(W) denote the set of Lagrangiens of W, i.e., the set of maximal isotropic
(with respect to ((-,-))) planes in W. The symplectic group acts transitively
on  and on the set of pairs Uy, Uz € Q which are transverse (U3 N Uz =
{0}). For any U € Q(W), by Py C Sp(W) we denote the stabilizer of
U which is a maximal parabolic subgroup in Sp(W), and by Ny = {g €
Py : gly = id} its unipotent radical. To a given ordered triple Uy, Us, Us €
Q which are pairwise transverse there is associated n—dimensional F' vector
space L = L(Uy,Us, Us) with the symmetric, non—-degenerate, F—bilinear form
(+,-)r which gives rise to a quadratic form on L = L(Uy,Us,Us). In more
words, (for the transverse triple) there exists a unique element g € Ny, such
that Usg = Us, and, with respect to the complete polarization W = U, 4 Uy,

the matrix of the element g looks like g = [(1) ll)] , where g € Hom(Us, Uy).

Since Us and Uj are transverse, b is an isomorphism. We put L(Uy,Us, Us) =
U, with a (non-degenerate) quadratic form defined by ¢(z) = £ ((z, zb)). So
the Leray invariant attached to that triple is this quadratic space. For the
triple (Uy, Uz, Us) in which we do not assume that the isotropic subspaces are
transverse in pairs, the definition of the Leray invariant is a bit more involved,
and can be found in [16], or in [9], p. 12.

We have the following theorem of Rao and Perrin ([16],[15]).
THEOREM 2.1. For any fited Y € Q(W) there is an isomorphism
Mp(W) = Sp(W) x C'

where
(91761)(92,62) = (91927616203((91792))
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with the cocycle cy given by
1 _
cy(g1,92) = 7r(5 0 L(Y, Yg, LY g1)).

To define an explicit splittings for the dual pair (G}, G), Kudla (in [11])
defined the Leray invariant for the hermitian spaces over E (originally it is
defined for the symmetric, or better skew—symmetric spaces over F'). The
definitions are similar and we recall that W is a split skew—hermitian space
over E, and (W) denotes the set of maximal isotropic subspaces in W (with
respect to (-,-)). So, for the triple Uy, Us,Us € Q(W) the Leray invariant
is defined analogously, so that Lg(Uy, Us,Us) is a hermitian form over E of
rank n —r (Where r =dimgR = dlmE((U1 n UQ) + (U1 n U3) + (U3 n Ul)),
for Uy, Uz, Us in the general position) (we refer to [11], p. 367 to see that the
obtained form (-,-)r, on Uz is indeed hermitian). Also, the Rao’s function
z(g) (related to the Bruhat decomposition) has to be carried over from the
skew—symmetric to the skew—hermitian case. Let g € G’, be expressed as
g = p1Tsp2, where p1,ps € Py, where a parabolic subgroup Py is associated
with the fixed complete polarization of W = E?” = X +Y and 75 as described
on p. 370 of [11]. We define z(g) modulo NE* as element in E* given by
det(p1p2]y). Since we have that Lg(Uy,Us, Us) is a (left) vector space over
E by tensoring with the hermitian space V' as above, we get a map

py : {hermitian forms over E of rank k } —

{symmetric forms over F of rank 2mk}
given by
1 T
L—V®g La ('a ')ltV(L) = 5‘51‘ ((7 ')V ® ('7 )L) .

Of course, we also have a map Ry : Q(W) — Q(W) given by RyU =V ®gU.
For the construction of the exact splitting, we need the following Proposition
(Proposition 0.1 form [11]).

PROPOSITION 2.2. 1. Ry is compatible with the Leray invariant, i.e.,
pv (LE(Ur,Us, Us)) = L(Rv Uy, Ry Uz, Ry Us),
2. foranyY € Q(W), let Y = RyY. Then

v (iv(91),iv (92)) =7 (5000 (Lp(Y, Vo5, V).

Now we can state the form of the exact splitting ([11, Theorem 3.1 and
Corollary 3.3]).

THEOREM 2.3. Assume that W and V are as above, with dimgV = m.
Fiz Y € Q(W) and let RyY =Y. For a fized additive character ¢ of F, let
n = %w. Choose a character & of E* whose restriction to F* is e’g/F, where
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ep/r(x) = (x,A)F is the quadratic character corresponding to the extension
E/F. For g € PTjP C G, = G(W), let x(g) be as defined above and let

Bv(g9) = &(x(9))yr(no RV) ™.
Then,
ey (iv(g1),iv(g2)) = Bv(9192)Bv (1) By (g2) ",
so that the map iy (g9) = (iv(9), Bv(g)) defines a splitting of the restriction to
G!, of the metaplectic cover. Here RV denotes, for V' hermitian, of dimension

m over E, the underlying 2m—dimensional F'—vector space with quadratic form
str, so that yp(no RV) = (A, det(V)) pyr(—=A,n)"yp(=1,7) "

Recall that complete polarization W = X + Y gives rise to a complete
polarization W = V@ X +V®Y. Rao defines unitary operators on S(V®X) =
S(V™)(row vectors of length n) which give rise to the Schrédinger model of
the Weil representation wy (corresponding to the fixed additive character ¢
of ') of Mp(W). For a vector space X, from now on, S(X) denotes the space
of Schwartz functions on X.

COROLLARY 2.4. The image of the group G = G(V') under the embedding
iw lies in the Levi factor of the parabolic subgroup of Sp(W) which stabilizes
V @Y. Since Rao’s cocycle for Sp(W) is trivial on this subgroup there is a
natural splitting G — Mp(W) given by h — (h,1), and the resulting action
of group G = G(V) on S(V™) is just w(h)p(x) = ¢(h~1z).

3. FILTRATION OF JACQUET MODULES

We represent our skew—hermitian space W over E as a direct sum in
the following way: W = W, = spang{ei,ez,...en,€},...,e,} ® Wy where
Wy is anisotropic, and the vectors {e1, ea,...e,} form a basis for a maximal
isotropic subspace of W, and the rest of them for another maximal isotropic
subspace. We also assume that this basis is chosen in such way that the
vectors satisfy (e;,e) = ;5. For j € {1,2,...,n}, let W] = spang{e1,...,e;}
and W' = spang{el,...,e}}, with Wi = (W] + W/')* so that there is a
decomposition W = W/ + Wi + Wi Of course, Wi = Wy—;. From now
on, G! = G(W,,) denotes the unitary group attached to the skew—hermitian
space W,,. Note that, contrary to the situation in the previous section, we
do not assume that W), is split, i.e., we allow Wy # 0. Let P]( be a parabolic
subgroup of (¢}, stabilizing W'. Then P; has a Levi decomposition P; = M} N}
with M} = GL;(E) x G;,_;. Let V; be a non-degenerate hermitian space
(as in the previous section) of the split rank I. We denote by G; = G(V}),
i.e., unitary group preserving the hermitian form on V. In the same way as
for the skew—hermitian space, we introduce vectors {vy,...,v;} which span
one maximal isotropic subspace of V;, and the vectors {v}, ..., v/} which also
span a disjoint maximal isotropic subspace. We assume that these vectors
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satisfy an analogous relations as the vectors e;, eg. In the same way, we have
a decomposition V; = V// + V + V} with Vf 2 V,_,. We analogously define
a maximal parabolic subgroup Py of GG; attached to this decomposition. Let
my = dimg (V) and ¢,, = dimg(W,,). We note that, even for general W,, (not
necessarily split) there is a splitting iy, from G}, to Mp(W) = Mp(Vi®gW,),
analogously there is a splitting iy, from G; to Mp(W) = Mp(V, @ g W)
obtained dually (there is a simple way of turning skew hermitian space into
hermitian, and vice versa -[8]). The explicit formula for iy, in the general
case is very involved ([11], Proposition 4.1 and Proposition 4.6), but in the rest
of the paper we need explicitly the description of iy, (iv;, respectively) only
when W, (V;, respectively) is split. If we denote by wy; the Weil representation
of Mp(W) = Mp(V, @ g W,,) (as in the previous section) with respect to the
character ¢ of F, we denote by w;, = (iv,iw)*(wy) the representation of
G x G,. From now on, we suppress ¢ from the notation. In this section we
explicitly calculate the filtration of the Jacquet module R P! (win) (i-e., Jacquet
module of the representation w; , with respect to the parabolic subgroup Pj( ).
A general form of this filtration in terms of covering groups (of the groups
in the dual pair) is known ([13]); we write down (a very similar) proof for
the expression of this filtration for the unitary groups, but keeping in mind
the explicit splittings constructed in [11] (and thus obtain the results for the
unitary groups in the dual pair, and not the covering groups). Because of
the completeness, we write down the whole proof. We follow the argument
of Kudla in [10], but adjusting it when needed. For a quadratic matrix A €
M, (E), A* denotes the matrix which is obtained by transposing a matrix A,
and then letting the non-trivial Galois element 7 € Gal(E/F) act on each
matrix element.

THEOREM 3.1. Let W,, and V; be a skew—hermitian and hermitian
space, respectively, as described above. Then, the normalized Jacquet module
Rp (wi,n) has the following Gy x Mj—invariant filtration:

Rp:(wn1) = T]/-(O) D le-(l) D--D TJ/-(T) D {0}.

Here r = min(l, j), but we need only to consider the case l > j so we continue

(®) /1)
J

. . . ! .
to assume r = j. The successive quotients Tj; = T; are described as

follows:
GiXGL;xG!,_,
T 2 Indp o e Bik © Bk ® wikn—j,
where B, is a character on GL(E)x GL;j_1(E)x GLy(E) C Py X R;j, defined
as follows

myp—

Bir(a,g',9) = Nu(@) ™ Np(g) ™+ Br(g)Ne(9) ™ v (9)Buy (97,

and Xy is the usual action of GLR(E) x GLi(E) on S(GLy(E)) given
by Xi(a,g)p(h) = ¢(a*hg). Here Rji is a mazimal parabolic subgroup of
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GL,;(E) with the Levi subgroup isomorphic to GL;_,(E) x GLi(E); Bv(g)
and By (g) correspond to the embedding of a € GL;(E) C G(W] & W)')
into Sp(V @ (W; & W), and ﬁwg corresponds to the embedding of a €

—~—

GLi(E) C G(VL & V') into Sp((V{ @ V') @ W).

REMARK 3.2. 1. We note that for the filtration above (apart from
the further explicit calculation of w;_ ,—; which is not pursued in
this theorem) we do not need the full formula for the explicit splitting
By : G, — Mp(V; @ g W,,). Namely, 8y stands for the embedding of
G(W; @ W}') (which is split so the assumptions of Theorem 2.3 are
satisfied) in Mp(V; @ g (W] + W)).

2. Let £ be a character of E* whose restriction to F* is eg}F, where
eg/r(x) = (x,A)F is the quadratic character related to the extension
E/F and ¢ a character of E* whose restriction to F* is e%"/F. We can
easily see, using Theorem 2.3 and notation there, that Sy (g) = £(detg)
and fy; (a) = &'(deta). All the results here depend on the choice of

splitting, namely on ¢ and £'.

PrOOF. Let S denote the model of the representation wy ,. A direct sum
W =W+ Wi + W', when tensored by Vj, gives rise to the direct sum
W =W/ + Wi + W//. We know that we can realize S as a mixed model,
S = S(V/)® S°, where S is a model for w;,_j, and V/ = W/ =V @ W/,
Every element of V; ® Wj’ can be written as 71 ® eq + --- +V; ® e, where
v €V, i=1,...,5,s0themap 17 Qe1 +--- +7; ® ¢ — (V1,...,75)
fixes this isomorphism. If there exists some non—degenerate pairing between
vector spaces X’ and some X'*, and the same for Y’ and Y’*, then to f €
Hom(X’,Y’) we can attach f* € Hom(Y"*, X’*) in an obvious way. In future,
we identify W* with W through (-, -). Every n € N/ (the unipotent radical
of the parabolic subgroup P} of the unitary group G},) can be written (in a
unique way) as n = n1(s)na2(h), as in [13], p. 24, where

1 0 s
ni(s)=10 1 0},
0 0 1
with s € Hompg (W}, W}'), s* = —s, and
1 h —hh*)2
na(h) =10 1 —-h* |,
0 0 1

with —h* € HomE(WOj,W;’). All the ni(s), s € Homg(W], W) form a
subgroup of Ny of N]’-, which is, when Wy # 0, a commutator subgroup of
NJ’- . We want to calculate the space of coinvariants of w;, with respect to
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N ]' First we calculate the space of coinvariants (wy »)n,. The latter space has
a nice description through a certain filtration, because of the quite general
arguments ([13, pp. 72 and 74]) since the group Nj is abelian and acts on
S(V/) ® S° through a character:

win(n1(8))p(v © w) = w(itrE/F((v, v)(sw, w)"))¢(v @ w),

ifweWj,vel,pe S(V7) ® SY. So, there is an isomorphism of Gj x P
modules
SN, —— - T= S(Xo) & SO,
where Xy = {(71,72,...,7;) : spang{v1,...,7;} is isotropic}. This isomor-
phism is given by the restriction to the (closed) subspace Xq of V7. We have
Xy = UXqg, where, in this disjoint union,
Xox = {(T,T5,....,75) € Xo : dimpspang {71, ..., 77} = k}.
This decomposition leads to a G x P]{finvariant filtration
T=70 571 5 ... 570 {0},
where the successive quotients T}, = T(k)/T(kH) have the form T}, 2 S(Xor)®
So. Now we want to identify how M]’ x (GG; acts on Tk, and then take into the
consideration the action of N]’-. Using the formulas for the unitary operators

acting on S(Vlj) in the mixed model ([13], p. 41) and the splitting of Theorem
2.3, we get,

(3.1) win(a)¢(v @ z) = By (a)Np(a)™2p(v ® za),

where ¢ € S(V7) = S(V@W)), v@x € Xok, a € GL;(E), and we recall that
Ng is a composition of the reduced norm on GL;(E) with the norm map on
F*. We denote the character BVN;JR/Q of GL;(F) appearing above by x.

As for the action of Gj,_; C Mj, we note that z(1,h) = x(h), where z
is the function from Theorem 2.3. Here z(h) is obtained when we view h as
an element of G7,_;, and (1,h) we view as an element of G, via an obvious
map G; X Gil_j — G!,. This map is similar to the one in the symplectic
case, described in detail in [7], Section 3. The same holds for the proof that
2(1,h) = x(h). This also means that Sy (h) = By ((1, h)). This ensures that,
for h € G7,_; we have

(32) win(h)g(v @ z) = W’ (iv () (¢(v ® x)),
where w? is the Weil representation on S°, and, on the right-hand side of the

relation above, iy : G,_; = Sp(Ve® WOJ) is the splitting analogous to the one
defined in the previous section (but the target space is smaller).
For the action of the group G; we get:

(3.3) Win(9)(v @ x) = w(iys(9))o(g™ v @ ).
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If we denote by K = M} x G; = GL;(E) x Gi x G
(3.1),(3.2),(3.3) (a € GL;(E ) g€ G,heG),_;) we get

Wn,l|K(aa g, h) = NE(a)m/2ﬂV(a),u‘ & w B
where (1 is the natural action of GL;(E) x G, on S(Xox) induced by translation
on XOk-

Now, following Kudla ([10]) we fix element xg € Xoi, where o =
(...,v1,0h,...,v;), and v1,'...,v] are as at the beggining of this section.
Note that Xy is exactly an orbit of zo for the G; x GL;(E)-action described
above. Assume that G, _ ; acts trivially on Xgi. We denote by H the stabilizer
of g in K with respect to this action. We define a representation 7 of H x N j'
in SY in the following way: 7 = yw?, where x (and representation w®) act
(as representations of H) in the way described above. On the other hand,
we define 7|x/ in the following way: if n = ni(s)nz(h) in the way described

n—g from equations

above, then 7(n) = po((zoh,0)), where py is the usual action of the Heisenberg
group W=V ® Wg in S°. Now the following steps are straightforward:

15t step

w|x = indE (7]g).

Of course, on the left-hand side we mean the action of K on T}, and
on the right-hand side we have the non-normalized induction, and the
isomorphism is obtained through the mapping T : w|x — ind% (7]x) given
by Té(g) = (xw®)(g)p(g~twg), g € K. The proof that this mapping is indeed
K—-intertwining and its surjectivity is straightforward, and for the injectivity
we just note that Xoy, is the orbit of xy under the GL;(E) x Gj—action.

214 step

indg; (7]m) & (dew()ﬂK-
Here the isomorphism is obtained through the mapping T : indg(ﬂ H) —
(deKN,( )|k given by T'(f)(k,n) = 7(1,n)f(k), k € K,n € Nj. The proof
that T(f) € (1ndHD<N/( 7))|x and that T is K—intertwining is immediate.
374 step
w = 1ndH§]J\\;, (7).

Of course, on the left-hand side we continue to assume the action of the Weil
representation of K X N]’- on Tj. According to the 2% step, we are left to

verify that the mapping T} : S(Xox) @ S° — deKN,( T) given by
(T19)(k,n) = 7(1,n)(&°) (k) p(k ™ 0)

is Nj-intertwining. This follows when we track down the definitions (right
multiplications on W]’ and left on V'), but keeping in mind the conjugation
relations for the elements n1(s) and na(h) of N} ([13, p. 25]).
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Now we want to determine the space of coinvariants. We do that in the
following lemma.

LEMMA 3.3. We have
. KxN} .
(ind 7 (7)) vy & indff (7avy)-

Proor. We denote by SO[N]’-] = span{r(n)Jv —v :n € Nj, v € S9}.
The isomorphism of this lemma is constructed through the homomorphism
T :i dg[i]]\\;'(ﬂ — 1ndH(TN/) given by T(F)(k) = F(k,1) 4+ S°[N]]. Tt is
stralghtforward to check that this is K-intertwining. Only thmg to check
is to find out that the kernel of this map is precisely lndeN/( 7)[V;]. One

inclusion (that the latter set is in the kernel) is trivial; for the other we proceed
like in the proof of Lemma 3.4.

O

Next question is how to describe TN; more precisely. Since 7 acts on the

representation space of wy,—j, (and this is S%) we use the mixed model to
represent it, now using the decomposition V; = V/ & V! & V). By tensoring
with Wg , we obtain
Wl =V/eaW]oV2eW] eV W],

so that we have S9 = S((Woj)k)®5007 where (woo, S%) is a model for w;_j ;.
In this model, we can describe py (which appears for us in the description of
7(n), n € NJ). Using formula for the mixed model of the representation of
the Heisenberg group and an explicit formula for the action of Heisenberg
group ([13], p. 30), we see that for ¢ € S((Wi)*¥) @ 80, = € (W)*, h e
Hompg (W), W{) we have

(3-4) po((zoh, 0))¢(2) = ¥({(z, zoh)))p(2).

This formula leads to the description of S%,,.

LEMMA 3.4. There is a natural homomorphism

S]OV’. = SOO)
J

given by the homomorphism S0 — S ¢ s $(0), where 0 € (W)F = Vi ®
Wy

ProOF. If we denote the map ¢ — ¢(0) by T, it is obvious that this
map is surjective, and that S°[N 1] € KerT. To show the other inclusion, we
assume that ¢ € S is such that ¢(0) = 0. Fix 29 # 0 in formula (3.4). Then,
the mapping h — ({{z0,zoh))) is an additive smooth character, say 1,,,
on Hompg (W}, W{). This character is non-trivial. Using matrix realization of
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h using skew—hermitian basis for WJ' , and for Woj and corresponding tensor
expression for zp, we easily obtain the following: since ¢(0) = 0, there is a
neighborhood A of 0 described, for some § > 0, with A = {z € V/ ® Wg :
|lz|| < 4}, where || - || is appropriate non-archimedean norm on V; ® Wy, such
that ¢(z) = 0, for z € A. Here the norm || - || is taken component-wise, as a
max-norm of the components of a matrix when when we expand z as tensor
using skew—hermitian basis for W, and for V//. Also, since 9 is smooth, there
is 91 > 0, such that there exists ag € F, |a|r = 01, and ¥(ag) # 1.

Note that we can also introduce an appropriate analogous non—archime-
dean norm on Hompg (W7, W{), so that a basis of neighborhood of zero there
is formed from the open compact subgroups of the form

N. = {h € Homg(W},W{) : |h|| < €}

On the other hand, if |[20 > J, we can easily, using matrix description of the
elements of Homp (W, W), find an element h € Homg (W}, W) such that
Y., (h) # 1 and ||h|| < d1/4. This guarantees

/N el =0 = / po((zoh, 0))é(z0)dh

Nsi/s

by formula (3.4). On the other hand, the last expression is also valid for
lzo|| < 6, since then ¢(z9) = 0. Since the last expression is valid for every zo,
we have [, s po((woh, 0))pdh = 0 so, by ([5], p. 33) ¢ € S°[N]] (here we just

have to adjust measures on N} and on the set {nz(h) : h € Homg (W}, Wi

and note that 7 is a representation of N7 only through Homp (W}, Wy), as
the defining formula for 7(n) shows. O

Now, to describe (wxwn/)n; = ind% (7n:) (the former representation
acting on Tj) in more familiar terms, we want to express the latter
representation as a representation of K = GL;(E) x G7,_; x G| induced from
a parabolic subgroup. We do that by embedding H in a parabolic subgroup,
extending 7 on this subgroup, and then use the transitivity of induction.
First, by the natural action of GL;(E) x G; on Xor, C VI ® W](, we see that
the stabilizer of g = Zle U, ® €; k44, has to preserve spang{e;_x41,...,€;}
and spang{vy,..., v}, so H C Py ® Rjx ® G7,_;, where Py is a maximal par-
abolic subgroup of Gy, stabilizing spang{v],...,v,}, and R;; maximal para-
bolic subgroup of GL;(FE) stabilizing the last k vectors of this fixed basis of
WJ' . Moreover, since the identification of the standard Levi subgroup of P
with GLi(E) x G- was via the action on the vectors {v1,...,v;} (and not
{v1,...,v}}), we can explicitly describe H as

H={(p,g,9') € Pe x Rjr, x G;,_; - pr(p) = pr(g)~*}.



RANK ONE REDUCIBILITY FOR UNITARY GROUPS 135

Here the first pr stands for the projection on GLj(E)-part of the Levi
subgroup isomorphic to GLi(E) X Gi— of Py, and the second pr for the
projection on GLy(E)-part of the Levi subgroup of GL;(Wj) = GL;(E)
isomorphic to GL;_,(E) x GLi(E).

We note that the explicit description of the action of H on S is given
as follows: for v € S%, let ¢ € S((W)*) ® S be such that ¢(0) = v. Then,
h-v = (h¢)(0), where the action of H on SY is, of course, given by 7|z. This
gives us, for v € S%, the following descriptions of Ty on certain subgroups
of H: ’

dimg W]

e a € GLL(E)(C Py), N (a)v = ﬂwg (a) Ng(a)" "z v,

9 € Gii(C Pr), vy (9)v = 0™ (9, B (9)),
a € GLj(E)(C G,), mv:(a)v = Bv(a)Np(a)™ v,

® hnj € Gl_js TNt (hn—j) = WP (Byo (hn—j), hen—j) (V).

Here B{/Vg corresponds to the embedding G(V, @& V") ® id — Sp((V}, @
Ve Wi, {/’Vg to the embedding G(V?) @ id — Sp(V? ® W), analogously
for Byo. T acts trivially on N} (of course) and on Ny C P, as can be checked
in ([13], p. 41 and 42).

On the other hand, a system of representatives of H \ P, x Rjj X G;lfj is

given by the set {(z*,1,1) € Py X Rjx x G},_; : © € GLi(E)}. As mentioned
above, we want to describe

GixGL;j(E)XGy,_; . deijka;7
Pux Rji x G (indyy

n—j

ind® (TNJ{) =~ ind

().

By the restriction to the above mentioned set of representatives, we can
. . PuxRpxGl_. .
realize mj, = 1nde>< o "”(TNJ{) on the set S(GL(E)) ® S, indeed,

the isomorphism 7T : indeXRijG"’j (7n:) = S(GLi(E)) ® S99 is given by

Tf(x) = f((z*,1,1)), where x € GLg(FE). In this way, we carry over the
action of Py X Rjx x G},_; on S(GLk(E)) @ 59 To get the final formulas,
we describe this action in detail; for ¢ € S(GLk(E)) ® S, x € GLi(E) we
have:

e for (a,g) S GLk(E) X GLk(E) C P, x Rjk,

dim Wy

ik (a, 9)¢(x) = Np(g)™ > 57 By (9)B),, (97) ¢(a"zg),
o for i1 € Gi_(C Py),
Tk (gi-k)p(z) = woo(gl—mﬁgvg (g1-1))9(2),
o for g' € GL,_(E)(C Ryp)
mik(g))é(x) = Ne(g')™?Bv (¢')d(x),
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e for h,_j € Gil_j

Tk (hn—j)p(x) = WOO(BV,C" (hn—j)s hn—j) ().

The unipotent radicals of P, and Rj;, act trivially. Finally, to get normalized
parabolic induction, we have to take into the account appropriate modular
functions. We have Ng(a)™ %, for a € GLL(E) as a modular function
of P, in G; (but note that we have used the “lower” GL-block for the
identification, so we should take Ng(a)~(™=%) Ng(¢')* @ Ng(g)~U=" for
(¢',9) € GL;_,(E) x GLi(E) C Rjr. We also take into the account the
normalization of the Jacquet functor, from the beginning, i.e., we originally
wanted to calculate the normalized Jacquet functor of RPJ{ (wWi,n), so we have

to multiply the final result by 5;{%, where 6p/(a) = Ng(a)t™eWn=i ¢ ¢
i J
GL;(E). O

We need the previous theorem in the following form.

COROLLARY 3.5. Let W = W, ., be a skew-hermitian vector space of
split-rank n+j and V = Vi1 ; a hermitian vector space of split rank [+j. Then,
the normalized Jacquet module RPJ{ (Witjntj) has the following filtration

/(0)

RPJ( (Witjntj) =73 D TJI»(I) DD T;(j) D {0},

L/ (k+1)

(k) /7 are described as follows:

. . /
where the successive quotients T]{k =T,

’ Gl+'><GL,-><G/ ’
Tik = Inde xJRjk ><JG:l n(ﬁjk ® X ® Wl+j—k,n)7

where Bj1, is a character on GLy X GLj_p, x GLy, C P x Rjy, defined as follows

Bik(a,g',9) = Ne(g') 2:tnJr%§(detg’)§(detg)§’(detg).

Here 3 is a twist of the usual action of GLi(E) x GLi(E) on S(GLk(E))
given by

my

S (a,9)f(h) = Ng(a)~(FH =D Ng(g) 2% f(a" hy)

(hence the change of sign in the exponent of Ng(a) in comparison to the
previous theorem). Specifically, the subrepresentation equals

G4 i XxGLixG!
T = Indp Lior, X G, "€ oL, X @ win),

my_tn 4 j
Pl 2

and quotient equals Ty = Ny (& odet) ® witjn-

We know state the analogous corollary for Rp, (wn4j,1+5), where know P;
is a maximal parabolic subgroup of G(Vi4;) with a Levi subgroup isomorphic
to GL(j, E) x G(V;). The proof of this proposition is analogous to the proof
of Theorem 3.1.
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PROPOSITION 3.6. Let W = W, 1; be a skew-Hermitian vector space of
split-rank n + j over E and V = V4 ; a hermitian vector space of split rank
I+ j. Then, the normalized Jacquet module Rp,(wiyjntj) has the following
filtration

Rp,(Wnjirg) =70 D) 5579 5 {0y,

k+1)

where the successive quotients Tji = T;k)/T; are described as follows:

Tk = Ind 3 EE S (e © T © Wik,
where Rji is a parabolic subgroup of GL;j(C M;) with Levi subgroup
isomorphic to GLj_j, X GLy and v is a character of GL;_j, x GLy x GLy C
Rji x P given by
_ mp—tn+k—j
Vik(9,a.9") = Ne(g) 7 {(detg)€’ (detg’)¢(dety’),

and X, is a twist of the usual action of GLE(E) x GLi(E) on S(GLy(E))

) m+k mytk 1 )
given by X} (a,¢')f(h) = Ng(a)" "2 Ng(¢')"= f(a=thg’). Specifically, the
subrepresentation equals

GL; xGXGhsj
Tjj = IndGLjiGiinf (EE oL, B @ win)

_mi—tn—j
and the quotient equals Tjo = N % (&' odet) ® wynj-

4. THETA CORRESPONDENCE AND ISOTYPIC COMPONENTS

We have defined, for unitary groups G,, and G, as above, the pull-back of

the representation wy, of the metaplectic group Sp(V; ® g Wy,) to the product
G; x G!,, using splittings from the previous sections, and we denoted this
representation by wj,. We note that this representation depends on the
additive character ¢ and on the choice of characters £ and &’ defined in
Remark after Theorem 3.1. For an irreducible, smooth representation 7y
of G),, let ©(m1,1) be a smooth representation of G; given as the full lift of my
to the [-level of the hermitian tower (in question), i.e., the biggest quotient
of wy, on which G, acts as a multiple of 7. It is of the form m; ® ©(my,1),
as a representation of G, x G; ([9], p. 33, [13], p. 45). Analogously, for
an irreducible, smooth representation mo of Gy, let O(m2,n) be a smooth
representation of G}, given as the full lift of 73 to the n-level of the skew—
hermitian tower.

We fix some notation throughout this section. Let o be an smooth,
irreducible, cuspidal representation of G/, and let ©(c,r) be the first (full)
nontrivial lift of o in the hermitian tower. Then, (o, r) is an irreducible
cuspidal representation of G, and we will denote it by 7. Let p denote an
irreducible cuspidal representation of GL;(E). For the calculation of the
certain isotypic components, we use the following well-known facts.
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Recall that M; = GL;(E) x Gi—; (M} = GL;(E) x Gj,_;, respectively)
is a Levi subgroup of a maximal parabolic subgroup of G; (G}, respectively).
As such, it has a character Ng (on GL;(E)-part).

LEMMA 4.1 ([2, Proposition 26]). Let w be an irreducible cuspidal repre-
sentation of M;, and let V be a smooth representation of M;. Then, there
exist two subrepresentations of V, say V(w) and V(7)*, such that we have

V=V eVn)st
and all the subquotients of V(m) are isomorphic to N3, for some s € C and

V(ﬂ')L does not have an irreducible subquotient isomorphic to some TNg; s €
C. The analogous decomposition holds for the representations of MJ’

We know give the statement of the second Frobenius reciprocity (the
original Bernstein argument appeared in [3]; there is an alternative proof due
to Bushnell ([4])).

LEMMA 4.2. Let G be G, or G;. Let P = MN be a standard parabolic
subgroup of G and let P = MN be the opposite parabolic subgroup. Assume
m is a smooth representation of M and II is a smooth representation of G.
Then, the following holds

Home (Ind% (7), IT) 2 Hom s (, R5(ID)).

Let p be an irreducible cuspidal representation of GL;(E), and o
and 7 irreducible cuspidal representations of G!, and G,, related by theta
correspondence, as explamed above. To finally relate the reducibility of the
representation Ind "“ (pN3, ® o) with the reducibility of the representation
IndP;” (pN3, ® 7'), we use the same basic approach as in [6]. Namely, we

identify certain isotypic components in the filtration of Rp/ (Wr4j,n+j), which
enable us to relate the reducibilities in question in most cases, i.e., if p/N3, is not
the one dimensional representation appearing as a G L—part of the quotient of
the filtration Rp/ (Wr4j,n+j) (Corollary 3.5). In general, if 7 is an irreducible
smooth representation of some group Gi, and II a smooth representation of
G1 X Ga, then the isotypic component (a smooth representation of Gz) of 7
in IT is denoted by O(m,II) (when it is obvious what are Gy and G3).

PROPOSITION 4.3. 1. Assume that j > 1 and s € C. Then
Homyy (Rp; (Wrtjn+5)/ 75, PNE ® 0) =0
and
Hom s, (Rp, (wrtjnt5)/ 755, pPNE @ 7) = 0.
2. For a cuspidal representation p @ o (j can be equal to 1) we have
O(p®a,7);) = Indg ™ (¢ @ 7)

) ]])
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and
Gl . -
O pa T ;) =Ind, (625 ® o).
J
mp—tntl ) _
3. Ifp#N, * & thenO(p®o, RPJ{ (Wrtjnti)) = Indg;ﬂ o),

Mg —tp —1

and if p# Np 2 &, then

_ Gl
et par, Rp, (Wrijn+j)) & Indpj{ ’ (52/7 ® o).

PRrROOF. The exact splittings in Kudla’s filtrations of Theorem 3.1 enables
us to essentially use the splitting which cuspidal components induce in the
category of smooth representations. So, using Lemma 4.1, Lemma 1.1 of [14],
and Lemma 4.2, quite analogously to the proof of Proposition 3.4 of [6], we
prove all the claims above. O

Now, we are able to state our main theorem which covers most of the
cases of reducibility.

THEOREM 4.4. Let m, = dimgV,., where V,. is a hermitian space, and
let G, be the corresponding unitary group. Let ny = dimgW,,, where W,, is
a skew-hermitian space, and G, is a unitary group of that space. Let o be a
cuspidal representation of G}, whose first non-zero lift in the hermitian power

containing V, s a cuspidal representation T of G,. Let p be an irreducible
=ty fmr—tn =1

+1
cuspidal representation of GLj(E). Then, ifp ¢ {Np 2 & N 2 &},
the representation IndIGDZ’”“ (p ® o) reduces if and only if the representation
J

Indgj"” (¢ p @ 7) reduces. Here & and €' are characters of E*, whose
restriction to F* are er}'F and eiﬁ/F, respectively and where eg/p(v) = (x,A)r
is the quadratic character of the extension E/F. In the case of irreducibility

we have @(Ind%"” (p@o),r+j)= IndIng"” (¢ tp®7) (and vice versa). In

e . G . . . .
the case of reducibility, the representation Ind ;™ (p ® o) has two irreducible
J

subquotients, say, m1 and o, satisfying
0—m — Indg]?“ (p®0o) = m — 0.
Then, ©(m;,r+ j) # 0, and the following holds
0— O(m,r+7j)— Indgj"” e peT1) = O(me,r+4) — 0.

The analogous statement holds for the theta lifts of the irreducible subquotients
of Ind (€6 p@ 7).

PRrROOF. As soon as we have proved Proposition 4.3, the proof of this
theorem is analogous to the proof of Theorem 2.1 in [14]. O
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5. EXCEPTIONAL CASES

Gl
In this section we study the reducibility of the representation Ind ;" * (p®
J

My —tn+1 r—t

o) ifpe{N;f T «E,N;Jtm

n—1
2 ¢}, and the structure of theta lifts of its
irreducible subquotients. It is interesting to note that in the case of unitary
groups these exceptional cases we have to cover, in some way, contain the
exceptional cases of metaplectic and odd orthogonal group ([6]), but there are
some cases which do not appear to be similar. By Theorem 4 on p. 69 of
[13] (keeping in mind our splittings), we know that ©(r,n + 1) is irreducible
representation of G, and ©(o,r + 1) is an irreducible representation of

/

r+1°

+We use the classical notation for the parabolic induction for general
linear and classical groups ([6,19]): for a representation p of GL;(E) and

!
no

n+j

G
a representation 7 of Gj,, we denote the representation Ind,; "’ (p ® 7) by
J

p x m; analogously for the induced representations of G,.
mp—tp—1
LEMMA 5.1. We have Rp;(©(,n+1)) = N > {®0 and Rp, (O(0, 7+
 mp—tp 4l mp—tn—1
1)) = Ng & @ 1. Moreover, the representations Ny 2 & x o and
_mp—tptl

N 2 & %1 reduce, they are of length two and we have the following
exact sequences

My —tn—1

0—=0(r,n+1)—= N 2 Exo—m —0,

my—tn+l

00, r+1) =N, 2 ¢x7—om—0,
where m and 7o are some irreducible representations.

PROOF. There is an epimorphism T : wy 41 — 7O (7, n+1), which leads
to epimorphism Rp; (W nt1) — T@Rp; (O(7,n+1)). Now, we use the filtration
of Corollary 3.5 to see that this filtration of RP{ (Wrnt1) has two members,

mp—ty—1
namely the quotient 7{, = Ny &€ ® wyr, and a subrepresentation 7y, =

Indgf;éff;é/c" (§§'2] ® wrn—1). The assumption that T, # 0, (when the

second Frobenius reciprocity is applied) leads to the contradiction with the
fact that 7 is cuspidal, so we get an epimorphism from 77, to 7® Rp (©(7, n+
1)). Since we know all the relevant isotypic components of w,. , when we want
some epimorphism to factor through 7, we get that there is an epimorphism

My —tn —

=1
from N *  {®o to Rp;(O©(7,n + 1)), which proves the first part of the
claim. Situation with Rp, (©(o,r + 1)) is similar. Since the length of the

mp—tn—1 myp—tn+1

relevant Jacquet module of N, 2 &xo (Np 2 & x 7, respectively)
is two, we get the claim of the lemma. O

Now, we want to have an analogon of Theorem 4.4, i.e.; we want to describe
the lifts of the representations O(c,r + 1), O(r,n + 1), m and my. Since



RANK ONE REDUCIBILITY FOR UNITARY GROUPS 141

in the settings of unitary groups, which are connected algebraic reductive
groups, the Silbereger’s result of the uniqueness of the reducibility point of

the parabolic induced representation in the generalized rank one case and
_ mp—tptl
inducing data cuspidal, we know that the representations N EXo
mp—ty—1

and N 2? & x 7 are irreducible if fm"*;"*l #+ m"*Qt"*l, ie., if m, # t,.
So, we cover this situation first.

PROPOSITION 5.2. Assume that m, # t,, so that the representations

mp—tn—1 mp—tn+1 mp—tn+1

Ng 2 ¢xrandNp 2 Exo=Np ? Exo

are irreducible.  If we additionally assume that m, — t, # —1, then
my—tn

_Mmr—tn+l
the representation ©(Np 2 & x o,r + 1) is non—zero, it has a unique
irreducible quotient, namely O(o,r + 1). Moreover, we then have ©(0(o,r +

_mp—tn+1

1),n+1)=N, 2 £xo. Also, we have O(me,n+ 1) = 0.

PrROOF. We have
_mp—tn+l
I‘IOI’HG:L+1 (wr+17n+1, NE 2 f X 0’)
_mpy—tn+1
= Homyy; (RP{ (Wrt1,n+1), Ng 2 €®o0).
Observe that the isomorphism of vector spaces above is also an isomorphism
of Gr41—modules. Now we apply Proposition 4.3, the third part (to apply

it, we need m, — t, # —1), to obtain that the last intertwining space in
_mp—tptl mp—tpt1
non-zero; moreover, O(Np  * £ ® 0, Rp/(wrr1n41)) = Ng & X

This means, taking the smooth part of the intertwining spaces above, that
_mp—tntl M=ty
O(N, 2

my—tn+1
1) indeed has a unique irreducible quotient because N, 2 & x 7 does (and
it is ©(o, 7+ 1)). On the other hand, let A be an irreducible representation of

_mp—tn+1

Gry1. Wedenote =N, 2 £ xo. Then

my—tn+1

my—tptl _
Exor+1)=Z N, 2 ¢ xr,sothat O(N, 2 Exo,r+

_mp—tn+1

HomGT+1Xg;L+l(w,«+1,n+1, 7T®)\) = HOHI(RP{ (w,«+1,n+1), NE 2 €®U®)\),

mp—tp+1

and the last space in non-zero if A is a quotient of N, 2 ¢ x 7, ie., if
A = O(o,r + 1) (again we used m, —t, # —1). This means that 7 is a
quotient of O(0O(o,7+1),n+1). On the other hand, there is an epimorphism
Wriint+1 = O(o, 7+ 1) ®O(O(o, 7+ 1),n + 1), leading to the epimorphism

mp—tn 41
2

¢oT1e0(0(0,r+1),n+1),
myp—tp 41
and again, by Proposition 4.3 we see there is an epimorphism {Ng X
o — ©(0(o,r + 1),n + 1), and we conclude that O(O(o,r +1),n + 1) =
myp—tp+1

ENp 2 x 0. Now we show that O(ma,n + 1) = 0. If we assume that it

RP1 (WTJrl,nJrl) — NF:
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is non-zero, we could use the analysis of its cuspidal support ([13, p. 69])
to see that ©(me,n + 1) = 0, but there the arguments are in terms of
covering groups, so to be clear, we prove our claim bearing in mind the
splittings. First, we prove that ©(ma,n) = 0. Assume that O(me,n) # 0;
then we have an (non-zero) epimorphism wyy1, — T2 ® O(m2,n). We use
the filtration of Rp, (wr41.,) of Proposition 3.6 to conclude that the only
option is ©(mz,n) = 0. But this would imply that there is an epimorphism
O(o,r + 1) — ma, which is impossible, so O(m2,n) = 0. If we assume that
O(me,n + 1) # 0, by A1 we denote an irreducible quotient of ©(me,n + 1),
so that there is an epimorphism T' : Rp, (Wraint1) — T2 ® Rp; (M). Now
we use the filtration of Rp/(wri1nt1). If T|ry = 0, we may take that T

my—tn+1
is an epimorphism 7' : N *> Q@ Wryip = M ® Rpll (A1), meaning that
©(ma,n) # 0, which is impossible. So, T'|,; # 0. Now, by applying the second
Frobenius reciprocity to T|T{1 we get that there is a non-zero intertwining
mp—tn Myt

+1
Ngp 2 (®o — RP{()\l), but this means \y = Ny * {xo = 7.

This means that HomG7~+1XG:L+1(wT+1,n+177T2 ® ) # 0, but this forces (by

the argument from the beginning of the proof) m3 = ©(o,r + 1), which is
impossible. O

Totally symmetrically, we get the following proposition.

PROPOSITION 5.3. Assume that m, # t, so that the representation

mp—tp—1
Ng 2 & x 7 is irreducible. Assume further that m, — t, # 1. Then,

Mg —tp —1

O(Np ?  &x1,n+1) has a unique q?otz'ent, namely O(1,n+1). Moreover,
o

we have ©(O(1,n+1),r+1) = N;T = ¢/ xr. Also, we have O(m,r+1)=0.

Now we analyze the rest of the special cases which appear in the two
previous propositions. Assume first that m, — t,, = —1. Note that then the
assumptions of Proposition 5.3 are meet, so we know the lifts of ©(r,n + 1)
and 7 (at the r + 1-th level). We describe the lifts of ©(o,r + 1) and 7 in
this situation.

PROPOSITION 5.4. We keep the notation from the beginning of the section.
Assume that m, —t, = —1. Then, the following holds
1. O(0(o,r+1),n+2) # 0, O(w2,n + 2) # 0. Moreover, we have:
2. ©O(o,r+1),n+1)=&xo0 and O(me,n+1) = 0.
1
3. Bvery irreducible quotient of ©(ma,n + 2) equals L(NZEStar2,E); 0),

1
where L(NZEStar2,p);0) denotes the Langlands’™ quotient of a stan-

1
dard representation N2&§Stqr2,m) X 0.

Proor. To prove claim 1. we use the idea of descending in skew—
hermitian tower, starting from some level n’ where we are sure that ©(0(c, r+
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1),n') # 0, for example, by the stable range condition. We start by proving
the following claim:
Assume that m,. — t,» + 1 # 0. Then, we have
mpe—t ,+1

(5.1) ©(O(a,7+1),n') #0 <= Rp/(O(O(0,7+1),n'+1))(Ny 2= &) #0.

Here, for a smooth, finite length representation = (of some group) and
character x of the center of that group, 7(x) denotes the summand of =
corresponding to the generalized central character x. We now prove this
claim. Assume first that ©(©(o,r + 1),n’) # 0. So, there is an G,y1 x G},
epimorphism wy41,, — O(o,r + 1) @ B(O(o,r + 1),n'). On the other
hand, using Kudla’s filtration of Corollary 3.5, we know that there is

mp—t 41
2

Gr+1 X GL1 X Gy epimorphism Rpy (Wr1,n41) = Np
so also Gr41 X GL; x Gy epimorphism

f (24 Wr41,n/s

mr—tn/+1
RP{ (Wrt1,n41) = N ° §@0(0,r+1)®6(0(0,r + 1)7nl)-
Using Frobenius isomorphism , we get that there is a non-trivial intertwining

mp—t ;41

OO(o,r+1),n +1) = N, 2  £x0(0(a,r+1),n),

so again, using Frobenius isomorphism, we get that Rp/(0(© (o, + 1),n' +
mp—t_s+1

1)(Ng 2 &) # 0. We proved one direction of the claim (5.1). On the other

hand, if we assume that the right -hand side of (5.1) holds, it especially means

that ©(0(o,r+1),n' + 1) # 0, and there exists a finite length representation

71 of G}, such that there is an epimorphism

mp—t, 41

T: Rp/(Wri1n41) > O(o,r +1)@ N 2 @

Now, again using Kudla’s filtration of Rp, (Wr41,n4+1) we have: assume that
T|T{1 # 0. Now we use the second Frobenius reciprocity to see that if m, —
tn +1 # 0, we get a contradiction. So, we have to have T|le1 = 0, which gives
mp—t ;41 mpe—t_,+1
us an epimorphism N 7T ® Wrp1, — O(o,r+1) ® N el &R T,
so that ©(O(o,r + 1),n’) # 0. We proved claim (5.1). Now, we prove that
O(©(c,r + 1),n +2) # 0. If n’ is such that ©(O(o,r + 1),n' + 1) # 0,
such that m, —t,» +1 # 0 (we take n’ > n + 1) we have an epimorpism
Wry1,n41 — O(0, 7 4+ 1) @11, for some irreducible representation IT of G, ;.
This gives us a non-trivial intertwining belonging to

HOHIG,.HxG/n,H(wr+1,n/+1,§/ x T @I) =
Homer, x@, xG,,, (BRp, (Wri1n41), @ 7@ TI),

By examining the filtration of Rp, (wr+1,n/4+1), We see that for a nontrivial
intertwining 7" belonging to the second intertwining space above, T, # 0,
since m, —t,y — 1 # 0 (because n’ > n + 1). By examining T'|.,, we get a
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nontrivial G}, | intertwining £ x ©(7,n’) — II. But, an easy argument gives
m,T—tn/ +1
us (because 7 is cuspidal) ©(7,n') — EN, 2 x O(r,n’ —1). We have
me—t,,+1

D ExEN 2 x0O(r,n' —1).

If Mr=latl g 11} (this is satisfied if n’ > n + 2) we have
mp—t, 41
I N, 2 x ExO(r,n’ —1),
my—t_ +1
and we can conclude that ©(0(o,r+1),n' +1)(ENgp 2 ) # 0 is fulfilled if
n' > n+2, so, by claim (5.1) we have ©(0(a, 7+ 1),n') # 0, and (O (o, 7 +
1),n + 2) # 0. The proof that O(m2,n + 2) # 0 is totally analogous.
We now prove claim 2. Applying Proposition 4.3 we get

@(5' ® T, Rp, (Wrt1,n+1)) = & X 0,
which is an irreducible representation. By Frobenius reciprocity, we have
Homg, ,,xar ,, (Wr1nt1,§ X T®E N 0) =
Homp, xcr ,  (Rp (Wrt1,n41), TR E X o) X Homg: , (§ 0,8 x0),

so that the dimension of the first intertwining space is one. On the other
hand, the first intertwining space is isomorphic to

Homp;xg, ., (Rp;(Wit1,n+41),§ X TRE@ ).

If we use the filtration of Rp, (Wr41,n+1), We see that there is already
non-zero intertwining from 71p = £ ® wrq1, — £ X 7 ® £ ® 0, where the
image of this intertwining is precisely ©(o,r + 1) ® ¢ ® 0. So, every (non-zero)
intertwining operator from Hompsvq, , (Rp/(Wri1,n41),§ X 7 ® § ® o) has
image equal to O(o,r + 1) ® £ ® 0. From this easily follows that the image of
a non-zero intertwining operator from HomGr“’GiL+1 (Wr41,n41,§ XTRE X 0)
is precisely O(o,r+1) ® £ x 0. This guarantees that ©(©(o,r+1),n+1) # 0.
We have an epimorphism

Wrt1nt1 — Olo,r +1) @ O(O(0, 7+ 1),n+ 1),
and epimorphism
Rp,(wrt1n41) 2 € @70 O(0(0,r +1),n+1),

meaning, by our previous considerations, that there is an epimorphism from
& x o to ©O(a,r+1),n+ 1), so, actually, O(O(c,r +1),n+ 1) = & x 0.
If we assume that ©(me,n + 1) # 0, by the same reasoning, we would get
that ©(ma,n + 1) = & x 0. But, then, two epimorphisms T} : wy41 41 —
O(o, r+1)®Exo and Ty : wry1pnt1 — T2®E X0 are linearly independent, which
contradicts the fact that dimcHomg, , x¢7,, (Wr41n41, X T®E N 0) =1
(with & x 7 = O(0,7 4+ 1) ® m2). We conclude O(m2,n + 1) = 0. Now, let A
be an irreducible quotient of ©(m2,n + 2). By the epimorphism wy41 p12 —
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m ® A, and by passing to the Jacquet module, there is an epimorphism T :
Rp (Wrt1,n+2) = & @ 7@ A. Using filtration of Rp, (wr41,n+2), we get that
T+, # 0. Now, the second Frobenius reciprocity applied to T, gives us
a non-trivial intertwining belonging to HornG%+2 (€ xO(t,n+1),\). In the
appropriate Grothendieck group we have the following

1 1
Np€x&xo=ExO(m,n+1)+Exm =ENEStgr,p) X o +ENglgr, X o,

where Stgr,g) denotes the Steinberg representation of G'Lo(E). Now, we
use the formula for the calculation of the Jacquet modules of the induced
representations due to Tadié¢ ([17]), but in the context of unitary groups.
Though formula is originally obtained for the odd orthogonal (split) and
symplectic groups, it is easily seen that it is also valid for the unitary groups.
This is explained in the first section of ([12]), and formula in question is (1.1)
there. Note that the only difference in formula there and originally in ([17],
Theorem 5.4, Theorem 6.5) is in the definition of M* (which acts on the
(virtual) representations of GL,(E)) where instead of taking contragredient,
for the unitary groups we use firstly conjugation (a nontrivial element of
Galp,/r) and then taking contragredient (as explained before (1.1) in [12]).
We use this formula to obtain

(5.2) Rp/(NpxExo)=2@Np{xo+NpE@Exo+Nglé@Exo.

This means that the length of representation Ng& x £ X o is at most six.
From this, we get that

(5.3)

Rp(Npéxéxo) = 2Npé@EQo+2N L E@ER0+2£RNpé@a+26@ N, E® 0,

where P belongs to the smallest conjugacy class of parabolic subgroups of

G, o for which the corresponding Jacquet module of Ng& x £ x ¢ is non-

zero. On the other hand, it is obvious that, since £ x m; has only tempered
1

subquotients, L(ENZStgr(2,E);0) + L(Ng&§ X 0) <& xO(1,n+ 1), so the

length of £ x ©(7,n + 1) is at least two. Here we use L(SNE%StGL(Q,E);O—)
(L(Ng&; € x o), respectively), to denote the Langlands quotients of the
standard representation ENP% Stare,p) X 0 (Ng& x & X 0, respectively). But
if we use Aubert duality ([1], Theorem 1.7 (2)) we see that the length of
& x O(r,n + 1) is the same as the length of £ x 71, i.e., at least two. But,
each subquotient of £ x 7 is a tempered representation, having necessarily
¢ ® Ng€ ® o in it’s appropriate Jacquet module. From (5.3), we see that
there are at most two of them, so exactly two of them. This means that
the length of representation Ng& X & x o is four, and since ©(r,n + 1) is

unitarizable, £ x O(r,n+1) = L(fNéStGL(Q,E); 0)® L(Ng&; € x o). To prove
1

that A = L({NZStgr(2,p);0) observe that, by (5.2), the only irreducible

subquotient ™ of Ng& x £ X 0 having an irreducible subquotient (N ! REXCT
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in its Jacquet module Rps(7), is exactly L(Ng;§ x o). If we assume that

A = L(Ng&; & x o), we would have Rps (O (mg,n + 2))(ENZ") # 0, and this

contradicts the condition (5.1) (expressed for 7o instead of ©(c,r + 1), but it
1

still holds) for n = n + 1. We conclude A = L({NE Stari2,p);0)- O

Totally symmetrically, we get

PROPOSITION 5.5. Assume that m, — t, = 1. Note that then & x T is
irreducible. Then, ©(©(r,n + 1),r + 1) = & x 7, and O(m,r + 1) = 0.
Moreover, O(m1,r + 2) # 0, and every irreducible quotient of ©(my,r + 2)

equals L(NégStGL(ZE); 7).

Now we just have to cover the case m, = t,.
Observe that in this situation, we have

0 O(mn+1) = NyExo —m — 0,

and )
0—O(o,r+1) = Ny x7— m — 0.

PROPOSITION 5.6. Assume that m, = t,. Then,

(i) ©O(r,n+1),r+1) = ENZ %1, OO(0,7r +1),n+1) = ENE x 0.
(ii) We have O(m,r) = O(m2,n) =0 and O(my,r+2) # 0, O(ma,n+2) #
0. One of the following two situations occurs:

-O(m1,r+ 1) # 0 and every irreducible quotient of ©(my,r + 1) is
w2, and vice versa, O(ma,n + 1) # 0, and every irreducible quotient of
@(’/TQ,’I?,+ ].) 18 .

-O(m, 7+ 1) =0 =0(me,n+1). Then, every irreducible quotient
of ©(my,r+2) is a unique (tempered) common irreducible subquotient
of Néf’ X O(o,r + 1) and §'Stgre,p) X 7. In the same way, every
irreducible quotient of ©(ma,n + 2) is a unique tempered common

irreducible subquotient of Né«f X O(1,n+1) and {Stgra,p) X 0.

REMARK 5.7. We can study lifts of the representations of the skew-—
hermitian group in “the other” hermitian tower (where the spaces have
the same parity of dimension, but different determinant ([11, p. 374] and
[8, p. 983])). We know that the Conservation Conjecture ([9, p. 76] and
[8, Speculation 7.5]) holds for the supercuspidal representations. So, if r/
denotes the level on which o first appears in the correspondence with the
representations of the unitary groups in the second hermitian tower, we have
my + my = 2t, + 2, so that m,» = t, + 2. We denote the corresponding
cuspidal representation of G, by 7~ (the sign ~ emphasizes that we are in
the other hermitian tower). We have the following exact sequence

0%@(7171+1)%N%§><|0%7r’1%0.
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This means that we can apply Proposition 5.3 to obtain © (71,7 + 1) = 0,
and O (O(t7,n+ 1), +1) = Ngf’ x 7. Here ©(-) denotes the (full)
lift in the other hermitian tower. But we see that ©(7—,n + 1) = m; and
7w = O(r,n + 1). Now if we assume that the Conservation Conjecture holds
for w1, and if we denote the dimension of the first level of occurrence of 7y in
the first hermitian tower by m,.(m1) and in the second one by m, (1), we have
my(m)+mp (m1) = 2tp41+2 = 2t,+6, and we know that m,/(m1) = my41 =
my + 2 = t, + 4, so that m,(m1) = t, +2 = my41 and O(m1, 7 + 1) # 0, so
the first possibility in (i¢) of the previous Proposition should occur.

ProOF. The proof is totally analogous to the proof of Theorem 4.4 in [6],
so we omit it. O
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