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EXISTENCE RESULTS ON POSITIVE PERIODIC
SOLUTIONS FOR IMPULSIVE FUNCTIONAL
DIFFERENTIAL EQUATIONS

Yuir Liu
Guangdong University of Business Studies, P. R. China

ABSTRACT. A class of first order nonlinear functional differential
equations with impulses is studied. It is shown that there exist one or two
positive T-periodic solutions under certain assumptions, and no positive
T-periodic solution under some other assumptions. Applications to some
impulsive biological models and an example, which can not be covered by
known results, are given to illustrate the main results.

1. INTRODUCTION

The theory of impulsive functional differential equations (IFDE for short)
is an active area of research, see the papers [1,3,4,9-27,29,32,33,37,38,40-42].
For some general mathematical aspects of IFDE we refer to the text book [8].

In known papers [2,11,14-16, 20, 21, 29, 34, 37, 39-41], the existence of
positive periodic solutions for the IFDEs of the form
(1.1)

{ 2/ (t) = —a(t)z(t) + Ab(t) f (t,a(t — 7(t,z(t)))), t € Rt # ty, k € Z,
2(t) = (L+ boa(t), k € 2,

L (1) = a(B)a(t) — M(t)f(t, 2t — 8(1)), t € Ryt # ty, k € Z,
L2 atf) = (1 + bo)(ts), k€ 2,
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were studied, where by, > —1 for all k € Z, A\ > 0, a,h,d are positive T-
periodic functions, f(¢,x) and 7(¢, ) are nonnegative and T-periodic in ¢ and
continuous in z.

In [5-8,12,13,17,22,28,30,31,33,35,36], the existence of positive periodic
solutions of the following IFDEs

(1.3) N'(t) = —uN®t) + Ape ™)t Lt k€ Z,
' N(te) = (1+be)N(ty), k € Z,
N"™(t—1
(1.4) N'(t) = —uN () + Wiy, t# ok €2,
N(tk) = (1 +b)N(ty), k € Z,
and
(1.5) N'(t) = —uN(8) + ApN(t = 7)e ™M)t £ty k € Z,
' N(tr) = (1 +bg)N(ty), k € Z,

were studied, where p is the probability of death of the biological population,
p and r are positive constants related to the production of the biological
population per unit time and 7 is the time required to produce a new biological
population, m > 0,n > 0 real numbers and A > 0 a parameter and by > —1
for all k € Z, N(t) denotes the number of the biological population at time ¢.

System (1.3), (1.4) and (1.5) are called impulsive model of red blood
cell system, impulsive hematopoiesis model and impulsive Nicholson’s Blowfly
model, respectively.

In the case when pu, the probability of death of the biological population,
depends on the time and the total population number N(t) at time ¢, one
should replace p by p(t)p(N(t)). So it is interesting to consider the existence
of positive periodic solutions of the following impulsive models

16 N'(t) = —p(t)p(N (1)) N (1) + Ap(t)e " ONCE=TO) ¢ 2ty k€ Z,
(1.6) { N(tg) = (1 +bp)N(t;, ), k € Z,

) { N'(8) = —p(t)o(N ()N (1) + M) ey £ # oo b € 2,
N(ty) = (1+bx)N(t), k€ Z,

and
(1.8)

N'(t) = —p(®) (N ()N (t) + Ap(ON (t — 7)e T ONC—O) ¢ 2 4y k € 7,
{ N(te) = (1+be)N(t,), k€ Z,

where by > —1 for all k € Z, A > 0 a parameter, ¢ : [0,+00) — [0, +00) is
continuous and satisfies that there exist positive numbers [; < ls such that
Ii < ¢(x) < g for all z € [0,400), p,p,r and T are positive T —periodic
functions, t; are positive real number sequence with limg_, o0t = 400,
bi > —1 constants for all k € Z with [[,_, ;. +(1+ bx) = constant for all
teR.
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Motivated by this reson, we consider the following more general first order
functional differential equation

' (t) = — a(t)p(x(t))x(t) + A(t)f (£, x(t — 7(t, (1)) ,

1.
(19) teR,t £ty ke,

with the impulse effects
(1.10) z(ty) = (14 bi)z(ty ), k € Z,
where

* a:R — Ris a function,

* ¢ : [0,400) — [0,400) is continuous and satisfies that there exist

positive numbers I3 < I3 such that I; < ¢(x) <l for all x € [0, +00),

A > 0 is a parameter, T > 0 a constant,

h:R— R* with h € X and [, h(s)ds > 0,

f: R x[0,400) — [0,400) satisfies that f(-,x2) € X and f(¢,-) is

continuous,

7:R xR — R" with 7(-,2) € X and 7(t,-) being continuous,

{tr} is a real sequence satisfying that there exists [ > 0 such that

ty + 1 =tgq forall k € Z,

* by > —1 constants for all k € Z with [[,_, <, (1 + bx) = constant
for all t € R.

The purpose is to establish existence and nonexistence criterion for
multiple positive T-periodic solutions of (1.9) with impulses effects (1.10)
(system (1.9)-(1.10) for short).

The theorems obtained in this paper generalize and improve the known
ones in [2,11,14,20,39] and the recent publication [16].

The deduced results are different from known ones in [5-8,12,13,17,22,
28,30,31,33,35,36] when the main results are applied to (1.6), (1.7) and (1.8).

The remainder of this paper is organized as follows. In section 2, we
give main results and apply them to biological models (1.6), (1.7) and (1.8),
respectively. We also give an example at the end of this section. In Section
3, the proofs of main results are presented.

*

* %

* %

2. MAIN RESULTS AND APPLICATIONS

In this section, we first present the main results, then apply the main
results to get multiple positive T-periodic solutions of equations (1.6), (1.7)
and (1.8), respectively. An example is also given at the end of this section.

Choose

xz: R — R : z is T-periodic, continuous on [tg, tkt1),
X = there exists the limit lim, ,,- x(t) = z(t, ) for all k € Z

t—t,

and z(ty) = (1 + bp)x(t, ) forall k € Z
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For z € X, let ||z[| = supyc(o;r) [(¢)]- It is easy to show that X is a Banach
space.

For a € X, denote a™(t) = max{0,a(t)} and o™ (t) = max{—a(t),0}. For
b, € R, denote b} = max{0,bx} and b, = max{—by,0}.

Let us list some assumptions.

(H1) a satisfies exp (11 fOT a®(u)du — Iy fo du) > H0<t <T(1 + by.).
(H2) f satisfies that max;eqo,77,v¢[0,1] f (¢, ) > 0.
Denote
exp (1 fy @t (w)du 1z J; o (w)du) = Ty, < (1 + br)
o =

exp (12 fo at(u)du — Iy fo a—(u)du) —[locr,<r (1 +bx)

exp (—12 fOT af(u)du) [Toct,<r(1=0;)

X Y
exp (12 fOT a*(u)du) [oct, <r(1+ )

— t t

fo = limsup sup M, fo =liminf inf A ’1)7
z—=0 tcfo,7] ¥ — z—=0 tefo,T] «

foo = limsup sup ’x), foo = liminf inf il ’Z),
z—+oo tefo,T] ¥ — z—+oote[0,T] T

THEOREM 2.1. Suppose that fo € [0,400), fo € (0,+00] and (H1) holds.
Then system (1.9)-(1.10) has at least one positive T -periodic solution if A €
(A, B), where A and B are defined by

exp (12 o a*(w)du iy [ o™ (u du) ~ oer,<r(1+bi)
oo Tloo,<r(1 = b7 ) exp (2 o a~(u)du) f; h(s)ds
exp (11 i a* (wdu — Iy [ = (w)du) — TTppycr(1+br)
o Moo, <r(+ 58 exp (12 fy at (w)du) [ h(s)ds

THEOREM 2.2. Suppose that fs € (0,+00], fo € [0,+00) and (H1) hold.
Then system (1.9)-(1.10) has at least one positive T -periodic solution if A €
(A, B), where A and B are defined as follows:

exp Iz fy a* (w)du— 1y [ a(u du) ~Tloes e (1 +bx)

0 foo Toct,<r (1= b exp (1o fy a=(w)du) [ h(s)ds

exp (I fy o (udu — 1 f a=(u)du) = TToey, <7 (1 + br)
FoTocr,<r( + by exp (I i a* (w)du) ) h(s)ds
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THEOREM 2.3. Suppose that foo = fo = 400 and (H1),(H2) hold. Then
there is \* > 0 such that system (1.9)-(1.10) has at least two positive T'-
periodic solutions for all X € (0, \*).

THEOREM 2.4. Suppose that foo = fo = 0 and (H1),(H2) hold. Then
there is \* > 0 such that system (1.9)-(1.10) has at least two positive T -
periodic solutions for all A > \*.

THEOREM 2.5. Suppose that fo < 400, fo < +oo and (H1),(H2) hold.
Then there exists \* > 0 such that system (1.9)-(1.10) has no positive T-
periodic solutions for A € (0, \*).

THEOREM 2.6. Suppose that foo > 0, fo > 0 and (H1),(H2) hold. Then
there exists \* > 0 such that system (1.9)-(1.10) has no positive T -periodic
solutions for A € (\*, 4+00).

Now, we apply our main results to (1.6), (1.7) and (1.8), respectively, to
illustrate the main results. Suppose that

(H3) p,p,7 € X are T-periodic functions with r(t) > 0, 7(¢t) > 0, p(t) > 0
for all t € R and

T T T
s)ds ex 1 T(u U — lo “(u)du .
| wsias>o. p<l/0u()d Z/Ou<>d>>ﬂ<1+bk>

0<t, <T

COROLLARY 2.7. Suppose that (H3) holds. Then (1.6) has at least one
positive T-periodic solution for all X > 0.

PRrROOF. Corresponding to system (1.9)-(1.10), choose a(t) = u(t), h(t) =
p(t), and f(t,z) = e " replace 7(t,x) by 7(t). (H3) implies that (H1)
holds. It is easy to see that

foo =0€[0,+00), fo=+00 € (0,+00)].

Hence Theorem 2.1 implies that equation (1.6) has at least one positive T-
periodic solution for all A € (0 4 c0). O

COROLLARY 2.8. Suppose that (H3) holds. Then (1.7) has at least one
positive T-periodic solution for all X > 0 and n € [0,1) U (1, 4+00) and has at
least one positive T-periodic solution for

(2.1)

exp (12 fy wt (w)du— 1 f) ) ~oer<r(1+ 1)
e

0H0<tk§T(1 by exp( lo fo du) fOTp(s)ds

; 100

andn =1.
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PRrROOF. Corresponding to system (1.9)-(1.10), choose a(t) = u(t), h(t) =
p(t), and f(t,x) = W, replace 7(t,x) by 7(t). Then (H3) implies that
(H1) hold, it is easy to see that

f;: 0e [O,—FOO), fO =400 € (07+OO]

if 0 <n < 1. Hence Theorem 2.1 implies that equation (1.7) has at least one
positive T-periodic solution for all A € (0,400) and 0 < n < 1.

One sees that fo, = 400 € (0,400] and fo =0 € [0, +00) if n > 1. Hence
Theorem 2.2 impligthat equation (1.7) has at least one positive T-periodic
solution for all A € (0, 4+00) and n > 1.

If n =1, then foo = 0 € [0,4+00) and fy = 1 € (0, +oc]. Hence Theorem
2.1 implies that equation (1.7) has at least one positive T-periodic solution if
n, A satisfy (2.1). O

COROLLARY 2.9. Suppose that (H3) holds. Then ((1.8)) has at least one
positive T-periodic solution for all
(2.2)

exp (12 fo w)du — Iy fo ) - H0<tk§T(1 + b)
JHO<tk§T(1 by exp( lo fo du) fOTp(s)ds

PRrROOF. Corresponding to system (1.9)-(1.10), choose a(t) = u(t), h(t) =
p(t), and f(t,z) = 2e~"M* replace 7(t,2) by 7(t). Then (H3) implies that
(H1) holds; it is easy to see that

foo =0€[0,400), fo=1€ (0,+00].

A€

; 100

Hence Theorem 2.1 implies that equation (1.8) has at least one positive T'-
periodic solution for all A satisfying (2.2). O

ExaMPLE 2.10. Consider the following impulsive models

Try()Y I+y(t—7(t))

z(ty) = LZa(t; ), k € Z,

{ Y(t) = — (3 + cost) 20y 4y 4 \2Z0S P T 4 e R ¢ £ ko k€ Z,
V3

where T = 27, t), = knm + 5, by = % —1,7:R = [0,+00) is a 27w-periodic

continuous function. Corresponding to system (1.9)-(1.10), we find that

1 2+
a(t) = E—l—cost, o(x) = T2
2 —cos?t + a3
h(t) =1 t =
=1 f(tz) P
V2
r(t,x) =7(t), by=m —1, ty = km, k€ Z.

V3
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It is easy to see that [y = 1,13 = 2. One sees that

exp (11 /027r a™ (w)du — Iy /027r a_(u)du) = exp (%ﬂ - %ﬁ)

> H (1+bk):2?ﬂ-.

0<trp <27
Then (H1) holds. One sees that

exp (37— V3) ~ Z exp (3 —2V8) 3
oo (375 V3) ~ % exp (3r 1 vB) 27

it is easy to see that max,c(o.2x],ze(s,1] f(t,2) > 0. Then (H2) holds. By
computation, we find that

t 92— 2¢ 3
z—0 te[0,27] x z—0 te[0,27] :E(l + x)
and ) \
t 2 — t
lminf inf 20D g e 228 CET
z—+oo te[0,2n] T z—+oo tef0,2n]  x(l + x)

It follows from Theorem 2.3 that there exists a constant A* > 0 such that
the considered system has at least two positive 2m-periodic solutions for all
A € (0,\*). In fact, one can see from the proof of Theorem 2.3 in Section 3
that A* should be chosen in the following way
. exp (37— V3) — &
AT = 2 2
exp (§7T + \/5) 52T maxee(0,7),x€0,1] f(t,x)
3 (exp (57— V3) = )
~ 2n2exp (37 +V3) (14 03)

and . )
31+ 0) (exp (r — V3) - %)
8m2exp (27 4+ V3) (1+ 03)
REMARK 2.11. This example can not be covered by all known results.

Corollaries 2.7, 2.8 and 2.9 are different from theorems obtained in [5-8,12,
13,17,22,28,30,31, 33, 35,36] even when ¢(x) = 1.

A >

3. PROOFS OF MAIN RESULTS

In this section, we first present some background definitions in Banach
spaces and state an novelty fixed point theorem. Then the main results,
Theorems 2.1-2.6 are proved.

DEFINITION 3.1. Let X be a semi-ordered real Banach space. The
nonempty conver closed subset P of X is called a cone in X if av,x +y € P
forallz,y e P anda >0 and z € X and —x € X imply x = 0.
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DEFINITION 3.2. Let X be a Banach space. An operator T; X — X
is completely continuous if it is continuous and maps bounded sets into pre-
compact sets.

LEMMA 3.3 (Krasnoselskii). Let X be a Banach space and P C X a cone
of X, 0€ Q) CQy CX open and bounded non-empty subsets. Suppose that
T:PN(Q2\ Q) — P is completely continuous. If

(i) || Tz|| < ||z|| for all x € POQ, || Tx|| > ||z|| for all z € PN OQy

(ir) || Tz|| = ||z]| for all x € POQ, || Tz|| < ||z|| for all x € PN oQs,
then T has at least one fived point x € PN (Q2\

LEMMA 3.4. Let X be defined as in Section 2. Suppose that a,o01 € X
and (H1) holds. If x € X is a solution of the equation

' (t) = —a(t)d(x(t))x(t) + o1(t), t # tr, k € Z,
(3.1) { w(ty) = (1 + byt k € Z, *

then

(3.2) x(t) = /t+T G(t,s)o1(s)ds, t € R,

where

exp ( ts (z)(x(u))a(u)du) Hs<tk§t+T(1 + bg) .
exp (fy dla(w)a(du) = Tyep, <r(1+ bi)

PROOF. Since z € X is a solution of equation (3.1), we get that

6 atoens ([ attwnatonts)] = oty { [ otswnatunn).

teR,t#ty, k eZ.
The proof is similar to the corresponding part in [12,23] and is omitted.
O

(3.3) G(t,s) =

LEMMA 3.5. Suppose that (H1) holds, G(t,s) is given in (3.8). For t <
s <t+T, it holds that

exp( Iy fo du) [oct,<r(1—0;)

(3.5) Glt,s) > =
exp (12 Jo at(u)du — 1, fo a—(u)du) —lowt, <o (1 +br)

and
T
exp (12 fo a+(u)du) H0<tk§T(1 + b))

(3.6) G(t,s) < .
exp (ll fOT at(u)du — Iy fOT a*(u)du) — o<t <r (1 +b)
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PROOF. Let I* = [t,t + T}, and
I'—f{tel' a(t)>0}, L= {teI':a(t) < 0}.
One sees from (H1) that
G(t,s)
exp (f[t,s]m{ d(z(u))a(u)du + f[t,s]m; <Z>(x(u))a(u)du) Hs<tk§t+T(1 —b;)
exp (Jf; dla(w)a(du) = Tyep, <r(1+ be)

exp (~ta Jy o~ (Wdu) Ty, <pr(1 = B7)

= o0 (g St fy g Se)a()n) Ty ey (1 +b0)
exp (712 s a*(u)du) Tlows, <(1 = b))
"~ exp (12 I et (uydu — 1y [ a—(u)du) —oer,<r(1+b)
Then (3.5) holds. Similarly we get (3.6). O

LEMMA 3.6. Suppose that (H1) holds, a,01 € X, o1 is nonnegative and
x € X is a solution of equation (3.1). Then x(t) > o||z|| for all t € R, where
o is defined in Section 2.

PRrROOF. Since (H1) holds, we get from Lemma 3.4 that (3.2) holds. Then
Lemma 3.5 implies that

x(t)
e (<t S a(u;du) Moceyer(l— b) [ o
exp (l2 Jo at(u)du =1y [; a= (u)du) —[Hocs,<p(1+bx) /2
B exp (712 fOT a” (u)du) [Toci,<r (X =0;) T
- exp (lg fOT at(u)du — 1y fOT a~ (u)du) — o<t <r (1 +bx) /0 7ile)ds,

>

and similarly

exp (lg fOT a*(u)du) H0<tk§T(1 + b;‘) T
- - / o1(s)ds
exp (ll Jo at(w)du -1z [ a—(u)du) — o<t <r(1 +br) /0

x(t) <

Then
T o+ +
exp (12 Jo @ (u)du) [Toci, < (1 +07)

T
||| < T T o1(s)ds
exp (11 Jo at(u)du -1z a—(u)du) —[locs<r (1 +bx) /0
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It follows that
exp (11 fOT a®(u)du — Iy fOT a” (u)du) —[ows, < (1 +br)

x(t) > X
exp (lg fOT at(u)du — Iy fOT a- (u)du) — o<t <r (1 +bx)
exp (—12 fOT a*(u)du) H0<tk§T(1 —by) el
exp (12 fOT a+(u)du) [To<t,<r(1+ by)
= oflz||, teR.
O
Choose

P={rxecX:a(ty)=1+0bp)x(t,) forall k € Z
and z(t) > ol||z|| for all ¢t € R}.

It is easy to see that P is a cone in the space X defined in Section 2. Define
the operator T : X — X by

4T
(3.7) Tz(t) = )\/t G(t,s)h(s)f(s,x(s — 7(s,2(s))))ds, t € R

for © € X, where G(t, s) is defined by (3.3).

LEMMA 3.7. Suppose that (H1) holds. Then
(i) it holds that
(Tz)'(t)=—a(t)p(z(t)) (Tx)(t)+ M) f (¢, 2(t=7(t, x(1)))),t € R,t # ty, k € Z
and
(Tx)(tr) = (1 +bp)(Tx)(ty,), k € Z;

(ii) for x € P, (Tx)(t) > o||Tx|| for allt € R and x € P, i.e., TP C P;

(iil) T is completely continuous on P;

(iv) € X is a positive T-periodic solution of system (1.9)-(1.10) if and
only if x is a fized point of operator T in P.

PROOF. The proofs are simple, standard and are omitted. O

PROOF OF THEOREM 2.1. Let A € (4, B) be fixed. From A < B defined
in Theorem 2.1, we choose € > 0 and Ry > 0 such that

[Toct, <7 (1 + by ) exp (l2 fOT a+(u)du> fOT h(s)ds

- = <1
exp (11 Jo at(u)du—1s [; a~ (u)du) —Iloct,<r(1+b)

Mfoo +6€)

and

¢ _
f(I’:E) < foote te [OaT]afL’ZR?
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STEP 1. Set O = {z € X : ||z|]| < Re/o}. If y € PN O, then y(t) >
olly|| = Rz and

Ty(t)
t+T
— 2 / Gt 5)h(s) (s, y(s — (5, 5(5))))ds
_ t+T
<ATm+o / G(t, 5)h(s)y(s, 7(5, y(5)))ds
o t+T
< A(T= + Illyll / G(t, 5)h(s)ds

. 1l TTows, <r (1 + 6 exp (12 fy @t (uw)du) f h(s)ds
< Afoo +6) T T
exp (11 Jo at(u)du—1s [; a= (u)du) —[ows, < (1 +br)

<yl

Then ||Ty|| < ||y|| for all y € PN IQy.
STEP 2. Since A > A defined in Theorem 2.1, choose € > 0 such that

H0<tk§T(1 — b, )exp (—12 foT a—(u)du) foT h(s)ds

exp (12 fOT at(u)du — Iy fOT a—(u)du) —[locr,<r (1 +bx)

Choose R; sufficiently small such that 0 < R; < Ry and

f(t,z)
T

Ao (fo —€)

> 1.

> fo—€ t€[0,T],z€l0,R]

Let Qo = {x € X : ||z]| < R1}. Fory € PNoQsy, we find 0 < y(t) < ||ly|| = Ry,
and

t+T
Ty(t) > A(Jo — ¢) / G(t, 5)h(s)y(s — (5, y(5)))ds

t+T
> A(fo — € / G(t, 5)h(s)o[yl|ds

1911 Tor, (1 = by exp (—la o o™ (u)du) [ h(s)ds

> Mo (fo -
et exp (12 fOT at(u)du — Iy fOT a—(u)du) —[locr,<r (1 +bx)

> [yl

Then ||Ty|| > ||y|| for all y € PN IQs. Hence Lemma 3.7 and 3.3 imply that
T has at least one fixed point y such that Ry < ||y|| < Rz/c that is a positive
T-periodic solution of system (1.9)-(1.10). O

PROOF OF THEOREM 2.2. The proof is similar to that of Theorem 2.1
and it is omitted. O
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PROOF OF THEOREM 2.3. Choose

exp (11 fOT a®(u)du — Iy fOT a (u du) —ows,<r(1+bx)

T + + ’
exp (12 fo a )du> H0<tk<T(1 + by, fo s)ds [07%1%3;[071] f(t,z)

A=

For A € (0,\*), we prove that system (1.9)-(1.10) has at least two positive
T-periodic solutions.

Choose g = {x € X : ||z||] < 1}. Then z € P NI implies that
||z|| € [o,1], we have

Txz(t)
t+T
- / G(t, 5)h(s) (s, 2(s — (5, 2(s))))ds
exp (1o f @t (wdu) Ty (155) J () F(s.2(s — (s, 2())))ds
exp (11 fo at(u)du —ly fo a~ u)du) —[Howt,<r(1 + k)
_exXp (12 fOTaJr )du) [To<r, <o ( (1+b)) fo s)ds max,e(o, 1) ve(01] f (£, )

exp (11 fo at(u)du — o fo a~ u)du)—H0<tkST(1 + bi)
< 1= [fz]]

<A

We get || Tz|| < ||z|| for x € P N 0Qyp.
Choose Gy > 0 such that

Goo exp (12 fOT at(u du) H0<tk<T (1+ b fo

e > 1.
exp (11 Jo at(u)du —1la fo a*(u)du) - H0<tk§T(1 + by)

Since

t t
liminf inf ,2) = foo = +o00, liminf inf ft,2) =fo=
z—+00 te[0,T) x — z—0 t€l0,T] T —

we get that there exist constants 0 < Ry < 0 < 1 < oR3 such that
t
D) S o te (0,12 > R
T

and

¢
f(;”) > Go, t€[0,T),2 < Ry.
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Let O ={z € X : ||z|| < R1} and Q3 = {& € X : ||z|| < Rg/c}. Then, for
z € PN 0Ky, one has z(t) > of[z|| = 022 = Ry and

Tx(t)
t+T
=3 [ Gl (el = (s, (s))is
AGoexp( L[l a du) oce, <r(X—b;) 7 h(s)a(s — (s, 2(s)))ds
exp (l2 fo at(u)du — 1y fo a~ (u)du) - H0<tk<T(1 + bg)
AGoanszcnexp (lz Jo ™ ( >du) Hmkqu +65) Jy h(s)ds

exp (1 fy a* ()du ~ 1z ) o= (u)du) ~ 1‘[0<tkg(1 +by)
2> |-

We get || Tz|| > ||z|| for z € P N ONs.
For x € PN JQy, one has 0 < z(t) < ||z|| = Ry, then

- G ) 75,25 — 7, 2(9)ds

Go exp (~ta Jy @™ (Wdu) Ty <z (1= b7) f7 B()2(s = (5, 2(5))ds
exp (12 JF at (uydu — 1y [ a*(u)du) ~Tlows, <o (1 + be)

 Goollalexp (12 J @™ (w)du) Ty < (1 +0F) fy hls)ds

exp (ll fOT at(u)du — Iy fOT a*(u)du) — o<ty <r (1 +0)
> [f]l-

We get ||Tz|| > ||z|| for x € PN 0Qy. From above discussion, applying
Lemma 3.7 and Lemma 3.3, we get that T has at least two fixed point y1, y2
such that Ry < ||y1|] < R1 <0 <1 < Ry </||y2|| < Ra2/o. Hence y1,y2 are
two positive T-periodic solution of system (1.9)-(1.10). O

PROOF OF THEOREM 2.4. Choose

exp (lg fOT a®(u)du — Iy fOT a (u du) - H0<tk<T(1 + by)
o exp ( Iy fo du) H0<tk<T fo min f(t,z)

te[o,T],xe[a,u

Af =

The remainder of the proof is similar to that of Theorem 2.3 and it is omitted.
O
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PROOF OF THEOREM 2.5. Since max;e(o,1),z¢[0,1] f (¢, ) > 0 and

t,x — t,x
limsup sup M = foo < +00, limsup sup M
z—+too tc[0,T7] T z—=0  t€[0,T]

=E<—|—oo7

we get that there exist positive numbers €1, €2 and 71 < 0 < 1 < ro such that

and
f(;’x) < (fo+e), t€[0,T),x>rs.
Denote
A = max {fTo e fot e, tef0.Thaelrs,re] f(zx) } .

It follows from max;c(o,1),2¢[0,1] f(f,2) > 0 that A > 0 and f(¢,7) < Ax for
all t € [0,T] and = € [0, 400). Choose

exp <11 fOT a®(u)du — Iy fOT a (u du) - H0<tk<T(1 + by)

Aexp (12 fo d“) H()<tk<T(1 + b+ f() s)ds

For A € (0,\*), if system (1.9)-(1.10) has a positive T-periodic solution z,
then

x(t) = Tx(t)
4T
=3 [ Gl (el = (s, (s))is
)\Aexp (lg fo a®(u du) [Mocs, <r(1+07) J; T h(s)w(s — 7(s, 2(s)))ds
exp (11 fo at(u)du —ly fo a=(u du) —oci,<r (X +bx)
R Al|z|| exp (l2 fOT a+(u)du) H0<tk§T(1 + ) fOT h(s)ds

exp (ll fOT at(u)du — Iy fOT a*(u)du) —Iloct,<r(1+ bk).

A=

Then
o Amwm@%“twm@auwk s
T exp (11 fo at(u)du — o fo a=(u du) - H0<tk<T(1 +by)
e Allz|| exp (lz J at(u du) Tlowr,<r(1+08) 7 h(s)ds

exp (11 I at (u)du — 1 [ a(u du) - 1‘[0<tkg(1 +by)

],
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which is a contradiction. Hence For A € (0, A\*), system (1.9)-(1.10) has no
positive T-periodic solution. The proof is completed. O

PROOF OF THEOREM 2.6. Since max;e[o,1),z¢[0,1] f (¢, ) > 0 and

liminf inf M

lim inf il = = foo >0, liminf inf

f(t,x)
JABT 0
z—0 t€[0,T] x E> ’

we get that there exist positive numbers ¢; < f;.o €2 < @ andri <o <1<ry

such that :
T2 5 (f e te 0.7 x € [0.m]
and '
TE2) 5 (fy—e) te 0.1 a2 m
Denote f(t,x)
t,x
B =mi - - |
min {f;oo €1, @ €2, te[O,TI]r,lmuel[h,Tz] x }
Choose
3 exp<2fo a* (u)du— 1 [y a=(u) u) ~ oy er(H00)

Bo exp (—lg fOT a—(u)du) [ocr,<r(1—0;) fOT h(s)ds

The remainder of the proof is similar to that of Theorem 2.5 and it is omitted.

O
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