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ABSTRACT. The paper studies orthonormal wavelets in L2(R™) with
dilations induced by expanding integer matrices of arbitrary determinant.
We provide a method for construction of all scaling sets and, hence, of all
orthonormal MSF wavelets with the additional property that the core space
of the underlying multiresolution structure is singly generated. Several
examples on the real line and in R2? are included. We also prove that
all MSF orthonormal wavelets whose dimension function is essentially
bounded by 1 are obtained by our construction method. Finally, we derive
a description of all wavelets (not necessarily MSF ones) that arise from a
single scaling function in terms of the underlying multiresolution structure.

1. INTRODUCTION

The classical Shannon wavelet with dyadic dilations on the real line is
given by ¢ = X[-1,—1)u[2,1) = Xer\r where I denotes the unit interval [—%, %)
and 1) is the Fourier transform of ¢. This is the simplest representative of the
class of MSF MRA orthonormal wavelets. By MSF (?minimally supported
frequency”) one refers to the fact that there is a set W called a wavelet set
such that 1& is of the form xw . Another important feature of the Shannon
wavelet is the fact that it arises from a multiresolution analysis (MRA).

Recall that a multiresolution analysis (MRA) in L%(R) is a sequence
(V;),j € Z, of closed subspaces of L?(R) with the properties

(i) ‘/J < V}+1,Vj;

(i) DVj = Vi1, Vi;
(iii) NjezV; = {0}, UjezV; = L*(R);
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(iv) there exists ¢ € Vp such that the system {Tpp : k € Z} is an
orthonormal basis for V.

Here D and Ty, k € Z, denote dilation and translation operators, respectively:
Df(z) = vV2f(2x), Tpf(x) = f(x — k). The function ¢ from (iv) is called a
scaling function, and condition (iv) is usually described by saying that ¢ is
an orthonormal generator for the core space V.

Given an MRA (V}), we define, for all j € Z, W; = V;11 & V. One then
easily obtains DW; = W;11,Vj, and L*(R) = @;ezW,. Moreover, it turns
out that there is a function ¢ € W, such that the system {Txy : k € Z} is
an orthonormal basis for W and, consequently, v is an orthonormal wavelet.
Each orthonormal wavelet obtained in this way is called an MRA wavelet. The
MRA concept is well known; for a comprehensive discussion of MRA wavelets
we refer to Chapters 2 and 7 in [13]. In the case of the Shannon wavelet the
underlying scaling function ¢ is given by ¢ = x; in this situation, when the
Fourier transform of a scaling function ¢ of an MRA is of the form ¢ = xg,
we say that S is a scaling set.

A characterization of scaling sets is known; in addition, there is a simple
relation between scaling sets and the corresponding wavelet sets.

Before stating the relevant result, let us recall the definition of a Z-tiling
domain: a measurable set F© C R is said to be a Z-tiling domain if, for
a.e. £ € R, there exists a unique k € Z such that { +k € F.

The following proposition (easily deduced from [13, Theorem 7.5.2 and
Proposition 2.2.13], see also [15, Theorem 8]) is known.

ProroSITION 1.1. A measurable set S C R is a scaling set if and only if
the following conditions are satisfied:

(1) S is a Z-tiling domain;
(i) 26 €S for a.e. £ € S;
(iil) for a.e. £ € R, there exists jo € N such that 2%«5 €85, Vj > jo.

If S is a scaling set, the function v defined by 1& = X2s5\5 I8 an orthonormal
ujavelet. Conversely, each MSF MRA orthonormal wavelet v is of the form
= Xxas\s where S is a scaling set.

The aim of the present article is to generalize this proposition to the case
of dilations in L?(R™) induced by expanding matrices with integer coefficients
of arbitrary determinant. We shall find a suitable analog of the concept of
a scaling set for such dilations and provide both a characterization and a
construction method of scaling sets.

In the remaining part of this introductory section we summarize all the
relevant results known from the literature. This will also explain the difficulty
that arises when dealing with general dilations and a very special role played
by the dilation factor 2.
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Let us fix necessary notations. Throughout the paper A € M,(Z)
will denote an arbitrary expanding matrix (by expanding, we mean that all
eigenvalues of A have absolute value greater than 1). We denote by B the
transpose of A. Let d = |det A| = |det B|; clearly, d € N, and d > 2. Recall
that Z"/BZ" and B~1Z"/Z" are groups of order d. In the sequel we shall
fix a complete set of representatives {ag = 0,1, ...,aq—1} for the quotient
group Z"/BZ". Note that the set {8y = 0,51, ..., 841}, with 3; = B~ 1ay,
is then a complete set of representatives for B~1Z" /7™,

Let D and Ty, k € Z™, denote our dilation and translation operators on
L%(R™), respectively: Df(z) = Vdf(Az), T f(x) = f(x — k).

A function ¢ € L?*(R") is an orthonormal wavelet (more precisely, we
shall say A-wavelet in order to specify the underlying dilation matrix A when
needed) if the system {DITyt) : j € Z,k € Z"} is an orthonormal basis for
L2(R™).

To each orthonormal wavelet 1 one can attach a so called dimension
function Dy, defined by Dy(§) = Zj’;l Y kezn G(BI(E + k)2 Tt is well
known that D, is well defined a.e. and Z"-periodic. Moreover, we have
Jp Dy (€)dé = 1 where T denotes the n-dimensional torus. For these and
other facts concerned with dimension functions we refer the reader to [7].

Let us now turn to the concept of a generalized multiresolution analysis
which is another useful tool in our study.

DEFINITION 1.2. A sequence (V;) of closed subspaces of L*(R™) is called
a generalized A-multiresolution analysis (A-GMRA, or simply GMRA) if the
following conditions are satisfied:

(i) Vj € Vi1, Vi;

(11) D‘/j = ijJrla Vj,
(iii) NjezV; = {0}, UjezV; = L*(R");
(iv) Vo is a shift invariant space, i.e. f € Vo = Tif € Vo, Vk € Z".

For a GMRA (V;) we define, as in the multiresolution case, W; = V411 &
V;, j € Z. Again, it turns out that DW; = W41, Vj, and L?(R") = &,z W.
Thus, if we can find a function ¢» € Wy such that the system {Tyv : k € Z™} is
an orthonormal basis for Wy, it follows immediately that v is an orthonormal
wavelet. When this is the case, we say that (V;) admits orthonormal wavelets
and each orthonormal wavelet that arises in the way described above is said
to be associated with (V}).

The importance of the concept of a GMRA lies in the fact that each
orthonormal wavelet 1) is associated with a GMRA: one simply takes Vj as the
closed linear span of the set {D'Ty1 : j < 0,k € Z"} and V; = DIV, j € Z.
In the dyadic case on the real line this is first observed in [14].

However, there is an important difference between GMRA’s and MRA’s.
If (V) is an MRA with dyadic dilations on the real line, then Wy always
contains a function ¢ such that {Tye : k € Z} is an orthonormal basis for
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Wo; in other words, (V;) admits orthonormal wavelets. In contrast, GMRA’s
need not allow orthonormal wavelets. To explain the difficulty, we need a
theorem from [5] that describes the structure of shift invariant spaces. First,
recall that a sequence (z,,) in a separable Hilbert space H is a Parseval frame
for H if ||z||? = Y02, [z, 2,)|?, Vo € H.

n=1

REMARK 1.3. (a) ([5, Theorem 3.3.]) Let V' C L?(R™) be a shift invariant
space. Then there is a sequence (possibly finite) (V}) of subspaces of V' such
that V' = @372, V; and, for each j, there exists a function ¢; € V; such that
the system {Ty; : k € Z™} is a Parseval frame for V; (in this situation we
say that ¢; is a Parseval generator for V; and write V; = (¢;)).

(b) It is well known that, in the above situation, for each j there exists a
measurable Z"-periodic set §2; with the property », ;. |§; (E+K))? = xq,(©)
a.e. In addition, the system {Tp; : k € Z™} is an orthonormal basis for V; if
and only if Q; = R™, up to a set of measure zero. The subspaces (V) in the
above decomposition can be arranged in such a way that 1 O Q, D .. ..

(c) The functions ¢, from (a) are not uniquely determined by V. However,
the dimension function dimy of V' (see [5] for the details) satisfies dimy (§) =
Z;’;l X, (§) a.e.; thus, the sets €2; are determined by V', up to null-sets, in a
unique way.

In view of the above remark we see that a GMRA (V}) is an MRA precisely
when the core space Vj is singly generated as a shift invariant space and,
additionally, when V[, possesses an orthonormal generator. Singly generated
core spaces will play the central role in our study; however, it will be seen that
it is necessary for our purposes to work with those singly generated core spaces
that admit only Parseval (and not orthonormal) generators. Such GMRA’s
can be called Parseval frame multiresolution analyses (PF MRA’s).

PF MRA’s were first studied in [4] for dyadic dilations on the real line.
We also refer the reader to [3] for an extensive study of PF MRA’s in L?(R")
with dilations induced by expanding matrices A with the property |det A| = 2.

We are now in position to recall a theorem that characterizes those
GMRA’s (with dilations induced by matrices of arbitrary determinant) that
admit orthonormal wavelets. Given a set S, we denote its Lebesgue measure
by |S|. The result that follows is known from the literature; for the details we
refer to [1] and [6].

THEOREM 1.4. Suppose that (V;) is a GMRA such that the core space Vj
is decomposed as in Remark 1.8. Then (V}) admits orthonormal wavelets if
and only if the following two conditions are satisfied:

()
(11) Nl=0
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(i)
oo d— o
(1.2) ZZXQj(EJFﬂi)*ZXQj(BS) =1 a.e.

-0 j=1

—

j=1

<

If (V;) admits orthonormal wavelets then the dimension function of each
associated orthonormal wavelet 1 satisfies

(1.3) Dy(§) = ZXQJ (&) ae.

Notice that condition (1.1) is trivially satisfied when Vg has only finitely
many, say m, generators, since it is understood in this situation that ; =
0, V4 > m. As an immediate corollary, we state the corresponding result for
PF MRA'’s that is most relevant for our study. Given a PF MRA (Vj) such
that Vo = (p), the function ¢ will be called a scaling function (although ¢ is
only a Parseval, not necessarily orthonormal generator).

COROLLARY 1.5. Let (V;) be a PF MRA with a scaling function ¢ such

that ", cpn |9(E + E)|? = xa(§) a.e. Then (V;) admits orthonormal wavelets
if and only if

d-1
(1.4) > xal€+B8) = xa(BE) =1 a.e.

i=0

If (V;) admits orthonormal wavelets then the dimension function of each
associated orthonormal wavelet v satisfies

(1.5) Dy(§) = xa(§) a.e.

The preceding corollary shows the difficulty that arises in the case d =
|[det A| > 2. If d = 2, we see that each MRA (V;) with an orthonormal
generator for the core space Vy admits orthonormal wavelets, since then {2 =
R™ (up to a null-set) and (1.4) is obviously satisfied. In contrast, when d > 2,
if we take an orthonormal generator for Vp, the left hand side of (1.4) is equal
tod—1 > 1 a.e., and, consequently, (1.4) cannot be satisfied (we note in
passing that, in this situation, (V;) admits only orthonormal multi-wavelets
with d — 1 generators).

Thus, if we want to construct a PF MRA that admits orthonormal
wavelets, we must work with Parseval generators that are not orthonormal.
Roughly speaking, a construction of such PF MRA’s boils down to a
construction of those Z"-periodic measurable sets ) that satisfy (1.4). In
this paper we provide a method of construction of all PF MRA’s (Vj) such
that the core space Vp is of the form Vy = (p) where ¢ = xg and the set
Q = S+ 7Z" satisfies (1.4). In this situation, we say that S is a scaling set. By
Corollary 1.5, such PF MRA’s admit orthonormal wavelets and we shall see
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that all these wavelets belong to the MSF class. Moreover, it turns out that
the relation between a scaling set S and the corresponding wavelet set W is
essentially the same as in Proposition 1.1: W = BS'\ S.

Many examples of scaling sets and wavelet sets with dyadic dilations on
the real line are well known. Various methods of construction can be found
in the literature (see, for example, Section 6 of [15].) Moreover, it is known
from the literature that no major difficulties arise in R™ in the case d = 2.
It was shown in [12] that every expanding matrix A € M, (Z) such that
d = |det A] = 2 admits scaling sets; for this case we also refer the reader to
[3].

In contrast to that, construction of wavelet sets and, in particular, scaling
sets in the case d > 2 is a more difficult question, even on the real line. It
is proved in [10] that every expanding matrix with integer coefficients admits
wavelet sets. The first examples of wavelet sets with general dilations on the
real line appeared in [9]. Further examples of wavelet sets can be found in [16],
[11] and [1]; in particular [1] provides a general procedure for construction of
wavelet sets. Finally, it is proved in [8] that each expanding matrix admits
scaling sets and some new examples are presented. All these results and
examples are obtained by techniques that differ from ours. The essence of our
approach is a systematic use of the underlying multiresolution structure and,
hence, the central objects of our study are scaling sets.

This concludes our description of the background of the subject. The rest
of the article is organized as follows: In Section 2 we characterize all scaling
sets in Theorem 2.4. In Theorem 2.8 we give a construction method of scaling
sets and prove that all scaling sets arise in that way. After that, we prove
in Corollary 2.10 that each expanding matrix with integer coefficients admits
scaling sets. At the end of Section 2 we explain in detail how our results are
related to those from [1].

Section 3 is devoted to examples. First, we analyze the series of examples
on the real line presented in [9] from our viewpoint. This enables us to
construct new examples in L?(R) for all dilation factors d € N, d > 2. Finally,
we present an example of a scaling set and the corresponding wavelet set in
L?(R?) for a matrix A such that d = |det A| = 3. The dilation matrix A used
in that example is similar to rotation by 7/6 composed with the dilation by
v/3 and may be regarded as a ”generalized quincunx” matrix.

Section 4 completes our study of PF MRA’s from Section 2. It is devoted
to PF MRA’s with general scaling functions. In Theorem 4.2 we give a
description of wavelets that arise from PF MRA’s in terms of the underlying
multiresolution structure. In this way, we generalize the well known high
pass filter technique for computing dyadic MRA wavelts. The paper ends
with more examples which are constructed by using the results obtained in
Section 4.



SCALING SETS AND ORTHONORMAL WAVELETS 195

Throughout the paper we denote by (-,-) the standard inner product in
R™. As already indicated in our description of the Shannon wavelet and in
the definition of the dimension function, we use the Fourier transform in the
form f(&) = [, f(x)e 2 dz. For a function p € L*(R") we denote
S, = {& € R* : ¢(§) # 0} and Q, = S, + Z". We denote by o, the
periodization function of ¢ defined by 0,(&) = >, czn [2(€ + K)|2.

2. SCALING SETS

We begin with a result that characterizes those functions that are scaling
functions for PF MRA’s for which there is an associated orthonormal wavelet.

THEOREM 2.1. Let o € L3(R™). Then ¢ is a scaling function for a PF
MRA that admits orthonormal wavelets if and only if the following conditions
are satisfied:

(SF1) 0,(&) = xa, (§) a.c;

(SF2) there exists a measurable Z™-periodic function mg such that p(BE) =
mo(£)@(€) a.e. (and, hence, B™1S, C S, up to a set of measure zero);

(SF3) limj_oo|@(B77E)| =1 ace.;

(SF4) hy(€) = 32125 xa, (€4 Bi) — xa, (B =1 a.e.

PrOOF OF THEOREM 2.1. First observe that ¢ is a scaling function for
a PF MRA if and only if (SF1), (SF2), and (SF3) are satisfied. This is well
known; we refer the reader to [13, Theorem 7.5.2] for the proof in the dyadic
case on the real line. The same statement is proved in [3, Proposition 3.7] for
dilations induced by expanding matrices with the property d = 2. The general
proof (for d > 2) can be obtained by an easy adaptation of these standard
arguments; hence, we omit the details.

The role of the last condition was explained in Corollary 1.5; once we
have a scaling function, (SF4) is precisely what is necessary and sufficient for
the existence of associated orthonormal wavelets. O

We now focus our attention on (SF4). The following lemma provides more
insight into the equality Z?;OI xa, (£ + Bi) — xa,(BE) =1 a.e.

LEMMA 2.2. Let S C R™ ba a measurable set such that B~'S C S. Denote
Q= S+Z" and h(€) = Y1 xalé + Bi) — xa(BE). Then h(€) =1 a.e. if
and only if the following conditions are satisfied:

(i) S+ B71Z" =R", up to a set of measure zero;

(ii) for a.e. E€ R:=S\B7'Q, £+ B &S forall B € B71Z"\ Z";
(iii) for a.e. £ € SN B™1Q, there is a unique index j = j(£) > 1 such that
£+ Bje) € Q.

PROOF OF LEMMA 2.2. Suppose that h(§) = 1 a.e. First, we then have
Zf;ol xa(€+6;) > 1 a.e. Thus, for all such ¢’s, there exist ¢ € {0,1,...,d—1}
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and k € Z" such that £ + 3; + k € S, in other words, £ € S + B~'Z". This
proves (i). Similarly, one gets (ii) and (iii) immediately from the assumption
h(§) = 1 a.e. Conversely, suppose (i), (ii) and (iii). By observing that the
function h is B~1Z"-periodic and using (i), we see that it is enough to conclude
that h(€) =1 for a.e. £ € S and this follows immediately from (ii) and (iii).
0

REMARK 2.3. Suppose that, keeping the notations from the above lemma,
h(¢) =1 a.e. Then, in addition to (i), (ii) and (iii), we also have
(iv) S = RUB™'SUo(B'S) where 0(B™'S) = Ugep-150(£) and, for
£eB'S, 0(&) ={neS:n=_E+ B¢ + k for some k € Z"}.
Observe that for £ € B~1S we have £ € SN B~1S C SN B~1Q, so, by (iii),
there is a unique j(£) > 1 such that £ + 3;) € Q. Thus, there is at least one
k € Z™ with the property § + B;¢) + k € S. In general, k is not unique and,
consequently, o(£) can be a set of cardinality greater than 1.

To prove (iv), we only have to show RU B~!SUc(B~1S) O S. By the
definition of the set R (see (ii) in Lemma 2.2), this reduces to S N (B~1Q\
B71S) C o(B™1S). Let us now take £ € BN S. Then there exists n € S
together with [ € Z" and some f3; such that £ = B~'n+ B, +1 € S. This
implies, by the definition of o(B~n), that £ = B~ n+ By +1 € o(B~1n) C
o(B71S).

We are now in position to prove a theorem that characterizes scaling sets.
As on the real line, we say that a measurable set F© C R" is a Z"-tiling
domain if for a.e. £ € R™ there exists a unique k € Z™ such that £ +k € F.
The definition of a B~'Z"-tiling domain is analogous. Clearly, a set F is a
Z™-tiling domain if and only if B~1F is a B~'Z"-tiling domain.

THEOREM 2.4. A measurable set S C R"™ is a scaling set if and only if
the following conditions are satisfied:

(S1) [(S+k)NS|=0,VkeZ™ k#0;

(S2) B71S C S, up to a set of measure zero;

(S3) for a.e. £ € R™ there is an integer jo(€) for which B=7¢ € S, Vj >
.7'0(6);

(S4) So = B7'SUR is a B~'Z"-tiling domain, where R = S\ B71Q =
{€€8:£+5¢8,V8e B2\ {0}};

(S5) for a.e. £ € B™1S there exist a unique 8 = (&) € B~1Z™ \ {0} such
that o(§) = £+ B(€) € S. Moreover, S= RU B 'SUo(B~1S9) is, up
to a set of measure zero, a disjoint union.

PROOF OF THEOREM 2.4. Let ¢ = xs. By Theorem 2.1 (see also the
proof), ¢ is a scaling function for a PF MRA if and only if ¢ satisfies (SF1),
(SF2), and (SF3). Obviously, this reduces in our situation to (S1), (S2), and
(S3).
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Suppose that S is a scaling set. Then, by the above observation, .S satisfies
(S1), (S2), and (S3). Moreover, ¢ is then a scaling function for a PF MRA that
admits orthonormal wavelets; hence, by (SF4) from Theorem 2.1, S satisfies
the hypothesis of Lemma 2.2.

Take any ¢ € B~1S. By Lemma 2.2 (iii), there exists a unique j(&) > 1
such that § + B € Q@ = S+ Z". By (S1), ignoring a null-set, there is a
unique k € Z" such that £ + B) +k € S. Let us denote 5(&) = Bje) + k;
clearly, (&) € B7'Z". Define o(¢) = £ + (). This gives us a function
oc:B71S = S.

We now claim that |[B~1SNa(B~1S)| = 0.

Take any ¢ € B~1S and assume o(¢) € B~1S. This means that there is
n € B71S such that £ + 3(¢) = n which implies By — B¢ = B(B(€)) € Z"™. By
(S1), ignoring a null-set, we have B(8(£)) = 0; thus 8(¢) = 0. This implies
Bje)y = —k € Z™ which is impossible since j(&) > 1.

Let us now prove that R = S\ B 1Q={(e€ S:(+8¢S,Vp € B2\
{0}}. The inclusion C follows from (S1) and Lemma 2.2 (ii). To prove the
opposite inclusion, assume that £ € S,£+ 3 & S, VB € B~1Z™\ {0}. We must
show that ¢ € B~1Q). Suppose the opposite: £ € B~1(). This givesusn € S
and k € Z™ such that £ = B~ + B~ 1k; thus, £ — B~'k = B~1n. By (S2)
and our assumption on &, this implies k = 0, so we have ¢ = B~'n € B~1S.
Now, by the definition of o, we have o(§) = £+ 8(£) € S with 8(£) # 0 which
contradicts the assumption on £.

Next we claim that B~'SUo(B~18) = S\ R.

To see this, first observe that R = S\ B~1Q implies S\ R = SN B~1Q,
so we must show B™1S U o(B71S) = SN B71Q. The inclusion B~1S C
S N B71Q is obvious, while o(B~1S) C SN B~1Q is seen in the following
way: first, o(B~1S) C S is clear and, secondly, B(c(£)) = B¢ + B(B(€)) €
Q, V¢ € B71S. Thus, we have proved B~1SUo(B~1S) C SN B~1Q. The
opposite inclusion is already proved in Remark 2.3. Finally, we have S =
RUB 'SUcg(B719) and it is clear from the preceding arguments that this
union is essentially disjoint. This proves (S5).

Put Sy = B~'S U R. Next we prove that Sy is a B~!Z"-tiling domain.

First, by Lemma 2.2 (i), we have S + B~1Z" = R", i.e., (B"'SURU
o(B~18)) + B7'Z" = R™. Notice that, by the definition of o, we have
o(B71S) + B7'Z™ C B~'S + B~'Z". This shows that So + B~1Z" = R".
It remains to prove that |(Sp + 3) N Sp| = 0 for each f € B~1Z" \ {0}. Let
us take an arbitrary 8 € B71Z" \ {0}. First observe that R + § does not
intersect S; hence (R+ 8) N (B~1SUR) = . This gives us |(So + 3) N So| =
(BT'SUR+ B)N (B 'SUR)| = [(B~'S +B8) N (B"'RUR)|. Finally,
notice that for ¢ € B~1S, ¢ + 3 € S implies B = B(£); hence € + 8 = o (&).
Thus, (B71S+B8)N(B'RUR) C o(B~1S)N (B 'RUR) and, since the last
intersection has measure zero, the argument is completed.

The converse is clear. O
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REMARK 2.5. With the notations from the preceding theorem and its
proof, put F = BSy. If S is a scaling set then, by (S4), F is a Z"-tiling
domain such that B~'F C § C F; in particular, B~'F C F. Moreover,
since S C F, it is clear that F satisfies (S3) as well. Recall from Proposition
1.1, that in the dyadic case (the same applies to the case d = 2), such tiling
domains are scaling sets. As the preceding theorem shows, when d > 2, scaling
sets are nested between F' and B~'F.

REMARK 2.6. (a) Suppose that S is a scaling set; put ¢ = xs, Vo = (¢)
and V; = DV, j € Z. If, for asubspace V C R", we denote V= {f cfeVv},
it is easy to see that Vp = L*(S), Vi = L?(BS) and Wy = L?(BS\ S). Thus,
if we denote W = BS\ S, W is a wavelet set. It is well known that this is
equivalent to the conditions R™ = Ugezn (W + k) = Ujez BYW, up to a set of
measure 0.

(b) Since S C BS we have 1 = |W| = |BS\ S| = |BS| —|S| = d|S| —
|S| = (d — 1)|S|. This shows that all scaling sets have the same measure:
|S| = d—il. From this we see again that a Z™-tiling domain can be a scaling
set only when d = 2. Also, |[B71S| = |o(B71S)| = ﬁ and this implies
Rl = 759 — a1y = ata—n- This shows that |R| = 0 if and only if S = F'if
and only if d = 2.

Having obtained a characterization of scaling sets, we now turn to
a method of construction. Our next theorem provides an algorithm for
construction of scaling sets; moreover, we shall see that all scaling sets arise
in that way.

First we need an auxiliary result. Suppose that F' is a Z"-tiling domain.
Observe that € — € := & + Z" is a 1 — 1 measure-preserving correspondence
between F and the torus T" = R"/Z". The group I' = B~'Z"/Z" of order
d acts faithfully on T" by translation. Since Sy is a B~!'Z"-tiling domain,
its image in T"™ is a cross-section for the I'-orbits. This is, essentially, the
contents of the following lemma that provides us with a useful measurable
partition of F. We denote by B : T" — T" a group homomorphism defined
by B¢ = BE. Finally, for € € R™, we denote by 7(¢) the translation projection
that is defined as the unique element 7(&) of F with the property {—7(&) € Z™.

LEMMA 2.7. Let F be a Z™-tiling domain.
(i) Let Co = 7(B~Y)F. Then §|C—O : Co — F is a bijection.
(ii) Foreachi=1,...,d—1,let C; = 1(Co+ ;). Then {Cy,C1,...,Cq—_1}

is a partition of F.

PROOF OF LEMMA 2.7. The proof of [3, Lemma 2.3] applies without
essential changes. O
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THEOREM 2.8. Let S C R™. Then S is a scaling set if and only if S is,
up to a set of measure zero, of the form S = U32,S; and the sequence (S;) is
constructed by the following algorithm:

(A1) Pick a Z™-tiling domain F with the properties
(i) BT'F C F;
(ii) So := B™'F satisfies (S3) from Theorem 2.4.
(A2) For j > 0 choose inductively measurable functions v; : B™1S; —
{B1y...,Ba—1} and put o;(&) = 7(§& + v;(£)),VE € B71S;.  Let
Sj41 =0;(B7S;).

PROOF OF THEOREM 2.8. Suppose that S = U72,5; and that the
sequence (S;) is constructed by the above algorithm. Since B~'F C F, the
partition of F from the above lemma is here {So, 7(So+51), . - ., 7(So+84—1)}-
Observe that S = U72S; is a disjoint union, for any choice of the sequence
(7j). Moreover, B~1S C Sy, Sy is a B~'Z"-tiling domain, and Sy = B~'SUR
where R = S\ B7'Q and Q = S + Z". With the function 0 on B~1S =
U32¢B~'S; restricting to o on B~1S;, S satisfies (S1) - (S5) from Theorem
2.4; hence, S is a scaling set.

Conversely, suppose that S is a scaling set. Using the notations of
Theorem 2.4, let S; = o(B™1S;_1) for j > 1, and S’ = U320S;. By properties
(S1) - (S5) from Theorem 2.4, S’ is obtained from the algorithm (A1),(A2).
By the first part of the proof, S’ is a scaling set. Since S’ C S and, by Remark

2.6, 15| = |S] = 715, we conclude that S\ S is a null-set. O

REMARK 2.9. Notice that there are no conditions on the maps v, from
(A2). Each ~; simply corresponds to a partition of the set B~1S; that consists
of finitely many (up to d — 1) measurable sets. When d > 3, there are
uncountably many choices for «;. Hence, every choice of a Z"-tiling domain
F that satisfies (i) and (ii) from (A1) gives rise to an uncountable family of
scaling sets S and corresponding wavelet sets W = BS'\ S.

As we mentioned in the introduction, the existence of scaling sets in the
case d = 2 is proved in [12]. Essentially, the argument consists of proving
that, for each expanding matrix A with integer coefficients, there is a Z"-
tiling domain F such that B~'F C F (up to a null-set) and that F' contains
an open neighborhood of 0. Observe that the later property obviously implies
that F' satisfies (S3) from Theorem 2.4. In the case d = 2 this was enough to
conclude that S = F is a scaling set (cf. Remark 2.6).

By combining this result with the preceding remark and Theorem 2.4, we
conclude that scaling sets exist for all d > 2. We note that corollary that
follows is not new; this result is already obtained in [8, Theorem 1] using a
different argument.

COROLLARY 2.10. Each expanding matrix with integer coefficients admits
scaling sets.
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As we already noted in the introduction, related results known from the
literature are mainly concerned with wavelet sets. In particular, a procedure
for construction of all wavelet sets is obtained in [1]. Let us now show how
our results are related to those from [1].

First, we need to recall the definition of a complementary pair introduced
in [1]. In what follows, we denote by C' the unit cube in R™. Suppose that
E is a measurable set with the property B~'E C E. We say that (T,7") is
a complementary pair for £ if T : C — E and T’ : E — E are measurable
one-to-one maps that satisfy (up to a set of measure 0)

and B(T'(§)) = £ (where = denotes congruence mod Z"),

By [1, Theorem 2.2], if E is a measurable set with the property B~1E C E
and if (T, T") is a complementary pair for E, then W = BE\ E is a (subspace)
wavelet set. Conversely, if W C R™ is a (subspace) wavelet set, there exists a
complementary pair (T,7") for the set E = Uj<oB’W.

Suppose that S is a scaling set. Then W = BS \ S is a wavelet set; in
particular, W is a Z"-tiling domain and we can identify W with the unit cube
C. Let usdefineT : W — Sby T(¢) = B~ '¢and T’ : S — S by T'¢ = B71¢.
Then both T and T~! are injective measurable maps, T(W) = B~1W =
S\ B71S and T'(S) = B~1S = S\ (S \ B~1S). The above property (ii) is
obvious and Uj>o(T")7 (T(W)) = U;>0B~7(S\ B~'S) = S. Thus, (I,T") is a
complementary pair for S.

In the opposite direction, we show how one can reconstruct the scaling
set S together with the corresponding Z™-tiling domain F' from a wavelet set
w.

Let us fix a wavelet set W that arises from PF MRA. Observe that the
abovementioned [1, Theorem 2.2] describes wavelet sets that are associated,
in general, with GMRA’s. Thus, W arises from a scaling set only under the
additional assumption that the core space of the underlying multiresolution
structure is singly generated. Denote by v the corresponding wavelet which
is given by ¢ = xw. Notice that, by (1.5) in Corollary 1.5, we then have
Dy(§) <1 ae.

Consider, as in [1, Theorem 2.2], a complementary pair (T,7T") for the
underlying set E = Uj<oB’W. Obviously, we have W = BE \ E. We shall
show that E is a scaling set for W.

First, it is obvious that the set E satisfies

(2.1) B'ECE.



SCALING SETS AND ORTHONORMAL WAVELETS 201

By [1, Theorem 2.1], the function xq, where Q = E + Z", satisfies the
consistency equation (1.4)

d—1

> xal€+8:) — xa(BE) =1 ae.

=0

Also by [1, Theorem 2.1], since W is a wavelet set, the set UjczB7 E contains,
up to a set of measure 0, a neighborhood of the origin (this is the property
that distinguishes between wavelet sets and subspace wavelet sets). This
immediately implies that E has the property

(2.2) for a.e. € there is jo € N such that B¢ € E, Vj > jo.

Since W is a wavelet set, the family {B'W : j € Z} is, up to a set of
measure zero, a partition of R™. Thus, we can write

Dy(&) = Y D WBE+R)F =D > xwB (E+k)
j=1keZn kezZn j=1
= Y > xpwl+k) =Y xux,pawE+k)
kezn j=1 kezn
= > xe+h).
kezm

This, together with our assumption Dy (§) < 1 a.e., immediately implies
(2.3) |[EN(E+Ek) =0, Vk e Z"\ {0}.

From (2.1) - (2.3) and our Theorem 2.1 we see that the function ¢ defined
by ¢ = xg is a scaling function for a PF MRA that admits orthonormal
wavelets

Thus, the set E satisfies (S1), (S2), (S3) from our Theorem 2.4 and the
function xq, satisfies the consistency equation (1.4). Now the proof of Theorem
2.4 shows that this is enough to obtain (S4) and (S5). By Theorem 2.4, E is
a scaling set.

It is clear from our introductory remarks that all wavelets 1) which arise
from scaling sets belong to the subclass of MSF wavelets with the additional
property that Dy () < 1 a.e. (cf. the last assertion of Corollary 1.5). The
converse now follows immediately from the preceding discussion.

COROLLARY 2.11. Suppose that ¥ is an MSF orthonormal wavelet such
that Dy(§) < 1 for a.e. £&. Then the set S = Uj<oB'W s a scaling set and
W =DBS\S.
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3. EXAMPLES

In the first part of this section we shall be concerned with examples of
scaling sets and corresponding wavelet sets on the real line. Here we have, for
any d € N, d > 2, A = B = d. Our standard set of representatives for the
quotient group éZ/Z will be {fBo, ..., Ba—1} where 8; = %, 0<j<d-1.

Let us begin with the series of examples presented in [9)].

ExXAMPLE 3.1. d € N, d > 2. As stated in [9], Example 4.5, part 10, the
set
d 1 1 1 d d?

- - @] @]
| d+1’ d+1) [d271’d+1) [d+1’d2—1)
is a wavelet set.
Here we show how one can reobtain this example using our technique.

W:

Consider the set F' = [%, d2d_1); clearly, F' is a Z-tiling domain. If
we now take So = 1F = [%, ) and the function o : Sy — F\ So

defined by

)

U(Q:{g—g, € € a2

&+ é, otherwise
the algorithm from Theorem 2.8 gives us

1 1 YU 1 d )
d+1d2—-1 d+1d>-1"

5=

It is now easy to see that W = dS\ S; i.e., the set S is the underlying scaling
set for the orthonormal wavelet ¢ given by ¥ = xw.

REMARK 3.2. In general, the algorithm from Theorem 2.8 enables us to
construct scaling sets S that are countable unions of the form S = U325,
with Sg = B™'F. As the preceding example shows, it is possible to have a
scaling set that consists of only finitely many components. Thus, it is natural
to ask if there exist connected scaling sets. It is not hard to see that the
answer is negative; if d > 2 there are no intervals in R that are scaling sets.
In this sense, the preceding example is optimal. However, there are more
scaling sets that are unions of two intervals.

ExXAMPLE 3.3. Let d > 3. Take any k such that 1 <k <d—1 and

k—d k dk—1 dk
C=|——,—— = —).
[dQ—l’dQ—l)’ [d2—1’d2—1)
Then it is easy to see that S = C' U A is a scaling set. The function o is
defined by o(§) = 3¢ — 4 for € A, and 0(§) = 16+ % for £ € C.
Observe that, for £ = 1, this reduces to the scaling set S from Example

3.1.



SCALING SETS AND ORTHONORMAL WAVELETS 203

The corresponding wavelet set is
d(k —d) k—d)u[ k dk—l)u[d(dk—l) d2k)
?-1"d>-1 " 'd?-1"d>-1 ?-1"d-1"
It can be shown that the scaling sets S from the preceding example,
together with the sets —S complete the list of all scaling sets that consists of
only two intervals.
In our next example we demonstrate a scaling set, for each d > 2, that
consists of three intervals.

W =dS\S=]|

EXAMPLE 3.4. Here we construct a scaling set S that is a disjoint union
of 3 intervals: S = AU B UC. The starting point will be A. Then B will be
of the form B = o(4A) (o will be specified later), and finally C' = (4 B) U Sy
where Sy = 1 F with a suitable Z-tiling domain F' such that o(3C) = A.

Before starting our construction, 1et us consider the measures of those
three sets. Put |A] =m. Then |B| = 3m and |C| = 5;m + 4. We must have
10| = |4], i.e., 2(5m + 1) = m. The only solution is m = . Notice
that then |S| = |A| + |B| +|C| = m+ 3m + 5zm + & = 15 which is, by
Remark 2.6 (b), precisely what we need.

Let A = [a,a+ ddd 1) with a temporarily unspecified. Put B = éA -
This gives B = [2a — 2, La + 7~ — 2).

Next, take (—{) = d§ + d,§ € B, and translate the left endpoint of
o(4B) =3B+ by I to the left this extension of (% B) gives us Sy. Thus,
C = [d2a (122, an—l—m d2 + = ) Nowwedeﬁnea( &) = df—i—d, Eed.
In order to ensure the equality a(éC) = éC’ + 3 = A, it is enough to adjust
one pair of endpoints, since o(C) and A are intervals of the same measure.

By considering the left endpoints we obtain the equation d—lg,a - 1 + é =a

uln

whose only solution is a = 33 7. It only remains to verify, for thls choice of

the value of a, that F' := dSy contains A and B.

By the construction, we have A = [gzj, de?{fIQ), B= [_jfi'{d, _222;”1“’1 ),
—2d+1 (d—1)°
C= [ dsji ) (dS—)l )
Note that Sy = [Z34EL, =241 4+ 1) © C. Observe that the left endpoint

of F' = dSy coincides with the left endpoint of B - this follows from the
construction (and shows that the construction is tight). It is obvious that
A C F. By our results, we now know that W = dS \ S is a wavelet set.
Since S = AUBUC, we conclude that dS\ S consists of 5 disjoint intervals
Ty, ...,T5, where:
T1 = [2d 2dadiid) (g s dB),

23§+‘f+1, =241y (this is the hole between B and C),

[=
[ (d-1)° d2_2) (this is the hole between C and A),
[

d3—1  d3—-1
2

dtd=2 %) (this is to the right of A inside dC'),
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27 2 —_ . .
T5 = ld(dclz._f), d(dd;r_dl 2)) (this is dA).

We end this section with an example of a scaling set in R%. Our dilation

matrix will represent the operator of rotation by ¢ composed with dilation

by v/3 and, hence, it may be regarded as a generalization of the quincunx
matrix.

3 1
-3 0

3 =3

ExAMPLE 3.5. Let A = { 1 0

} Notice that B = [ } and

-1 3
take ap = (0,0), a1 = (1,0), az = (2,0); thus, {Bo = (0,0), 51 = (0,3), 82 =
(0, %)} is a complete set of representatives for the quotient group B~1Z2/Z2.
To apply the algorithm from Theorem 2.8, we first choose a suitable Z2
tiling domain in R2. Let F be the parallelogram bounded by the lines y = 75

B7l= [ 0 } Since BZ* = {(3x—3y,z) : #,y € Z} = 3Z x Z, one can

9—279_3I+6,andy— 2z — 1. The vertices of F are F!' = (-1,—3),
=(0,—3), F* = (3,1), and Ft=(3 1)
Put Sy = B™'F. The vertices of Sy are 5§ = (—3,—2), 52 = (—3,—3)

Sg=(3,%) and S5 =(3,3). Clearly (see Figure 1), Sy C F and Sy contains
an open neighborhood of zero; thus, F' and Sy satisfy conditions (A1)(i),(ii)
from Theorem 2.8.

We now proceed by applying the second part of the algorithm. Let

(3.1) o(B7Y¢) =B ¢+ (1, %), €€ 8y, o(B71Sy) =P,

The vertices of Py are Py = (2,1), B} = (3,0), P§ = (1,3) and P§ = (3, 2).
Let

(32) o(B7'€) = B7'¢ + (0,
The vertices of Qo are Q} = (&,

(é, 18) Finally, let

) EGP(), O'(Bilp()):Qo.
) QO - ( ’6) Qg = (%7%) and Qé -

°°|\] Wl

1
37

1
(33) 0BT =B+ (0,-3), €€ Qo o(BT'Q) =
The vertices of Sy are S} = (&, —1%), 57 = (§,—2), S = (3,—2) and
St = (35, —3)-

We shall now iterate the preceding three steps. Let us define inductively
(34) o(BTH) =B+, —) £€8;, 0(B7IS;) =P, j=12,.

(35) 0BT =B+ (0,5), €€ Py, o(B )= Qs j=1.2,...,

(36) o(B') = B¢+ (0,~3), €€ Qs 0(B™'Q)) =S50, j=1,2,.
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One may additionally observe that B—6 = —%I where [ is the unit matrix.
Then one obtains from (3.4), (3.5), and (3.6), for all j > 0, that

Sita = g2 (= St ~6)), Priz = 52(—P+(22,2), Qiiz = =(~Qs+(2,))

2797 27

We omit the computational details.
By Theorem 2.8, it follows that

S = U;‘;O(S]‘ U Pj U Q])

is a scaling set (see Figure 1 where S is indicated as the shaded area inside
F’; the largest three parallelograms contained in S are Sy, Py, Qo).

FIGURE 1

4. PF MRA WAVELETS

In this section we continue our study of PF MRA’s. In contrast to
Section 2, here we do not assume any restrictions on PF MRA’s under
consideration. In other words, we work with general scaling functions, not
necessarily of the form ¢ = xg. The main result is Theorem 4.2 that provides
a description of orthonormal wavelets that arise from PF MRA’s, in terms
of the underlying multiresolution structure. This will enable us to construct
wavelets associated with PF MRA’s with more general scaling functions. We
shall make an additional comment on that in the concluding remark of the
paper. In addition, we demontrate more examples that are constructed using
the techniques developed in this section.

Let us begin with summarizing some standards facts concerned with the
multiresolution technique. The assertions of the following remark are known



206 D. BAKIC AND E. N. WILSON

and they will be stated without proofs. For the details, we refer the reader to
the corresponding statements in [3]'.

REMARK 4.1. Let (V;) be a PF MRA with a scaling function ¢; put
0w = xq- Then the following statements are true:

(a) For each f € Vj there is a unique measurable Z™-periodic function ¢
(that is called the minimal filter for f) such that f(B¢) = ¢(&)@(€)
a.e. and t(§) = 0,V ¢ Q. In particular, there is a unique
measurable Z"-periodic function mg (the minimal low-pass filter) such
that @(BE) = mo(§)¢(€) a.e. and mo(€) =0, V€ € Q. For f € V5 and
its minimal filter ¢, we denote t4(£) = (£(€),t(E+B1), ..., t(E+Ba-1)) €

RY, ¢ € R™.
(b) The minimal low-pass filter mg satisfies a generalized Smith-Barnwell
equation: ||md(¢)|| = xp-10(&) a.e., where || - || denotes the Euclidean

norm in R™.

(¢) A function f € Vi belongs to Wy if and only if its minimal filter ¢
satisfies (t?(¢),md(&)) = 0 for a.e. £ € R™,

(d) Suppose that p is a measurable function which is unimodular and Z"-
periodic a.e. Then ¢ defined by 1 (&) = u(£)@(€) is a scaling function
for the same PF MRA (V).

(e) Suppose, additionally, that (V) admits orthonormal wavelets. Then a
function ¢ € W, is an orthonormal wavelet associated with (V;) if and
only if oy (§) =1 a.e.

[13, Proposition 2.2.13] provides a description of an MRA orthonormal
wavelet with dyadic dilations on the real line in terms of the underlying
MRA. The following theorem generalizes this result in two directions: first,
the ambient space is R™ and, secondly, it is concerned with arbitrary dilation
matrices with integer coefficients (so that d > 2). It provides us with an
analog of the concept of a high-pass filter that appears in the aforementioned
classical result. In contrast to the dyadic situation, here we obtain only an
algorithm, rather than a formula, for the ”high-pass filter” of the PF MRA
in question. A similar result for GMRA’s that admit orthonormal wavelets in
the case d = 2 is proved in [2].

THEOREM 4.2. Let (V;) be a PF MRA that admits orthonormal wavelets.
Then there exists a measurable Z™-periodic map & — v(§) with the properties

o S e+ B2 =1 ace;

o for each v € Wy there exists a measurable Z™-periodic function s such

that ((BE) = s(BEV(§)$(8) a.e.

1Tt should be mentioned that all of these assertions in [3] are proved in L2(R™), but
only in the case d = 2. However, it is not difficult to see that all the arguments do not
depend on d.
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A function b € Wy written as in 2. is an orthonormal wavelet associated with
(V) if and only if s is unimodular a.e.

PrROOF OF THEOREM 4.2. Put Vy = (¢). By Theorem 2.1, o,(§) =
xa(€) a.e. for some measurable Z"-periodic set €. Since (V;) admits
orthonormal wavelets, we have, by Corollary 1.5,

d—1
(4.1) D xal6+8i) — xa(BE) =1 ae.

i=0
Let £ € R™.

If ¢ ¢ B~1Q, Remark 4.1 (b) implies md(¢) = 0. From (4.1) we conclude
that there is a unique 7,0 < i < d — 1, such that £ € Q — §; and £ &
O — Bk, Vk # i. By Remark 4.1 (a), we now have, for each ¢y € Wy and the
corresponding filter ¢, t4(¢) = (0,...,0,1,0,...,0) where 1 is placed on the
coordinate place i + 1. Denote L(¢) = span{(0,...,0,1,0,...,0)} C C%

If ¢ € B~1Q, Remark 4.1 (b) implies || mg(¢)|| = 1. From (4.1) we conclude
that there are precisely two indices ¢ and 7, 0 < 4,5 < d — 1, such that
£eQ—0;,6£€Q—p;and £ & Q — By, Yk # 4,5. Thus, by Remark 4.1 (a),
(c), for any ) € Wy and the corresponding filter ¢, t¢(¢) must be contained
in a 1-dimensional subspace L(£) of C¢ (since both md(¢) and t(¢) must
have d — 2 trivial coordinates and non-trivial coordinates are possible only at
coordinate places i + 1 and j + 1, L(§) is in fact the orthogonal complement
of a 1-dimensional subspace of C?).

Note that in the preceding two paragraphs we have ignored a null-set
that consists of those point ¢ for which the equalities from Remark 4.1 (b),
(c) and (4.1) are not satisfied. From the preceding discussion we conclude:
for a.e. & € R" there exists a 1-dimensional subspace L(¢) of C? such that
td(&) € L(§), for all 9p € Wy. We shall now fix a unit vector (and, hence, a
basis) in L(§), for each such £. It suffices to do that for all £ € F, where F is
any Z™-tiling domain, since all our functions are Z"-periodic.

Consider the partition {Cy, Cy,...,Cq—1} of F from Lemma 2.7. First,
let us choose a unit vector v¥(¢) = (vg(€),v1(€),...,v4—1(£)) € L(£), for each
¢ € Cy. By the preceding conclusions, for each ¢ € Wy and the corresponding
filter ¢, there is a scalar valued function & — A(£),& € Cp, such that

(4.2) t4(€) = M(&)v?(€), € € Co.

Extend A(§) by Z™-periodicity.

Now, let € € C;,1 < i < d—1. Recall from Lemma 2.7 that £ — 7({+5;) is
a bijection from Cj onto C;. Thus, £ — B1 € Cp, up to an integer translation,
so that v¥(& — ;) = (vo(§ — Bi),vi(€ = Bi), .-+, va1(€ — Ba—1)) is already
defined. By (4.2), we have

(t(E—=Bi), - t(E+Ba—1—Bi)) = ME—=Bi)(vo(§=Bi), - -, va—1(E+ Ba—1—Bi)).
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In particular, this shows that t(£) = A(& — B;)vi(€ — B;) or, equivalently,
(4.3) &+ Bi) = MEvi(§), € € Co.

Let us now define a Z™-periodic function v on F' using the partition of
F from the preceding lemma. Let v(§) = vg(§), V€ € Cy, and v(7(£ + 5;)) =
v;(§), V€ € Cy, Vi=1,2,...,d— 1.

We also extend A from Cy to F = U1 C; by A(7(€ + Bi)) = &), € €
Co, i > 1. Now (4.3) can be rewritten in the form

(4.4) t(&) = M&)v(€), for a.e. £ € F.

Finally, let s(B¢) = A(&). Clearly, s is a measurable, Z"-periodic and
bounded function, and (4.4) now becomes t(£) = s(B&)v(§). Since all the
preceding conclusions are obtained for an arbitrary @ € Wy, we have the
desired equality 1[)(B§) = s(B&v(&)p(&) a.e., for all p € Wy. Moreover, we
have 2?2—01 [v(€ + B;)]> = 1 a.e. By a standard computation, it follows that
oy (BE) = |s(BE> 0y [v(€ + Bi)? = |s(BE)J? ae. Using Remark 4.1 (e),
we conclude that 1 is an orthonormal wavelet if and only if the function s is
unimodular a.e. O

The preceding proposition together with its proof provides us with an
alternative argument to prove the relation between a scaling set S and the
corresponding wavelet set W stated in Remark 2.6 (a): W = BS\ S. The
following remark should also be compared with the proof of Theorem 2.4.

REMARK 4.3. Suppose that S is a scaling set. Then, by definition, ¢ = xg
is a scaling function for a PF MRA (V;) that admits orthonormal wavelets.
In particular, If we denote Q = S + Z, the set 2 satisfies equality (4.1).

In this situation the low-pass filter mg is given by mo = xp-154z-. By
the proof of Theorem 2.4 and Remark 2.5, there is a Z™-tiling domain F' such
that B~1S C B~'F C S C F. Recall from Theorem 2.4 that F = BRU S
and observe that this implies Cy = B™'F = RU B~1S, where Cj is the set
from Lemma 2.7.

From the preceding theorem we know that each orthonormal wavelet 1
associated with (V}) is of the form ¢(BE¢) = s(B&)v(€)@(£). Obviously, to
obtain all these wavelets, it is enough to compute the function v - the simplest
wavelet associated with (V) will be then obtained by taking s = 1.

In order to obtain v it is enough to compute v¥(¢) = (vo(€),v1(),.. .,
vg—1(§)) for £ € Co = B~'F =RUB™!'S.

By an easy computation (we omit the details) one finds:

If £ € R, then vo(§) = 1 and v;(§) = 0, Vj > 1. In particular, v(7(§ +
B;)) =0, V¢ € R, ¥j > 1.

If £ € B~1S and if i > 0 is the unique index greater than zero with the
property & + ; € Q (see Theorem 2.4), then v;(§) = 1 and v;(§) =0, Vj # 1.
Hence, v(7(§ + ;) = vi(§) = 1. Observe that, by the definition of the map
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o, we have 7(£ + 3;) = o(€). Thus, v(o(£)) =1, V€ € B~1S. In addition, we
have v(7(€ + 3;)) = 0, V€ € B™1S, Vj # i.
This shows that v = xpus(B-15) on F. It only remains to extend v

by Z™-periodicity. By Theorem 4.2, we now have ¥(Bf) = v(§)p(§) =

XRUo(B-18)(€)X5(€) = XRUo(B-15)(€); in other words, ¥ = XpruBe(B-15) =
XBS\S-

REMARK 4.4. We are now in position to reobtain the assertion of
Corollary 2.11. Here we include the proof based on Theorem 4.2 as an
illustration of the technique developed in this section.

Let ¢ be an orthonormal MSF wavelet such that Dy, () < 1 a.e. We shall

show that there exists a scaling set .S such that z/; = XBS\S-

Since v is an MSF orthonormal wavelet, there exists a set W such that
1& = xw. We have already observed that 1 arises from a PF MRA (V;) with
a scaling function ¢. The proof consists of finding a new scaling function ¢4
for (V}) that is of the form ¢1 = xs.

Claim: Let S = {&: ¢(§) # 0}. Then |¢(&)] =1 for ae. £ € S.

Let us first show that the desired conclusion follows easily from the above
26 S, Clearly, p is a
measurable function. By our claim,  is unimodular and, since ), ;. [¢(€+
k)| = xa(&) a.e., Z"-periodic. Hence, by Remark 4.1 (d), 41 = pup = xs is a
new scaling function for the same PF MRA (V}).

It remains to prove the claim.

Take & € S. Since W is a wavelet set, we have R" = UjezB'W,
up to a set of measure zero. Thus, by ignoring this set, we can find
m € Z such that £ € B™W. This gives us 1 = xw (B™¢) = z/;(Bmg) =
s(B™E)v(B™1E)@(B™LE) wherer s and v are the functions from Theorem
4.2. Since [s(&)] = 1, ¢(§)| < 1, and |m(&)] < 1 for a.e. £ (see Remark 4.1 and
the proof of Theorem 4.2), this implies [v(B™~1¢)| = 1 and |@(B™~1¢)| = 1.
Now the equality @(BE) = mo(€)@(€) shows that [p(BIE)| =1,V < m — 1.
Moreover, since (v(B™ L&), v(B™ 1 + B1),...,v(B™ Y + B4-1)) is a unit
vector and [v(B™71¢)| = 1, we have v(B™~1¢+31) =0, Vi = 1,...,d—1. Now
(v(B™YE), ..., v(B™ T + Ba-1)) L (mo(B™YE), ..., mo(B™IE + Ba-1))
implies mo(B™~1€) = 0; hence p(B™¢) = 0. By induction, we conclude
that ¢(B7¢) = 0,Vj > m. Thus, since £ € S, we must have m > 0 and,
consequently, |p(£)] = 1.

1
claim. Define a new function p by u(¢) = { ‘P(f)’

)

This completes our description of scaling sets and the corresponding
MSF wavelets. We end the paper with another two series of examples that
are obtained using the technique from the proof of Theorem 4.2. Before
presenting our examples, we shall state a general remark in order to explain
our construction scheme.



210 D. BAKIC AND E. N. WILSON

REMARK 4.5. For simplicity, we restrict ourselves to the real line. Let us
fixdeN,d>2. LetA:Bzdandﬁi:é,i:O,l,...,d—l.

Denote by F the unit interval: F' = [—1,3). Let Sy = 1F = [, ).
We wish to construct a scaling set S that will satisfy Sy C .S C F. Observe
that this immediately implies (S1), (S2), and (S3) from Theorem 2.8. Let us
denote Q = S+7Z and h(§) = Z?;OI xa(&+ B;) — xa(d€). In view of Theorem
2.1, it only remains to achieve h(§) = 1 a.e. Observe that yq is a Z-periodic
function; hence, the function h is é—periodic. This means that it will be
enough to ensure h(§) = 1 for a.e. £ from a éZ—tihng domain (typically, this
will be an interval, or a finite union of intervals). The idea of our construction
is to find a function yq (i.e., a set ) with this property. In the examples
below this will be done by using the following scheme: (For simplicity we shall
write D instead of yq. Notice that this is in accordance with the last assertion
of Corollary 1.5; what we really do is a construction of the dimension function
of an orthonormal wavelet.)

(D1) Fix a 3Z-tiling domain 7' C F disjoint from So. Put N = F\ (SoUT).
Observe that F' = Sy U N UT is a disjoint union.

(D2) Put D(§) = { (1)’ % i f\? . Extend D to (SoUN)+Z by Z-periodicity.

(D3) Let h(§) = Zf;ol D(¢ + i) — D(d€). Define D on T with values in
{0,1} in such a way that h(§) =1 for a.e. £ € T. Extend D to T + Z
by Z-periodicity.

(D4) Put S ={£{ € F: D(§) = 1}. Then S is a scaling set and, consequently,
W =dS '\ S is a wavelet set.

EXAMPLE 4.6. d = 2n+1, n € N. With the notations from the preceding
remark, we have Sy = [—m, m) Let T = [-3,—% + 5o7) =
[~ 3. 5aetty) and N = F\ (SoUT). Asin (D2), let D(§) =1, £ € Sp, and
D(£) =0, £ € N; in addition, we extend D to (So U N) + Z by Z-periodicity.
The key idea is now to define D on T using the equality

2n

(4.5) D€)== _D(E+B:)+D(2n+1)¢) +1,£€T.

i=1
Obviously, this will ensure (D3). To do that, consider the intervals
1 1 1 n

Ly=——-—++——+7-——+——), k=0,1,2,...
k [ 2 + (27’L+1)k+1, 2+ (27’l+1)k+1), s Ly &y )
n 1 n+1
gL oy My k=0,1,2,...
k [ 9 + (2n+1)k+1’ D) + (2Tl+1)k+1), y Ly &y 3
1 1 1 1
Iy = nt ), k=0,1,2,....

=5+ (2n 4+ 1)F17 2 + (2n + 1)k
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One can easily verify that

(4.6) T =U2 (L UJg U ),
(4.7) Jo =5y, LoUIy = N,
(4.8) (2n+ 1)Ly = Ly —n, Yk >0,
(4.9) (2n+1)J, = Jy_1 —n, Yk >0,
(4.10) (2n+ DIy = I —n, Yk > 0.

It is now clear that these equalities enable us to use (4.5) inductively to
define the function D on T (and, a posteriori, on T + Z). It turns out that
D(&) =1,V¢ € J, and D(§) =0, V€ € L U Iy, Yk € N. Thus, when we take
into account that D(§) =1, V¢ € Sy = Jp, we conclude, by Remark 4.5, that

S={{eF:D() =1} = Uk
is a scaling set.

EXAMPLE 4.7. Let d = 2n, n € N. The construction is essentially the
same as the preceding one. The only difference is that the unit interval F
contains an even number of subintervals of length , so that our set T is
going to be a union of two intervals.

First note that So = [~ 4, 7). Let T =T~ UT" where T~ = [—4, -3+
=) and TT = =T~ = [§ — &, ). As before, let N = F\ (SoUT) and
D) =1,£ € Sy, D) =0, & € N. Again, we extend D to (SoUN) + Z by
Z-periodicity. As in preceding example we will define D on T by

2n—1
(4.11) D) =- Y D(E+pB)+D@2ng)+1,£€T.
i=1
To do that, we need a partition of T" similar to the preceding one. Let
1 1

= 1-— k=0,1,...
W= ) ) T
and
A ! L
k=[—§+ak_1, 2+ak 1+2w) k=12,...,
1 1 1 1
Bk—[—§+ak 1+2W,—§+ak),k:1,2,...,
1 2n —1
Ckz[—§+ak+1+2w,—2+ak+2m) k=1,2,...,
2n—1 1 1
D= g+t gt e~y g B L2

Next, we note the following relations; a verification is left to the reader.

(4.12) T =Up2 (A U B, UCy, U Dy),
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1 11 1
(414) 2nAr +n =—Dy_q1, Vk > 1,
(4.15) 2nBr +n=—Cg_1, Vk > 1,
(4.16) 2nCy +n = —By, Yk > 1,
(417) 2nDyp +n = —Ag, Vk > 1.
In addition, similar relation hold for the sets —Ay, —Bjg, —C}%, and — Dy,
k > 1, which make up a partition of T+ = —T~. These relations enable us to

define D on T using (4.11). First, using (4.13), one defines T on A; and By
and, by symmetry, on —A; and —Bj. After that, we use (4.16) and (4.17) to
define D on Cy, Dy, —C1, and —D;. Proceed by induction. It turns out that
D maps F onto {0,1} and

S = {§ eF: D(g) = 1} =Sy U Uzozl(Ak U Dg U (—Ak) @] (—Dk)).
By Remark 4.5, S is a scaling set.

CONCLUDING REMARK. The results of the paper provide a complete
description as well as a method of construction of all scaling sets. All wavelets
that arise from our construction method are MSF-wavelets; thus, a posteriori,
one obtains all wavelet sets that arise from scaling sets. It should be noted
that [1] provides a method for constructing all wavelet sets (i.e., not only those
that arise from PF MRA’s). However, we believe that our analysis of scaling
sets provides some new insight into the subject and, as demonstrated through
a series of examples, can be efficiently used as a construction method.

Moreover, there is some evidence that our approach can be extended to
a method of construction of non-MSF wavelets. The first step along that line
is the following observation: if 7 is a scaling function of a PF MRA wavelet,
then it is relatively easy to prove that there exists a scaling set S contained
in the set supp 1/;1. In the opposite direction, one should start with a scaling
set S and try to change the values of the function xg on a suitable subset of
S+ Z™ in order to obtain a new scaling function (; such that the support Sy
of ¢ contains S and satisfies B~1S; C S;. Such a construction, followed by
an application of Theorem 4.2, will result with a non-MSF wavelet(s).

More details, together with first examples of non-MSF wavelets with
general dilations, will appear elsewhere.
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