GLASNIK MATEMATICKI
Vol. 46(66)(2011), 215 — 231

THE CAUCHY PROBLEM FOR ONE-DIMENSIONAL FLOW
OF A COMPRESSIBLE VISCOUS FLUID: STABILIZATION
OF THE SOLUTION

NERMINA MUJAKOVIC AND IVAN DRAZIC
University of Rijeka, Croatia

ABSTRACT. We analyze the Cauchy problem for non-stationary 1-D
flow of a compressible viscous and heat-conducting fluid, assuming that it is
in the thermodynamical sense perfect and polytropic. This problem has a
unique generalized solution on Rx]0, T'[ for each T' > 0. Supposing that the
initial functions are small perturbations of the constants and using some a
priori estimates for the solution independent of T', we prove a stabilization
of the solution.

1. INTRODUCTION

In this paper we analyze the Cauchy problem for non-stationary 1-D flow
of a compressible viscous and heat-conducting fluid. It is assumed that the
fluid is thermodynamically perfect and polytropic. The same model has been
mentioned in [1], where a global-in-time existence theorem for generalized
solution is given without a rigorous proof. Here, we approach to our problem
as the special case of the Cauchy problem for a micropolar fluid that is
considered in [5] and [6]. Therefore we know that this problem has a unique
generalized solution on Rx]0, T, for each T" > 0 and that the mass density
and temperature are strictly positive.

Assuming that the initial functions are small perturbations of the
constants, we first derive a priori estimates for a solution independent of T’
and then analyze the behavior of the solution as T — co. We use some ideas
of Ya. I. Kanel’ ([4]) applied to the case of stabilization of Hélder continuous
solution for the same model.
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2. STATEMENT OF THE PROBLEM AND THE MAIN RESULT

Let p, v and 6 denote, respectively, the mass density, velocity, and
temperature of the fluid in the Lagrangean description. Supposing that in
[5] the microrotation is equal to zero, we obtain the problem considered as
follows:

op = ,0v
(2.1) 9 +p Er 0,
ov 0 ov 0
(22) ot or <P%) - K% (p9) .
Bl v o\ ? o ([ 06

in R x RT, where K and D are positive constants. The equations (2.1)-(2.3)
are, respectively, local forms of the conservation laws for the mass, momentum
and energy'. We take the following non-homogeneous initial conditions:

(2.4) p(z,0) = po (),
(2.5) v (x,0) = v (x),
(2.6) 0 (x,0) =6y (x)

for x € R, where pg, vg and 0y are given functions. We assume that there
exist the constants m, M € RT, such that

(2.7) m<po(xr) <M, m<by(z) <M, xR
In the papers [5] and [6] it was proved that for
(2.8) po — 1,v0,00 — 1 € H' (R)
the problem (2.1)-(2.6) has, for each T' € R™, a unique generalized solution
(2.9) (x,t) = (p,v,0) (z,t), (x,t) € Il =Rx]0,T,
with the properties:
(2.10) p—1€L>(0,T;H" (R)) NH' (IT)
(2.11) v,0 —1€L>(0,7;H" (R)) nH' (I1) N L? (0, T; H* (R)) .

Using the results from [5] and [1] we can easily conclude that

(2.12) 0,p>0 in IL

IDerivation of the equations (2.1)-(2.3) from the Eulerian description is given in [1],
pp. 31-42.
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We denote by B* (R), k € Ny, the Banach space

(2.13) B (R) = {u € CFR): lim |D™u(x)|=0,0<n< k}

|z|— 00

where D™ is n-th derivative. The norm of the space B* (R) is defined by
(2.14) l|lullgrr) = sup {sup |D™u (x) |} .
n<k (z€R

From Sobolev’s embedding theorem ([2, Chapter IV]) and the theory of
vector-valued distributions ([3, pp. 467-480]) one can conclude that from
(2.10) and (2.11) follows

(2.15) p—1€L>(0,T;B°(R)) nC([0,T];L*(R)),

(2.16) wv,0—1€L?(0,T;B'(R)) nC ([0,7];H" (R)) NL> (0,T;B° (R))
and hence

(2.17) v,0 —1€C([0,T]);B°(R)), peL>().

From (2.7) and (2.8) it is easy to see that there exist the constants Ej,
E,, Es, My € RT, My > 1, such that

1 1 1
(2.18) —/vgdac—i—K/ (——1n——1)dx+/(90—1n90—1)dx:E1,
2 Jr R \ 20 po R
1

(2.19) 5/11@ ((ug)2 + (9{))2) dz = By,
L[ () / o1
2.20 —/ dr+ | vyln —dzx < Ej,
(2.20) 2 Jr 13 BP0 ’
(2.21) sup 6o (z) < M;.
|z|<oo

Suppose that the quantities 7 and 7 are such that n <0 <7 and

0 n
(222) / \/e"fl—ndn:/ ,/en—lfndn:Es’
n 0

where
E\E, E; K
2.23) E5=2 Ey=2uF |14+ M — = — 1.
( ) Es K ,u1(+ 1-|-E1 , M =maxq oo,
Let
(2.24) U =exprn, U= expi.

The aim of this work is to prove the following theorem.
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THEOREM 2.1. Suppose that the initial functions satisfy (2.7), (2.8) and
the following conditions:

(2.25) E1/R(vg)2dx < <1%%>2,

(2.26)
2B, (E

< min D
i =
16

then
(2.27) p(x,t) =1, v(z,t) =0, 6(x,t) = 1, when t — oo,

I:I@I

u
(14 My) M, ((16E4)2 —+ Ml) + 2K M, Ey + Ey)

2

SIS

uniformly with respect to all x € R.

REMARK 2.2. Conditions (2.25) and (2.26) mean that F4, E2 and E3 are
sufficiently small. In other words the initial functions are small perturbations
of the constants.

In the proof of Theorem 2.1. we apply some ideas of [4], where a
stabilization of the solution that is Holder continuous was proved for the
same model.

3. A PRORI ESTIMATES FOR p, v AND 6

Considering stabilization problem, one has to prove some a priori
estimates for the solution independent of T, which is the main difficulty.
Some of our considerations are similar to those of [4]. First we derive the
energy equation for the solution of problem (2.1)-(2.3) under the conditions
indicated above and we estimate the function p~*.

LEMMA 3.1. For each t > 0 we have

(3.1) %/Ru?d:cjt/(e 1n9—1)d:c+K/ (——1n%—1)d
[ LG o () o=

where Ey is defined by (2.18).

PROOF. Multiplying (2.1), (2.2) and (2.3), respectively, by Kp~1(1 —
p~1), vand 1—671 integrating by parts over R and over ]0, t[ and taking into
account (2.15) and (2.16), after addition of the obtained equations we easily
get equality (3.1) independently of t. O



COMPRESSIBLE VISCOUS FLOW 219

LEMMA 3.2. For egch t > 0 exist the strictly positive quantities u; =
uy (0(t)) and uy =1 (0 (t)) such that

(32) Uy S pil (:L'a T) § ﬂla (l‘,’l’) € RX]Ovt[a

where

(3.3) 0(t)y= sup O(x,7).
(z,7)ERX]0,¢[

0 1
PROOF. We multiply (2.2) by E In (—), integrate over R and )0, ¢[ and
z o \p
use the following equalities, which follow using (2.1) and (2.15)-(2.17):

/o o [/ 1\ 10 /0 [/ 1\\°
(34) zﬂ(ﬁﬁ)aﬂF;)éa(az@ﬁﬁ)’

(3.5)

b [ ovo 1
\/O . 6_8_ (hl ) dxdr = / / 2ol In — d:cd'r
/ / ( ) dxdr,

1 1
%vln —dz + /Rv{) In —dz

= — —1n dac

/—lnd

:/v— (111 )dz+/v61n—d:c,
r 0z P R Po

0 09 , 0 (1
(3.7) 5p (PO = 5-p— 00" <p) :

We also take into account the following inequalities obtained by the Young’s
inequality

(3.8) gi aax <1) <55 <gz> + %9;;3 <a% (%))2
(3.9) va%ln <%> _ vpa% (%) i (_ <%)>

After simple transformations we get
1
(_>) dudr
p

(G >) g Lo
(3.10) /R 2d:c+— Sa—> dadr + /;;(—) dzdr

*4%m<> g 0"

\ %’|®
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for each ¢ > 0. Using (3.1) and (2.20) from (3.10) we obtain

(3.11)

i/RPQ (a% <%)>2dx+ g/ot/RepS (a% <%)>2d:cdr < K (B(t)).
where
(3.12) Ky (0(1)) = 2uE (1 +0(t) + %)

and p, By and Es are defined by (2.23), (2.18) and (2.20).
Now we define the increasing function 1 by

(3.13) Y (n) = /077 Ves —1—Ede.

One can conclude the following
1 1
R p) " Oz \p

(3.14) ‘z/; <ln %) ‘ =

Using (3.1), (3.11) and the Holder’s inequality we get

o )= (L Gromd) o)’ ([ (2 G))')

§ K2 (a (t)) )

Ind

"y (€)de

0

<

where

(3.16) K> (0(1)) = 2E; (%“ (1 +O() + %))5 .

We can also easily conclude that there exist the quantities n, = n, (5 (t)) <0
and 7, =7 (0 (t)) > 0, such that

0 1 —
(3.17) / \/677177d7)/077 Ver—1—ndn =K, (0(t)),
o,

where K> (0 (t)) is defined by (3.16). Comparing (3.15) and (3.17) we conclude
that

(3.18) u; = expn, < p ' (2,7) < expT =Tt
for (z,7) € Rx]0, t[. O

Now we find some estimates for the derivatives of the functions v and 6.
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LEMMA 3.3. For each t > 0 we have
() (3))
(319) 4 (;Z)Q /Ot (/R <%>2daz>2 <K4 @) */R (%)2@) ar

D [t 820\ _

— — | dxdr < K3 (0(t

+5 ], for(5s) aeir <o),
where

(3.20) K4 (0(1)) = <16£i\/E_1) ,

9 u Z N7 _ em K%
oy K@@ =F (1+00)80 ((16K1 @) -+ 39@)

+2K0 (t) K1 (0(t)) + Eo.

62
PRrROOF. Multiplying equations (2.2) and (2.3), respectively, by —8—12) and
z
82

022’

t
v 82 ov\ 2
522 = [ (50) e,

that is satisfied for the function 6 as well, after addition of the obtained

cqualities we find that
¢ 2
(G (2)) o o Lo () o
0 [ [o(22) dear
B[ [ [ [
+K/ /aapa”d dr +K/ /w?”?i
Lo () G [ G52 e

integrating over Rx]0, ¢[ and using the following equality
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Using (3.18), (3.11) and the following inequality

1 1
ov\? av\?\ "’ ?v\7\’
3.24 — ] <2 — —
(324 (%) < (@(w)> [(G=) )
.00 . . .
that holds for the function Iz as well, and applying the Young’s inequality

x
with a sufficiently small parameter on the right-hand side of (3.23) we come

to the estimates as follows:
(3.25)

EA %%%ﬂd‘

L1 ) m/o/w w

L (3 ) ) (L)) (o) )+
l/ @7)““

5 Lo (52) o om0 ] (3 o

S% (aﬁ) et

oo f [ 5(3)

bl L

o (L

O [ (5 w3 Lo ()

\KA/ 92521 o]

o s [ [ L ()

<tca [ for (5 (5)) i o5 [ [ (5) e

<
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¢ 81} %6

‘KA/R 92 9 ——dxdr
2
K—/ /92/) (@) d:vdT—i—D// (—) dxdr
922

K20 ( v D 020\
< —z - - -
< Du, A/ ( ) ddT+4A/Rp<ax2> dxdr,

// <a—>2%dm
-D// (52) dries 3 [ [o(3) o
S (L) ) (L) e) «
2 L) v
i [ (/ (%)Qdf) s () de
5[ Lo () o

dp 06 026
\ l/ o0 3 sl
<D// ( ) (@) d:vdT—i—D// ( )dxdr
Ox 0x?

oDu? [ 020 : 5 1 2
< — ([ ZE
S /0 (/p(axQ) dx) ( ) 7 dxdr

128DK2 0’ (1)@ a0

/ / 6 (_) et
3D %0
Jr?A /RP<W) dxdr.

(3.28)

IN

(3.29)
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Taking into account (3.25)-(3.30), (3.1), (3.11) and (2.19) from (3.23)

follows
() @)L 5w
(3.31) D/O/ ( )dde
g%/ot </R (%)2dx>3dT+K3 @),

where K3 (9 (t )) is defined by (3.21). We also get another important inequality

92v
by estimating the integral ( > dx. We have

/R<%> == [ gt ;
(3.32) <l (/Rquxf (/Rp (%)%) 2

Consequently,

(3.33) /Rp <%>2dz > (2B1m,) 7" (/R <%>2dx>2

Inserting (3.33) into (3. 31) we obtain
T (2]
2 R 833 al’ o
_ ¢ 2 2 2 2
(3.34) 4+ 8312/ / <@) dx Du, - —/ (ﬁ) dx | dr
D?ui Jo \Jr \ Oz 16, E? r \ O
D [t 9%0\° _
= =2 <
+ 3 /0 /Rp<8$2) dedr < Kj (H(t))

and (3.18) is satisfied. O

Similarly as in [4], in the continuation we use the above results, as well
as the conditions of Theorem 2.1. We derive the estimates for the solution
(p,v,0) of problem (2.1)-(2.8) defined by (2.9)-(2.12) in the domain IT =
Rx]0, T, for arbitrary T > 0.
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Taking into account assumption (2.21) and the fact that 6 € C (II) (see
(2.17)) we have the following alternatives: either

(3.35) sup 6 (x,t) =0 (T) < My,
(z,t)€Il

or there exists ¢1, 0 < t; < T, such that

(336) ?(t) < M; for 0<t<ty, ?(tl):Ml

Now we assume that (3.36) is satisfied and we will show later, that because
of the choice of the constants Ey, Fs, F3 and M; (the conditions of Theorem
2.1), (3.36) is impossible.

Because K> (6 (t)), defined by (3.16), increases with increasing 6 (t) we
can easily conclude that

(3.37) Ky (0(t)) < Ko (M) for 0<t <ty
and Ko (My) = E5. Therefore we have
(3.38) u<u, (0(t), uw>u (6(t)

where u, @ and u, (0 (t)), u (0 (¢)) are defined by (2.22)-(2.23) and (3.17)-
(3.18), respectively. The quantity K4 (5 (t)), defined by (3.20), decreases with
increasing 6 (t) and for 6 (t;) = M; it becomes

2
Du
(3.39) Ky (My) = — | .
16ukE}
Taking into account the assumption (2.25) of Theorem 2.1 and the
following inclusion (See (2.16))

ov

(3.40) U C (0. T (R))
we have again two alternatives: either
ov\?
(3.41) e (x,t)de < K4 (My) for t€]0,t1],
R
or there exists t5, 0 <ty < t1, such that
ov\?
(3.42) — | (z,t)de < K4 (M) for 0 <t < tg,
R 8$
and
o\ ?
(3.43) Iz (x,t2)de = K4 (M) for to < ty.
R

Now, we assume that (3.42)-(3.43) are satisfied. Then we have
(3.44) 0(t) <My, Ky(M)<Ky(0(t) for tel0,ts].
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Taking into account (3.44), from (3.19), for ¢ = t2, we obtain
v\ > —
(3.45) % (z,t)de < 2K5 (0 (t2)), 0<t<ts.
R xr

Since K3 (6 (t)), defined by (3.21), increases with the increase of 6 (), it
holds

(346) K3 (5 (t)) < K; (Ml), te [O,tg].
Using condition (2.26) we get
(3.47) 2K3 (0 (1)) < K4 (M), te€0,ts],
and conclude that

2
(3.48) /]R (%) (x,t) de < K4 (My).

This inequality contradicts (3.43). Consequently, the only case possible
is when

(3.49) th=1
and then (3.41) is satisfied.
Using (3.36) and (3.41) from (3.19) we can easily obtain that

2
(350) / (%) (.f,t) dr < 2K3 (Ml) for 0 <t <t.
R

Now, we introduce the function ¥ by
0(x,t

(3.51) U (0 (x,t)) = ) Vs —1—Insds.

1
From (2.17) follows that 0 (z,t) — 1 as |2| — oo and hence

(3.52) V(0 (z,t)) =0 as |z] = oco.

Consequently,
e(x,t) d
— d
/1 T (5)ds

(3.53)
P (0 (x,1) < ¢ (0 (x,1))] =
= ‘/1 VO (z,t) — 1 —lne(ac,t)aeé()i’t)dac‘

< (/R(H(x,t)—1—1n9(x,t))dx)% (/}R (%)Q(x,t)dx>é.

Taking into account (3.36), (3.50) and (3.1) from (3.53) we get

(354) | max 0 0(@0) = @) = v (M) < (2K () E)?,




COMPRESSIBLE VISCOUS FLOW 227

or

(3.55) " Vs —1—Insds — (2K5 (M) Ey)

1

=

<0.

Since this inequality contradicts (2.26), it remains to assume that ¢; = T.
Hence we have

LEMMA 3.4. For each T > 0 we have

(3.56) 0 (x,t) < My, (x,t) €Il
o\’
(3.57) P9 (2, t)de < Ky (My), 0<t<T,
R ox
AN
(3.58) ) (x,t)de < 2K5 (My), 0<t<T.
R Ox
PROOF. These conclusions follow from (3.36), (3.41) and (3.50) directly.

O

LEMMA 3.5. The following inequalities hold true:

3.99 O0<u< <wu, (x,t)€ell,

(359 ST el (0

(3.60) sup |v(z,t)| < /8E1 K4 (M),
(z,t)€ll

(3.61) 0(x,t)>h>0, (z,t)ell

where u and w are defined by (2.22)-(2.24) and a constant h depends only on
the data of problem (2.1)-(2.8).

PROOF. Because the quantity u, (f(¢)) in Lemma 3.2 decreases with
increasing 6 (t), while u; (6 (t)) increases, it follows from (3.2) and (3.56)
that (3.59) is satisfied.

Using the inequality

o Ov 3 ov\? :
2 _ oV~ 2 ov
(3.62) v 2/Oovaxd:c_2</Rv d:c> </R (030) d:c)

and estimations (3.1) and (3.57) we get immediately (3.60). From (3.53),
(3.56), (3.58) and (3.1) we have for 6 (x,t) <1 that the following holds

1 1
(3.63) / Vs—1—Insds < (2K3 (M) Eq)? < / Vs—1—1Insds
0 0

(z,t)

because of (2.26). Hence we conclude that there exists the constant h > 0
such that 6 (z,t) > h. O
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LEMMA 3.6. For each T > 0 we have

T ov\?
— <
(3.64) /o /R<0x> dxdr < K,
T r/00\?
il <
(3.65) /O A(ax) dadr < K,
T ap 2
- <
(3.66) /O A(ax) dadr < Ko,
a 2
(3.67) /(8—z> dv < Ks, t€[0,T],
R

T 29\ 2
(3.68) / /(%) dadr < Ky,
o Jr
T 2,0\ 2
(3.69) / /<%) dxdr < Ky,
0o Jr

where the constants K5, K¢, K7, Ks, K9, K19 € RT are independent of T

PROOF. Taking into account (3.59) and (3.61) from (3.1), (3.11), (3.19)
and (3.31) we get easily (3.64)-(3.69). O

4. PROOF OF THEOREM 2.1

In the following we use the results of Section 3. It is important to
remark that all the estimates obtained above are preserved in the domain
IT = Rx]0, T for each T > 0.

The conclusions of Theorem 2.1 are immediate consequences of the
following lemmas.

LEMMA 4.1. The following relations hold true:

(4.1) A(%)Q(x,n dz — 0, /}R<%>2(z,t)daz%0,

when t — 00.

PROOF. Let € > 0 be arbitrary. With the help of (3.64), (3.65) and (3.66)
we conclude that there exists tg > 0 such that

(4.2)
t 2 t 2 t 2

// @ dxdr<€,//(@) dxdr<€,/ / (%> drdr < g,
to JR aﬂ? to JR al’ to JR al’
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for t > to, and

(4.3) /R (%)2 (z,t0) dz < e, /R <%>2 (z,t0) dz < e.

Similarly to (3.19). we have
JACHREIE
s ([ (%)d) oy - [ (&) ] o
B[ fo(5E) e
/(& ) (20 wavse s | [ o(22) s
coms @)’ 5 [ (5) e
*Kg/to/gg <?)2" d”—/to/eg (2) s
st [/ (o',

Taking into account (3 56), (3.59) and (4.2)-(4.3) from (4.4) we obtain

(45) / [(%) + (%) ] dx S K11€ for t> to,
R

where K17 depends only on the data of our problem and does not depend on
to. Hence relations (4.1) hold. O

LEMMA 4.2. We have
(4.6) v(z,t) =0, O(x,t)—1
when t — oo, uniformly with respect to all x € R.

PROOF. We have (see (3.62) and (3.53))

@n P (a) <2 (/Ru? (2,1) d:c)% </R (%)2(x,t) d:c)é,
(48) v (0 (1) < (/R(H(x,t)—1—1n9(x,t))d:v)% (/}R (%)def.
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Taking into account (3.1) from (4.7) and (4.8) we get

(4.9) V2 (2,1) < 2(2E,)? </R (%)2 (2,1) dx)é,
(4.10) 166 (,0)| < B} < / @)dw)

Using (4.1) and property (3.52) of the function 1) we can easily obtain that
(4.6) holds. O

LEMMA 4.3. We have
2
(4.11) / <%> (z,t)dx — 0
R

when t — oo.

PRrROOF. From (3.66) and (3.69) we conclude that for € > 0 exists ¢g > 0
such that
(4.12)

//<8x> d$d7<€//<8x2) dxdT<€a/R<%>2(I,to)d$<g

for ¢ > ty. Now, from (2.1) we get the equality

(4.13) % (a% (/_1))) — %.

0

Multiplying (4.13) by 9z
x

(4.14)

1 1 1 0p 0%v 1 1 [/0p
E/RF( ) /tU/—za—xa— ity [ (ax)““)d”

Using the Young’s inequality and (3.59) from (4.14) we find out

o TR e [ [ () v [ [ (5 e
o5 [(#) wo

1
<—) and integrating over R and lto, t[ we obtain
P

With the help of (4.12) from (4.15) we get (4.11). O
LEMMA 4.4. We have
(4.16) p(z,t) =1

when t — oo, uniformly with respect to x € R.
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PROOF. Similarly as for the function ¢ (6), we have

1/)<1) :/;\/sflflnsds
1

P
1 2
(o)) ([3 ()
R\ P p r P° \Ox

Taking into account (3.1) from (4.17) follows

(4.18) w(%) < (KE\)*7 /}R(%)de %

and with the help of (4.11) we conclude (4.16). O

(4.17)

=
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