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ALGORITHMS WITH APPLICATIONS
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ABSTRACT. In this paper, we introduce an iterative scheme for a
general variational inequality. Strong convergence theorems of common
solutions of two variational inequalities are established in a uniformly
convex and 2-uniformly smooth Banach space. As applications, we, still in
Banach spaces, consider the convex feasibility problem.

1. INTRODUCTION AND PRELIMINARIES
Let C be a nonempty closed convex subset of a real Hilbert space H and
A : C — H a nonlinear mapping. Recall the following definitions:
(1) The mapping A is said to be monotone if
(Ax — Ay,x —y) >0, Va,yeC.

(2) A is said to be a-strongly monotone if there exists a constant o > 0
such that

<A337Ay,l‘fy> ZOZ”I’*yH% V:c,yGC.

(3) A is said to be a-inverse-strongly monotone if there exists a constant
a > 0 such that
(Ax — Ay, x — y) > a||Ax — Ay||?, Vaz,y € C.

The a-inverse-strongly monotone mapping is also called a-cocoercive
mapping.
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Recall that the classical variational inequality, denoted by VI(C, A), is to
find v € C such that

(1.1) (Au,v —uy >0, Vv e C.
It is well known that for given z € H and u € C satisfy the inequality
(u—z,v—u) >0, VYveC,

if and only if u = Pgz, where Po denotes the metric projection from H onto
C. From the above, we see that u € C is a solution to the problem (1.1) if
and only if u satisfies the following equation:

(1.2) u = Po(u— pAu),

where p > 0 is a constant. This implies that the problem (1.1) and the
problem (1.2) are equivalent. This alternative formula is very important from
the numerical analysis point of view. Many authors studied iterative methods
for the problem (1.1) provided that A has some monotonicity.

Recently, Aoyama, liduka and Takahashi ([1]) introduced and analyzed a
general variational inequality which can be viewed as a Banach version of the
variational inequality (1.1).

Let C be a nonempty closed convex subset of a Banach space F and E*
the dual space of E. Let {-,-) denote the pairing between F and E*. For
g > 1, the generalized duality mapping J, : & — 25" is defined by

Jo(@) ={f € B*: (z, f) = |l=|% | ] = =]|“""}

for all z € E. In particular, J = Js is called the normalized duality mapping.
It is known that J,(z) = ||z||972J(z) for all z € E. If E is a Hilbert space,
then J = I, the identity mapping. Further, we have the following properties
of the generalized duality mapping J:

(1) Jy(z) = ||z]|972J2(z) for all z € E with = # 0;

(2) Jy(tz) =t171J,(z) for all z € E and t € [0, 00);

(3) Jy(—x) = —Jy(z) for all z € E.

Let Ug = {z € E : ||z|]| = 1}. A Banach space F is said to uniformly
convex if, for any € € (0, 2], there exists § > 0 such that, for any z,y € Ug,
H Tty

2

lx —y|| > € implies H <1-4.

It is known that a uniformly convex Banach space is reflexive and strictly
convex, see [19].
A Banach space F is said to be smooth if the limit

tyll —
Ll tyl ]
t—0 t

exists for all z,y € Ug. It is also said to be uniformly smooth if the limit
is attained uniformly for z,y € Ug. The norm of F is said to be Fréchet
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differentiable if, for any x € Ug, the limit is attained uniformly for all y € Ug.
The modulus of smoothness of F is defined by

1
p(r) =sup{5(lz +y + e —yl) = 1:2,y € X, [zl = L, ly] = 7},

where p : [0,00) — [0,00) is a function. It is known that E is uniformly
smooth if and only if lim,_,g @ = 0. Let ¢ be a fixed real number with
1 < ¢ < 2. A Banach space F is said to be g-uniformly smooth if there exists

a constant ¢ > 0 such that p(7) < ¢7? for all 7 > 0. Note that

(1) E is a uniformly smooth Banach space if and only if .J is single-valued
and uniformly continuous on any bounded subset of E.

(2) All Hilbert spaces, Ly, (or {,) spaces (p > 2) and the Sobolev spaces
WP (p > 2) are 2-uniformly smooth, while L, (or [,) and W2 spaces
(1 < p <2) are p-uniformly smooth.

(3) Typical examples of both uniformly convex and uniformly smooth
Banach spaces are LP, where p > 1. More precisely, L? is min{p, 2}-
uniformly smooth for every p > 1.

Recall that if C' and D are nonempty subsets of a Banach space E such
that C' is nonempty closed convex and D C C, then a map Q : C — D
is called a retraction from C' onto D provided Q(z) = z for all z € D. A
retraction @ : C' — D is sunny provided Q(Q(z) + t(z — Q(z))) = Q(x) for
all z € C and t > 0 whenever Q(x) +t(z — Q(x)) € C. A sunny nonexpansive
retraction is a sunny retraction which is also nonexpansive.

The following result describes a characterization of sunny nonexpansive
retractions on a smooth Banach space.

PROPOSITION 1.1. [16] Let E be a smooth Banach space and let C be
a nonempty subset of E. Let Q : E — C be a retraction and let J be the
normalized duality mapping on E. Then the following are equivalent:

(1) Q is sunny and nonexpansive;

(2) |Qr—Qul*> < (x —y,J(Qr — Qy)), for all z,y € E;
(3) (#—Qux,J(y —Qx)) <0, foralzyeckE.

Recall that a mapping T : C' — C is said to be nonexpansive if
[Tz =Tyl < [lz —yll, Vz,yeC.
In this paper, we use F(T') to denote the set of fixed points of T.

PROPOSITION 1.2. [11] Let C' be a nonempty closed convex subset of
a uniformly convex and uniformly smooth Banach space E and let T be a
nonezpansive mapping of C into itself with F(T) # 0. Then the set F(T) is
a sunny nonexpansive retract of C.

One classical way to study nonexpansive mappings is to use contractions
to approximate a nonexpansive mapping ([3],[15]). More precisely, take ¢ €
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(0,1) and define a contraction T} : C' — C by
(1.3) Tix =tu+ (1 —¢t)Tx, VxeCl,

where uv € C' is a fixed point. Banach’s contraction mapping principle
guarantees that T; has a unique fixed point z; in C'. That is,

(1.4) xp =tu+ (1 — )Ty

It is unclear, in general, what the behavior of x; is as ¢ — 0, even if T" has
a fixed point. However, in the case of T having a fixed point, Browder ([3])
proved that if E is a Hilbert space, then z; converges strongly to a fixed
point of T. Reich ([15]) extended Broweder’s result to the setting of Banach
spaces and proved that if F is a uniformly smooth Banach space, then x;
converges strongly to a fixed point of T' and the limit defines the (unique)
sunny nonexpansive retraction from C onto F(T).

Reich ([15]) showed that if F is uniformly smooth and if D is the fixed
point set of a nonexpansive mapping from C' into itself, then there is a unique
sunny nonexpansive retraction from C onto D and it can be constructed as
follows.

THEOREM 1.3. Let E be a uniformly smooth Banach space and let T :
C — C be a nonexpansive mapping with a fized point. For each fized u € C
and every t € (0,1), the unique fized point ©; € C of the contraction C >
x = tu+ (1 —t)Tz converges strongly as t — 0 to a fixed point of T. Define
Q:C — D byQu=s—lim_gx:. Then Q is the unique sunny nonerpansive
retract from C onto D; that is, Q satisfies the property:

(u—Qu,J(y —Qu)) <0, VueC,yeD.
Let A: C — E be a nonlinear mapping. Recall the following definitions:
(1) The mapping A is said to be accretive if

(2) A is said to be a-strongly accretive if there exists a constant o > 0
such that

(Az — Ay, J(z —y)) > aflz —y|?, Va,yeC.

(3) A is said to be a-inverse-strongly accretive if there exists a constant
a > 0 such that

(Ax — Ay, J(z —y)) > a|| Az — Ay, Va,y € C.

Recently, Aoyama, liduka and Takahashi ([1]) first considered the
following variational inequality in a smooth Banach space E. Let C be a
nonempty closed convex subset of £ and A an accretive operator of C' into
E. Find a point u € C such that

(1.5) (Au, J(v —u))y >0, YveC.
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In this paper, we use BVI(C,A) to denote the set of solutions of the
variational inequality (1.5).

Aoyama et al. ([1]) proved that the variational inequality (1.5) is
equivalent to a fixed point problem. The element u € C is a solution of
the variational inequality (1.5) if and only if u € C satisfies the equation

(1.6) u=Qc(u— \u),

where A > 0 is a constant and Q¢ is a sunny nonexpansive retraction from £
onto C, see [1] for more details.

Aoyama et al. ([1]) considered the variational inequality (1.5) and
obtained a weak theorem in a uniformly convex and 2-uniformly smooth
Banach space. To be more precise, they proved the following result.

THEOREM 1.4. Let E be a uniformly convexr and 2-uniformly smooth
Banach space and C be a nonempty closed convex subset of E. Let Q¢ be
a sunny nonexpansive retraction from E onto C, o > 0 and A be an a-
inverse strongly-accretive operator of C into E with BVI(C,A) # (), where
BVI(C,A) ={z* € C: {(Az*,J(x —x*)) 20, z € C}. If {\n} and {a,} are
chosen such that N, € [a, 5] for some a > 0 and o, € [b,c] for some b, c
with 0 < b < ¢ < 1, then the sequence {x,} defined by the following manners:

x1=2€C, Tpy1=anx,+ (1—an)Qc(xn — A\ Axy,)

converges weakly to some element z of BVI(C, A), where K is the 2-uniformly
smoothness constant of E.

Very recently, Cho, Yao and Zhou ([5]) considered a new iterative
algorithm for approximating a solution to the variational inequality (1.5) in
a Banach space. To be more precise, they considered the following iterative
process

To € 07 Tpntl = QpU + ann + 'YnQC(xn - )\nAxn)7 n >0,

where u € C' is a fixed element, {a,}, {8n} and {v,} are control sequences
in (0,1), Q¢ is a sunny nonexpansive retraction from E onto its nonempty
closed and convex subset C' and A is an a-inverse-strongly accretive operator
of C into E such that BVI(C, A) # (). They obtained a strong convergence
theorem under some restrictions imposed on the control sequences.

Motivated by Aoyama et al. [1], Cho et al. [5], Ceng and Yao [6], Hao
[9], Tiduka and Takahashi [10], Qin and Su [13], Qin et al. [14] and Yao and
Yao [22], we study the variational inequality (1.5). To be more precise, we
introduce a general iterative algorithm to approximation a common solution
to two variational inequalities. Note that no Banach space is g-uniformly
smooth for ¢ > 2; see [20] for more details. We prove the strong convergence
of the purposed iterative scheme in uniformly convex and 2-uniformly smooth
Banach spaces.

In order to prove our main results, we need the following lemmas.
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LEMMA 1.5. [21] Assume that {a,} is a sequence of nonnegative real
numbers such that
an—i—l S (1 - ’Yn)an + 6717 vn Z 17
where vy, is a sequence in (0,1) and {0,} is a sequence such that
(1) 3oniim =005
(2) limsup,,_, % <0 or Y710, < oo.
Then lim, 0 cty, = 0.

LEMMA 1.6. [4] Let C be a closed convex subset of a strictly convex
Banach space E. Let T,, : C — C be a nonerpansive mappings for each
1 <m <r, where r is some integer. Suppose that NI, _, F(T};,) is nonempty.
Let {\,} be a sequence of positive numbers with > _, X\, = 1. Then the
mapping S : C' — C defined by

Sx = Z ATz, Vrel

m=1
is well defined, nonexpansive and F(S) =N, _1 F(Ty,) holds.
LEMMA 1.7. [20] Let E be a real 2-uniformly smooth Banach space with
the best smooth constant K. Then the following inequality holds:
o+l < ll=l|* + 20y, Jz) + 2| Ky|*,  Va,y € E.
LEMMA 1.8. [17] Let {zn} and {yn} be bounded sequences in a Banach
space E and let {f,} be a sequence in [0,1] with

0 < liminf 8, <limsup g, < 1.
n—oo

n—oo

Suppose that p+1 = (1 — Bn)yn + Bnxn for all integers n > 0 and

Hmsup([|yn+1 — Ynll = [|zn+1 — znl]) < 0.
n— o0
Then lim,, o0 ||yn — || = 0.

2. MAIN RESULTS

THEOREM 2.1. Let E be a uniformly convexr and 2-uniformly smooth
Banach space with the best smooth constant K, C' a nonempty closed convex
subset of E and Q¢ a sunny nonexpansive retraction from E onto C. Let
A : C — FE be an a-inverse-strongly accretive mapping and B : C — E
a B-inverse-strongly accretive mapping, respectively. Assume that VI =
BVI(C,A)NBVI(C,B) # 0. Let {an}, {Bn}, {1} and {6,} be sequences
in (0,1). Let {x,} be a sequence defined in the following manner

o =u € C,
(T) Yn = 5nQC(xn - prn) + (1 - 5n)QC(xn - AAxn)a
Tnt1 = QpU + BnTn + YnYn, Vn >0,
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where \ € (0,/ K?] and p € (0, 3/ K?]. Assume that the following restrictions
imposed on the control sequences are satisfied:

( ) an+ﬂn+7n:1fOTalln20;
()Zn 0 &n = 00, lim,, 0 oy = 0;

(¢) 0 < liminf, o B, < limsup,, . fn < 1;
(d) limy, o0 6, = 0 € (0,1).

Then the sequence {x,} generated in (T) converges strongly to ¢ = Qvru,
where Qv is the unique sunny nonexpansive retraction from C onto VI.

PROOF OF THEOREM 2.1. The proof is divided into four steps.

Step 1. Show that the sequence {x,} is bounded.

First, we prove that the mappings Qc(I — pB) and Q¢(I — MA) are
nonexpansive. Indeed, for any z,y € C, it follows from Lemma 1.7 that

Qo (I = AA)x — Qc (I — AA)y|)?

< [[(z —y) = A(Az — Ay)||?

< o —yl* = 2MAz — Ay, J (z — y)) + 2K°N?|| Az — Ay|?

<z = ylI? = 22al| Az — Ay||* + 2K°)?(| Az — Ayl

=z =yl + 2AAK? — a)|| Az — Ay||?

<z —yl*.
This shows that Qc(I — AA) is nonexpansive, so is Qc(I — pB). Since
BVI(C,A) = F(Qe(I — R1A)) and BVI(C,B) = F(Qc(I — RyB)) for any

constants Ry, Re > 0. That is, VI = BVI(C, A) N BVI(C, B) is closed and
convex. For any p € VI, we have

[yn = pll = 160 [Qc (2n — pBan) — pl + (1 = 60)[Qc(2n — M) — pl|
< OnllQc(@n — pBan) —pll + (1 = 6n)[| Qo (zn — AAzn) — p
< Opllzn — pll + (1 = 0p)[|lzn — pl|
= [lzn —pll
It follows that
|Zn+1 = pll = llan(u —p) + Bu(zn — D) + Y0 (yn — D)
< anlu=pll + Bullzn = pll + vnllyn — pll
< apllu—pll + (1 —an)llzn —pl|-
By simple inductions, we have
2n —pll < llu—pl,

which gives that the sequence {z,} is bounded, so is {yn}.
Step 2. Show that

(2.1) lm @1 — 2,] = 0.
n—oo
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Putting u, = Qc(zn — Mzxy,) and v, = Q¢(xyn, — pBxy,) for each n > 0,
we have

Yn+1 — Yn

= Opt1Vnt1 + (1 = 0pg1)unt1 — [nvn + (1 — 0n)uy]

= 5n+1(Un+1 —vp) + (5n+1 - 5n)(vn —Up) + (1 - 5n+1)(un+1 - Un)
It follows that

[Ynt1 = ynll

< Ontillvnstr = vnll + 0ng1 = Onlllvn — unl + (1 = Ony1) |un+1 — unl|
< Ont1l|@ntr = @nll + [Ons1 = On| M1 + (1 = bn1)[[znt1 — 20|
= [[Znt1 — @nl| + |6ng1 — 6n| My,

(2.2)

where M; is an appropriate constant such that M; > sup,so{|lvn — unll}.
Putting
_ Tp41 — BnTn

€n = ]-*ﬂn ) vnzoa

we have
(2.3) Tny1 = (1= Bn)en + Bnn, Yn>0.
Now, we compute ||e,+1 — e,]|. From

On+1U + Ynt+1Ynt1 nU + YnYn

e — e, = -
i " 1- 6n+1 1- Bn
_ Q1 + (1 — Qp41 — Bn+1)yn+1 B ap U+ (1 — Op — Bn)yn
1- 6n+1 1-— Bn
an+1(u - yn+1) an(u — Yn)
1- 6n+1 1- Bn Ynt Yo
we have
Op41 «
(24) llent1 —enll < ——llu = yns1ll + —=llyn — ull + [[yn+1 — Yull.
1- 6n+1 1- Bn

Substituting (2.2) into (2.4), we arrive at

lleny1 —enll — [ Tnt1 — zall

< — | + =y — ull + Ma[0i1 — 6|

=7 7ﬁn+1 Yn+1 ]-*ﬂn Yn 1[0n+1 n|-

From the conditions (b) and (c), we get that
limsup(|lent1 = enll = [#nt1 — @all) < 0.
n—oo
It follows from Lemma 1.8 that

lim |le, — x| = 0.
n—oo
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From (2.3), we see that
Tnt1 — Tn = (1 — Bn)(en — xn).

It follows that (2.1) holds.
Step 3. Show that

(2.5) lim sup(u — ¢, J(x, — q)) <0,

n—oo

where ¢ = Qv u. Define a mapping M : C — C by
Mz =6Qc(x — pBx) + (1 —0)Qc(x — Nx), VreCl.
From Lemma 1.6, we have that M is nonexpansive such that
F(M)=F(Qc(I—pB))NF(Qc(I—-MA))=BVI(C,ByNBVI(C,A)=V1I.
Note that
Yn — Map = dpvn + (1 — 0p)upy — 6v, — (1 = )uy,
= (0n, — 0)(vn, — up).
From the condition (d), we arrive at
(2.6) lim |y, — Mx,|| =0.
n—o0

On the other hand, we have that

|2 — May|

= Hmn — Tp41l T T+l — Yn + Yn — Man

S lzn = zpga |l + @1 = ynll + lyn — My ||

<an = g || + anllu = ynll + Bullzn — ynll + [[yn — Mz, ||

< lzn — 2ol + anllu — yull + Bullzn — Man|| + (Bn + D[Mzn — ynll.

This implies that

(1= Ba)llen = Man| < |lzn = Znsr || + anllu = ynll + (Bn + D[ M2n = yall.
From the conditions (b), (c), (2.1) and (2.6), we obtain that

(2.7) nh_>rrolo |z, — Mxy,|| = 0.

Let z; be the fixed point of the contraction z — tu+(1—t)Mz, wheret € (0,1).
That is,

ze =tu+ (1 —t)Mz.
It follows that

126 = znll = |(1 = ) (M2; — 2n) + t(u = zn).
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On the other hand, for any ¢t € (0, 1), we see that
llzt — znll? = (1 — )W Mzp — 2, J(2 — 20)) + t{u — 0, (26 — 1))
=1 =t)((Mz — My, J (2 — ) + (Mxyn — 20, J (20 — 20)))
Ft{u— ze, (2t — Tp)) + {2t — T, (20 — Ti))
< (1= t)(llze = 2l + 1M 25 = @nllllz — za]])
+t(u — 2, J (2 — ) + t] 26 — 20 ||?
< lot = @nll* + My — zalllze = @l + t{u = 20, J (2 = @0))-
It follows that
(zt —u, J (2 — mp,)) < %HM:cn = Znllllze — x|, ¥t e (0,1).

In view of (2.7), we see that

(2.8) limsup(z; — u, J(2t — x5,)) <0, Vte€ (0,1).

n—oo

Letting ¢ — 0 in (2.8), we have that

lim sup limsup(z; — u, J(2: — x,,)) < 0.
t—0 n— 00

So, for any € > 0, there exists a positive number ¢y, for ¢ € (0, d1), such that

(2.9) limsup(z; —u, J(2¢ — zp,)) < ‘.

n—oo 2

On the other hand, we see that Ppnu = limgo2; and FM)=VI. Tt
follows that z; — ¢ = Pyru as t — 0. There exists d; > 0, for ¢ € (0, d3), such
that

[(u—q,J(xn —q)) — (2t —u, J (2t — xy))|
< |<u_an($n _Q)> - <U_Q7J(xn_2t)>|
+ [{u—q, J(zn — 2t)) — (2t —u, J (2t — zp))|
< Ku—q J(an —q) = J(@n — 20))| + (2 — q, J(@n — 20))]

<lu—=qlllJ(zn = q) = J(@n — 20| + 120 = gqllllon — 2]l < %
Choosing § = min{dy, 2}, we have for each ¢ € (0,§) that
(u—q,J(xn —q)) < {(zt —u,J(2t —xp)) + %
This implies that
limsup(u — ¢, J(x, — q)) < limsup(z: — u, J(z: — 2p)) + %

n—oo n—oo

It follows from (2.9) that
limsup(u — ¢, J(z, — q)) < e.

n—oo



APPROXIMATING COMMON SOLUTIONS OF VARIATIONAL INEQUALITIES 243

Since € is chosen arbitrarily, we see that (2.5) holds.
Step 4. Show that x,, — ¢ as n — co.
Notice that

Zns1 = qll” = (anu + Batn + Ynyn — ¢, T (Tng1 — q))
= ap(u — ¢, J(Tnt1 — @) + Balrn — ¢ J(Tny1 — q))
+YnlYn = ¢, S (Tnt1 — @)
< anfu—¢,J(@nt1 — @) + Bullzn — 2| [|lznt1 — 4|
+ Ynllyn = @llllzns1 — gl
< ap(u— ¢, J(@nt1 — @) + (1 — an)l|zn — qll[|zns1 — 4
1—a,
2

< an(u— ¢, J(Tn1 —q) + (ln = gll* + |1 — gll®)-

It follows that
[#nt1 —gqll* < (1= an)l|@n — gl + 20 (u = ¢, J(@n11 = ))-

From the condition (b), we can conclude from Lemma 1.5 the desired
conclusion easily. This completes the proof. O

In a real Hilbert space, Theorem 2.1 is reduced to the followings.

COROLLARY 2.2. Let H be a real Hilbert space, C a nonempty closed
convez subset of £ and Po the metric projection from H onto C. Let A: C' —
H be an a-inverse-strongly monotone mapping and B : C — H a B-inverse-
strongly monotone mapping, respectively. Assume that VI = VI(C,A) N
VIC,B) # 0. Let {an}, {Bn}, {1} and {6,} be sequences in (0,1). Let
{z,} be a sequence defined by

xo=u € C,
Yn = OnPo(xy, — pBxy) + (1 — 0,) Po(x, — MNAzy,),
Tnt1 = Qutt + Bn®n + YnYn, VN >0,
where p € (0,28] and X € (0,2a]. If the following restrictions imposed on the
control sequences are satisfied:
(a) an+ Bn+vn =1 for alln > 0;
(b) fozo o, =00, lim,_ o a, = 0;
(¢) 0 < liminf, o By <limsup,,_, o Bn < 1;
(d) limy, 00 6, =0 € (0,1),
then the sequence {xy,} converges strongly to g € VI, where ¢ = Py ju.

Further, if A = p and A = B, then Corollary 2.2 is reduced to the
following.

COROLLARY 2.3. Let H be a real Hilbert space, C a nonempty closed
convex subset of E and Pg the metric projection from H onto C. Let A: C —
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H be an a-inverse-strongly monotone mapping. Assume that VI(C, A) # 0.
Let {a,}, {Bn} and {yn} be sequences in (0,1). Let {x,} be a sequence defined
by

xo=u € C,
Tnt1 = @t + Bny + Y Po(x, — MNxy,), VYn >0
A € (0,2a]. If the following restrictions imposed on the control sequences are
satisfied:
(a) an+ Bn+vn =1 for alln > 0;
(b) >0 yan =00, lim,_ o o, = 0;
(¢) 0 <liminf, o By <limsup,, . Bn <1,

then the sequence {x,} converges strongly to ¢ € VI(C, A), where ¢ = Py u.

3. APPLICATIONS

Recently, many authors consider the following convex feasibility problem
(CFP):

T
finding an = € m Cr,s

m=1
where r > 1 is an integer and each C,, is assumed to be the fixed
point set of a nonexpansive mapping Ti,, m = 1,2,...,r. There is a

considerable investigation on CFP in the setting of Hilbert spaces which
captures applications in various disciplines such as image restoration ([7,12]),
computer tomography ([18]) and radiation therapy treatment planning ([8]).
In this section, we study the CFP in the setting of Banach space.

THEOREM 3.1. Let E be a uniformly convexr and 2-uniformly smooth
Banach space with the best smooth constant K, C' a nonempty closed convex
subset of E and Q¢ a sunny nonexpansive retraction from E onto C. Let A, :
C — FE be a,-inverse-strongly accretive mapping, where m € {1,2,...,r}.
Assume that VI = NI, _BVI(C, Ay,) # 0. Let {an}, {Bn}, {¥n} and {67}
be sequences in (0,1). Let {x,} be a sequence defined by

o =u € C,
Tt = Qpt+ BpZn + Y 2omey 00 Qc(Tn — ApAmzyn), Vn >0,

where A, € (0, a /K2 for eachm € {1,2,...,7}. If the following restrictions
imposed on the control sequences are satisfied:

(@) an+ Bn+ v =Dm 1 0m =1, for all n > 0;
(b) fozo o, =00, lim,_o a, = 0;
(¢) limy, 00 070 = 6™ € (0,1) for alln > 0;
(d) 0 <liminf, o By < limsup,,_,. Bn < 1,
then the sequence {x,} converges strongly to q € VI, where ¢ = Qyru and

Qv s the unique sunny nonexpansive retraction from C' onto V1.
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Let E be a Banach space and C' be a nonempty closed convex subset of

E. Recall that T : C' — C is called a A-strict pseudo-contraction ([2]) if there
exists a constant A € (0, 1) such that
(81) (Ta—Ty, J(@—y)) < |o—y|2=A|(I-T)a—(I-T)yl%,  Va.yeC.
From (3.1), we see that

(I-=T)x—(I-Ty,J(x-y))

= ||z —yl* — (T — Ty, J(z — y))

> [lz = yl* = (lz =yl = AL = T)a — (I = T)yll*)

=AM =T)a — (I -T)y|*
This implies that (I — T) is A-inverse-strongly accretive mapping. We,
therefore, have the following result.

THEOREM 3.2. Let E be a uniformly convexr and 2-uniformly smooth
Banach space with the best smooth constant K and C' a monempty closed
conver subset of E. Let T4 : C — C be an «-strict pseudo-contraction
and Tg : C — C a B-strict pseudo-contraction, respectively. Assume that
F=FTa)NFTp) #0. Let {an}, {Bn}, {7n} and {6,} be sequences in
(0,1). Let {x,} be a sequence defined by

o =U € C,
Yn = 0n[(1 = p)an + pTBxn] + (1 = 6,)[(1 = Nan + ATazn],
Tpt1l = Qptt + BpZn + YnlYn, Yn >0,
where X € (0,a/K?] and p € (0,3/K?]. If the following restrictions imposed
on the control sequences are satisfied:
(a) an+ Bn+vn =1 for alln > 0;
(b) ZZO:O ap =00, limye0 ay = 0;
(¢) limp o0 0n, =6 € (0,1);
(d) 0 <liminf, o B <limsup,, .. Bn <1,

then the sequence {x,} converges strongly to q € F, where ¢ = Qru and Qp
is the unique sunny nonexpansive retraction from C onto F.

PrOOF OF THEOREM 3.2. Putting A =1—-T4 and B = I —Tp, we have
that A is a-inverse-strongly accretive and B is [-inverse-strongly accretive,
respectively. We also have F(T4) = BVI(C,A) and F(Tp) = BVI(C, B),
respectively. Noticing that

Qc(zn — pBrn) = (1 — p)zy + pTpy
and
Qc(xn — MNxy) = (1 — Ny, + M Tazy,,
we can conclude from Theorem 2.1 the desired conclusion immediately. This
completes the proof. O
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