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Abstract. Like-charged macromolecules repel in electrolyte solutions that contain small (i.e. point-like)
monovalent co- and counterions. Yet, if the mobile ions of one species are spatially extended instead of
being point-like, the interaction may turn attractive. This effect can be captured within the mean-field
Poisson-Boltzmann framework if the charge distribution within the spatially extended ions is accounted
for. This has been demonstrated recently for rod-like ions. In the present work, we consider an electrolyte
solution that is composed of monovalent point-like salt ions and uniformly charged spherical colloids,
sandwiched between two planar like-charged surfaces. Minimization of the mean-field free energy yields
an integral-differential equation for the electrostatic potential that we solve numerically within the linear
Debye-Hiickel limit. The free energy, which we calculate from the potential, indeed predicts attractive in-
teractions for sufficiently large spherical colloids. We derive an approximate analytical expression for the
critical colloid size, above which attraction between like-charged surfaces starts to emerge. (doi:

10.5562/ccal824)
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INTRODUCTION

Interactions between like-charged macromolecules in
electrolyte solutions are of fundamental importance in
biological and biotechnological systems. They can be
attractive in the presence of di- or multivalent ions.' For
example, divalent diamin ions induce aggregation of
rod-like M13 viruses,> divalent barium ions mediate
network formation in actin solutions,” and divalent
counterions are able to induce condensation of DNA.**
Multivalent ions that are spatially extended usually
show a strong tendency to induce aggregation of like-
charged macroions. This is observed for positively
charged colloids that condense DNA® or for DNA that
induces attraction between cationic lipid membranes.’
The attraction between like-charged surfaces in
the presence of multivalent ions cannot be explained by
the classical mean-field Poisson-Boltzmann (PB)
theory. In order to predict attraction, charge-charge
correlations must be accounted for. One may generally
distinguish correlations between different multivalent
ions from correlations between the spatially separated
charges within a single multivalent ion. We refer to
these cases as inter-ionic and intra-ionic correlations.

The former case - especially accounting for correlations
when the multivalent ions are point-like - has attracted
considerable interest in the past.®" The latter case,
i.e. accounting for the connectivity of the individual
charges within a given spatially extended ion, has re-
ceived less attention. An example are polyelectrolytes
that mean-field electrostatics predicts to mediate attrac-
tion if the connectivity of the polymer segments is ac-
counted for."* A considerably simpler system is that of
rod-like ions where two elementary charges are con-
nected by a stiff rod. Here too, mean-field electrostatics
is able to predict attraction if the intra-ionic correlations
(i.e., the connectivity between the two charges of each
rod-like molecule) are included into the Poisson-
Boltzmann formalism."”™"® This extended Poisson-
Boltzmann model predicts a bridging mechanism' as
the structural motif that leads to attraction and eventual-
ly to a finite equilibrium distance between two like-
charged surfaces. We note that these theoretical predic-
tions are confirmed by Monte Carlo simulations.'®'®%°
The analysis of the system was also extended to the
intermediate and strong coupling regimes, where inter-
ionic correlations alone can lead to an attraction be-
tween the like-charged surfaces.”!

T This article belongs to the Special Issue Chemistry of Living Systems devoted to the intersection of chemistry with life.
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In the present work, we consider an additional sys-
tem of spatially extended ions, namely spherical collo-
ids that carry a uniform surface charge density. Specifi-
cally, we formulate an extended Poisson-Boltzmann
model for a mixture of point-like monovalent salt ions
and uniformly charged spherical colloids, sandwiched
between two extended like-charged surfaces. Our model
is a mean-field approach in the sense that correlations
between different ions will be neglected. Yet, intra-ionic
correlations (i.e., the connectivity of the charges within
each spherical colloid) are accounted for accurately. We
focus on the Debye-Hiickel regime where the charge
densities on both the extended planar surfaces and on
the surfaces of the spherical colloids are small. The
resulting integral differential equation was solved nu-
merically. It is demonstrated that attraction between
like-charged surfaces arises above a critical colloid size.
We present an approximative analytical expression for
this critical size.

THEORY

We consider an aqueous solution that contains a mixture
of negatively charged spherical colloids (all of radius R)
and monovalent point-like salt ions of positive and neg-
ative charges. All ions (colloids and salt ions) are mo-
bile, and they are present with bulk concentrations #,
(for the spheres), nf (for the positively charged salt
ions), and n’ (for the negatively charged salt ions). We
assume each spherical colloid carries Z elementary
charges that are uniformly distributed over the sphere's
surface area. Overall charge neutrality in the bulk then
requires

n’=n’+2Zn,. (1)

We also assume that the aqueous solution contains two
uniformly charged planar surfaces of large lateral area
A, located perpendicular to the x-axis of a Cartesian
coordinate system at positions x = 0 and x = D . Transla-
tional invariance of the system along the y and z direc-
tions of the Cartesian coordinate system then implies all
average system properties to depend only on x (but not
on yand z ). The two planar surfaces are both positive-
ly charged; their surface charge densities o are identical.
Figure 1 shows a schematic representation of the two
like-charged surfaces that sandwich the electrolyte with
its salt ions and charged spheres; bulk part of the
aqueous solution is also present but is not shown.
Clearly, the presence of the charged planar surfac-
es induces local changes in the concentration of all
involved mobile ions. We denote the local concentra-
tions of the positively and negatively charged salt ions
by n, =n,(x)and n_ =n_(x), respectively. The local
concentration of the spherical colloids is denoted by
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Figure 1. Schematic illustration of two like-charged planar
surfaces (located at positions x=0and x =D , each of lateral
area 4 and with surface charge density o ), embedded in an
aqueous solution that contains negatively charged spherical
colloids and small (point-like) monovalent salt ions of positive
and negative charges. All spherical colloids have radius R,
with Z negative charges (Z =4 in our illustration) uniformly
distributed over the surface of the colloid. The overall system
(the planar surfaces together with the sandwiched electrolyte)
is electrically neutral.

n=n(x) ; here x refers to the respective centers of the
spheres.

In our description of the electrolyte we neglect in-
ter-ionic correlations (but, as pointed out below, we do
account for the intra-ionic correlations of the Z charges
within each spherical ion). In this respect our model is a
mean-field approach that allows us to express the
Helmbholtz free energy, measured in units of the surface
area A and thermal energy ki7" (here k; is Boltzmann's
constant and 7 the absolute temperature) as

12

Ak 87r

J[ ln——(n ny)+n, ln——(n
o n’

J‘{n ln——(n —n_ )}dx+_|‘n U(x)dx,

0

)} dx+ (2)

+

where /,is the Bjerrum length, ¥ (x)is the dimension-
less electrostatic potential, and the prime denotes the
derivative with respect to x. Recall that the Bjerrum
length corresponds to the distance I, = e’ / (4nee,k,T)
at which the electrostatic interaction energy of two ele-
mentary charges e equals k,7 . In water, where the per-
mittivity is & ~80 times larger than in free space
(where &, =8.85x10""As/(Vm)) one finds /, ~0.7
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nm. Recall also that the dimensionless electrostatic
potential is related to the electrostatic potential @
through¥ =e®/k,T. Hence, the first term in Eq. (2)
represents the total electrostatic energy of the system.
The remaining terms account for all non-electrostatic
interactions; the first of these contains the mixing entro-
py contributions of the spherical colloids and salt ions.
All mixing entropy contributions are assumed to be
ideal. Strictly, one should account for the steric size and
shape of the spherical colloids. But below we will only
be interested in the limiting (Debye-Hiickel) case of
small potentials (implying small concentrations of all
ions) where the ideal mixing approximation becomes
valid. We note that in contrast to analogous models for
rod-like ions'® uniformly charged spherical ions are
radially symmetric and thus do not entail an additional
orientational entropy contribution to F. The last non-
electrostatic interaction term in Eq. (2) (i.e., the final
integral in Eq.(2)) introduces an external potential
U(x) that we employ to model the steric interaction of
the spherical colloids with the two planar surfaces. Spe-
cifically, to ensure that the colloids cannot penetrate
into the planar surfaces we chose U=0 for
R<x<D-R and U — oo otherwise. With this, the
centers of the spherical ions are confined to positions
R<x<D-R.

In thermal equilibrium the free energy F adopts
its minimum with respect to the local concentrations 7, ,
n_, and n. To carry out the minimization we employ
Poisson's equation ¥ "(x)=-4xl,p(x)/e, where the
local volume charge density

p(x)=en (x)—en_(x)— eZ(n(x - s))s 3)

at position x contains contributions from the point-like
salt ions (en, —en_) as well as from the spherical collo-
ids. In Eq. (3) we have introduced the averaging < f >S of
any given physical quantity f(s) according to

(), === [ r(s) s, @)
2R

where the index s refers to the integration variable.
Hence the term (n(x—s))s in Eq. (3) accounts for all
positions of the spherical colloids, ranging from x — R
to x+ R, that contribute to the charge density at posi-
tion x . Based on Eqgs. (2—4) one can calculate from the
vanishing first variation JF(n,n,_,n_)=0 the equili-
brium distributions

+9

n(x) =, ez(y/(xﬂ))‘ ~U(x) , (5)

n,(x)= nf et
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n (x)=n"e™™.

Note that for n, and n we find the familiar
Boltzmann distributions for point-like ions. The distri-
bution n for the spherical colloids depends on the di-
mensionless electric potential ¥ in the entire region
from x—R tox+ R . Hence, the distribution function is
non-local.

Inserting the volume charge density (Eq. (3)) into
Poisson's equation and using the distribution functions in
Eq. (5) yields the following integral-differential equation

I5% "(x) = sinh ¥ (x) — %[e”‘) - <ez<mﬂf;)>‘7u(k;) >} (6)

where the length /) is defined through ] =1/ (8z/l,n.).
Moreover, & = Zn, / n. is the fraction between the nega-
tive charges that all colloids contain and all negative
charges in the system (point-like anions and colloid
charges). Note that /,and ahave a simple physical
interpretation: For a =0 all mobile ions are point-like,
and /, would be the Debye screening length of that
symmetric 1:1 electrolyte. For a =1 all negative charges
in the system are bound to the colloids; the bulk electro-
lyte then contains only negatively charged colloids and
the corresponding point-like (monovalent and positively
charged) counterions. Intermediate values of a (with
0 < a <1) specify the fraction of negative charges in the
bulk electrolyte that are attached to the colloids. Hence,
increasing o at fixed Z translates into rearranging in-
itially point-like monovalent anions as surface charges
of spherical colloids.

Formally, Eq. (6) corresponds to the nonlinear
Poisson-Boltzmann equation, generalized to account for
the presence of uniformly charged spherical colloids
with radius R and valence Z . However, because we
have not accounted properly for the conformational
entropy of the hard-sphere fluid of colloids (which is
sandwiched between two rigid surfaces) it is appropriate
to only consider the Debye-Hiickel limit where the po-
tential ¥ <<1land the concentration # is small. In this
case, the integral-differential equation (Eq. (6)) can be
linearized which results in

a

2 (x) = S”(x)(l —%j -

%<(1 + Z<S”(x+ s —§)>S ) e Ve >7 .

s

(7

The integral-differential equation (7) has to be solved
subject to the boundary conditions

P (0) = —4nl, < (D) =+4xl, 2, (8)
e e
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where we recall that o denotes the surface charge densi-
ty on each of the two planar surfaces.

For sufficiently small spherical ions we can per-
form a series expansion of the last term in Eq. (7) with
respect to the radius R up to fourth order. This results in
the fourth-order ordinary differential equation,

2 2 2
2R 4 R 2 po | 2L lpoo )
45 3 aZ ol 7

where ¥ (x) denotes the i-th derivative of ¥ with re-
spect to x . With regard to finding appropriate boundary
conditions for Eq. (9) we note that our choice of U(x)
renders the factor ¢ /“in Eq.(7) non-analytic for
small R. Only in the limitR—0 1is the factor
¢ V* =1 and thus does not contribute to the expansion
in Eq. (9). One may set e ““* =1 even for finite radius,
but this neglects the exclusion of the sphere centers from
the regions close to the planar surfaces and is an unjusti-
fied approximation. Hence, below (see Eq. (16)) we will
use Eq.(9) to only predict the critical colloid radius
above which attractive interactions between like-charged
surfaces emerge (rather than to explicitly solve Eq. (9)).
The emergence of attractive interactions is not affected by
the boundary conditions of Eq. (9).

The equilibrium free energy of the system is ob-
tained by inserting the linearized (valid for¥? <<1)
equilibrium distributions (Egs. (5)) into Eq. (2). This
results in

E _Ty0y+2Rn +
Ak,T e

b (10)
%J.Y’(x)[ n'—n’—Zn, <e’U(H)>S] dx,

where the second term (2Rn,) is constant (i.e., inde-
pendent of the separation D between the planar surfac-
es) and irrelevant for further considerations.

In the limit of R — 0 the last term in Eq. (10) va-
nishes because of the overall charge neutrality in the
bulk; see Eq. (1). Thus, in this limit (R — 0) the free
energy

F o
Ak, T _;9/(0) (D

becomes determined by the electrostatic surface poten-
tial ¥(0), which can be calculated immediately from
solving the differential equation (9). For the free energy
we obtain

F a1 D
—drl. | 2| -~ cothZ=, 12
”B[ j P > (12)
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where

1 o
A—E‘/1+E(Z—l) (13)

is the inverse Debye screening length corresponding to
this mixed-valency electrolyte (valencies land Z ) of
point-like ions, sandwiched between two like-charged
planar surfaces. Eq. (12) is the classical Debye-Hiickel
free energy expression; it predicts repulsion between the
two like-charged surfaces.

RESULTS AND DISCUSSION

We first consider a system where the separation D be-
tween the planar surfaces equals four times the diameter
of the spherical colloids; D =8R. We assume each

spherical colloid has 5 charges attached to its surface
(hence Z =5). Figure 2 displays the dimensionless elec-
trostatic potential ¥ between the two surfaces as func-
tion of the x-coordinate. It is convenient to scale all

distances by the length/, . That is we define the dimen-
sionless lengthsx=x/l,, D=D/Il;, and R=R/I,.
The different curves in Figure 2 correspond to different
choices of the parameter o . As mentioned above this
parameter has an intuitive physical interpretation: it
specifies the total fraction of all negative charges (mo-
novalent salt ions plus spherical colloids) that are at-
tached to the colloids. As Figure 2 shows, increasing a
has a large influence not only on the magnitude of the
potential ¥(x) but also on its qualitative behavior. For

small o the system contains few colloids, and the elec-
trostatic potential monotonically decreases with increas-
ing distance from the charged surface. Upon increasing
a above a certain value we find the electrostatic poten-
tial to exhibit damped oscillations (curves (a) and (b) in
the left diagram of Figure 2).

In the limit of infinitesimal small radius R the po-
tential converges to the classical Debye-Hiickel result
for point-like ions

W (x)= 2pl, _cosh(4x) + cosh(4D — Ax) (14)
A sinh(AD)
where we have defined the quantity p =2zl,/;0/e asa
convenient measure for the surface charge density. The
inverse Debye screening length A is given in Eq. (13). For
a=0 we have 1=1/[,, and Eq. (14) recovers our nu-
merical calculations (curves (d) in the left and right dia-
grams of Figure 2). Upon increasing the (scaled) radius of
the spherical colloids beyond a critical value R (which
we calculate below in Eq. (16)) the potential becomes
non-monotonic. The oscillations in ¥ (x) are accompanied
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Figure 2. Dimensionless electrostatic potential as a function of the scaled distance x away from the charged plate. The left dia-
gram refers to R =2 and D =16. The right diagram refers to R =0.5 and D =4 . The four curves in each diagram correspond to
a=1 (a), a=0.5 (b), a=0.25 (c) and a =0 (d). The remaining parameters are Z =5 and p =0.01.

by overcharging where the charge of the spherical colloids
over-compensates the charges on the planar surfaces. This
is a typical signature for the emergence of attractive inte-
ractions between the like-charged surfaces.

Figure 3 displays (scaled) concentrations of the
spherical colloids n/n, , of the positively charged mo-
novalent ions 7, /n,, and of the negatively charged
monovalent ions n_/n,, all as function of the scaled
distance xaway from the charged planar surface. We
again use R=2, Z=5, D=16, and two different
values for a in the left and right diagrams (correspond-
ing to curves (a) and (b) in the left diagram of Figure 2).
Because the separation between the charged surfaces in

n;/n, 3 -

Figure 3 is large compared to the radius of the colloids,
we recover bulk conditions midway between the two
surfaces (i.e. n, (x) = 5n(x) at x =8 in the left diagram
of Figure 3). Close to the surfaces, the concentration of
colloids is increased, most strongly in the limit o =1
(left diagram in Figure 3). Let us discuss if the colloid
concentration remains in the dilute regime. In the bulk
the condition is (4/3)xR’ n, <<1. Using the definitions
for aand [, this can be written as

l£<< 6_23 (15)
ly oR
12
(b)
8 —
n;/ny  6F (c) -
_l — —
2 — —
— (1)
I I I
0() 2 4 6 8

Figure 3. Scaled concentrations of negatively charged spherical colloids n/n, (a), positively charged point-like monovalent ions
n, / n, (b) and negatively charged point-like monovalent ions n_/n, (c) as a function of the scaled distance away from the
charged plate. Left and right diagrams refer to a =1and a =0.5, respectively. The remaining parameters are Z=5, p=0.01,
R=2 and D=16. Note that the left and right diagrams correspond to, respectively, curves (a) and (b) in the left diagram of

Figure (2).
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Figure 4. Left diagram: Free energy F = F / (Zn, Ak,T1,)~ 2R/ Z as a function of the plate separation for R=3 (@), R=2 (b),
and R=0.5 (c), all calculated forZ =5, a=1and p=0.01. Right diagram: The (scaled) equilibrium distance D., between the
charged surfaces as a function of the colloid radius R . The vertical broken lines represent the numerically obtained critical
colloid radius. The bullets correspond to aa=1 and Z =5, the stars correspond to a =0.5and Z =5 whereas the diamonds cor-
respond to ¢ = 0.5 and Z =2 . The remaining parameter is p =0.01.

For our specific conditions in the left diagram of
Figure 3 (Z=5, a=1, [;=07nm, and R=2)
Eq. (15) implies [, <<2.6nm or, equivalently,
n’ >>10mmol dm™. To account for the three-fold
increase of the colloid concentration at the surface
[, <<2.6nm/3~=09nm. This leaves only considera-
bly larger concentrations than 0.1 mmol dm > for nf .In
this case the packing fraction of spheres 47R’n, /3 is
approximately 0.4. For a =0.5 (right diagram of Figure
3) the condition for a dilute solution is /, << 5.2nm or,
equivalently, n° >>3.3 mmol dm~. Here, the concen-
tration of colloids at the surface roughly doubles as
compared to the bulk (see curve (a) in the right diagram
of Figure 3), leaving a much wider concentration range,
n? >>10 mmol dm™, that ensures dilute conditions
everywhere in the system.

The free energy (see Eq. (10)) as a function of the
(scaled) distance between two like-charged surfaces is
shown in the left diagram of Figure 4. Results for three
different radii of the spherical colloids are presented.
For small radius (R=0.5 in the left diagram of Fig-
ure 4) the free energy monotonously decreases with
increasing plate separation D . That is, the interaction is
always repulsive. For sufficiently large radius
(R=2and R=3in the left diagram of Figure 4) the
free energy passes through one (or several) minima. The
closest minimum position is somewhat larger than the
diameter of the spherical colloids, implying that the
colloids contribute to the neutralization of both planar
surfaces at the same time. Hence, they bridge between
the two surfaces, similarly as polyelectrolytes'*" or stiff
rod-like ions'® do. Their intra-ionic correlations (i.e., the
connectivity between the individual charges in each

Croat. Chem. Acta 84 (2011) 251.

colloid) renders spatially extended ions generally able to
induce attractive interactions between like-charged
surfaces through a bridging mechanism.

The (scaled) equilibrium separation Deq between
the planar surfaces is shown in the right diagram of
Figure 4 as a function of the (scaled) colloid radius R.
The valency Z has small influence on the equilibrium
distance Deq (see Figure 4, right diagram). Note that
D refers to the smallest equilibrium separation D be-
tween the planar surfaces. For sufficiently large R the
equilibrium distance is about 1.5 times larger than the
diameter 2R of the spherical colloids. We point out that
a finite equilibrium distance Deq starts to exist only
above a critical colloid radius R > R°. An approxima-
tive expression for the critical colloid radius R is

. 6
R =1, ’E (16)

This expression is approximative because it follows
from Eq. (9), which was derived for the limit of small R.
The characteristic equation corresponding to Eq. (9)
defines two characteristic lengths. One of these lengths

vanishes at R= J6/(aZ) . This corresponds to the
vanishing of the prefactor (R*/3)— (21;) /(aZ) in front

of W" in Eq.(9). Let us calculate for which of the
curves in the left diagram of Figure 2 a finite equili-

brium distance is predicted by Eq. (16): For R =2 and
Z =5 we obtain a=6/ (EZZ) =0.3. Hence, curves (a)

and (b) in the left diagram of Figure 2 are non-
monotonic. Similarly for the left diagram of Figure 4,
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the (scaled) critical radius is R =R /I, =J6/( )=

A/6/5 =~1.1. Hence, curves (a) and (b) but not (c) are
predicted to be nonmonotonic. This all agrees with our
results from numerically solving Eq. (7). In fact, the

right diagram of Figure 4 suggests that R in Eq. (16)
reasonably well predicts the critical colloid size of the
present Debye-Hiickel approach.

In summary, we have developed a modified linea-
rized Poisson-Boltzmann model for an electrolyte that
contains besides point-like monovalent ions also uniform-
ly charged spherical colloids, sandwiched between two
parallel like-charged surfaces. Our results clearly indicate
the possibility of condensation (i.e., resulting from attrac-
tive interactions) between the spherical colloids and the
extended, like-charged planar surfaces. The attractiveness
of the interaction is the result of intra-ionic correlations
introduced through the uniform surface charge density of
the (spatially extended) spherical colloids.
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