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ABSTRACT. We prove equality of the period—lengths of the nearest
integer continued fraction and the nearest square continued fraction, for
arbitrary real quadratic irrationals.

1. INTRODUCTION

The oldest method known to give the general solution to Pell’s equation
is the cyclic method ([1,14]), studied by Jayadeva, Bhaskara II, and others
beginning in the 10th century or earlier ([15, p. 35]). The nearest square
continued fraction (denoted by NSCF) is a variant of the cyclic method and
so is one of the earliest continued fractions discovered. Despite its great age,
it has not been studied to the same extent as many other continued fractions.
The first systematic study of the nearest square continued fraction was done
by A.AK. Ayyangar ([2]). The nearest square continued fraction has nice
properties similar to the more-studied regular continued fraction [12, p. 22])
and nearest integer continued fraction ([12, pp. 143, 160]) (denoted by RCF
and NICF, respectively), such as easy criteria for finding the middle of the
period of the expansion of v/D without computing the whole period, with
the NICF and NSCF at times having some superiority over the RCF (see [8],
[11] and [16]); symmetry properties for periods for certain classes of quadratic
surd; and easy criteria for determining whether a quadratic surd has a purely
periodic expansion. We were quite astounded to discover that the period
length for the NSCF is the same as that for the NICF, despite the more
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complicated definition of the NSCF. The NSCF expansion of a quadratic
surd is closely related to the optimal continued fraction (OCF) of W. Bosma
([3]) and is the basis for a recent computer algorithm [9] by the first author,
for the finding the OCF of a quadratic surd.

The RCF, NICF and NSCF are expansions of an irrational number & as a

semi-regular continued fraction ([12, p. 137]): & = ag +,2—ﬂ+ e 2” 4+
n
where €, = +1 for each n and the a,, are generated by the recurrence relations

(11) En:an+?—+17 TLZO,

n+1

_ LgnJ if €p01 =1,
(12) = {I_&nj +1 ifeppr =1,

where |&,| denotes the integer part of &,. The &, are called the complete
quotients and &, > 1if n > 1, by (1.1) and (1.2). The €, and a,, are called
partial numerators and denominators, respectively.

The RCF is defined by a, = |&,], and €,41 = 1. The NICF is defined
by a, = [£s], (the nearest integer to &) and €,41 = sign(&, — an), so that
|€n — an] < 1, &nt1 > 2 for n > 0 and hence a,, > 2 for n > 1.

The NSCF is defined only for real quadratic surds §y = P"%m in standard

form, i.e., D is a non-square positive integer and Py, Qo # 0, (D — Py?)/Qo
are integers, having no common factor other than 1. Then for n > 0, with
& = %ﬁ in standard form and ¢, = |&,], we have positive and negative
representz;tions

"

Pn —|— \/5 fn+1 QnJrl
(1.3) h=————=0¢p lizcn—i—l—,,i7
Qn P .. +vVD Pl +VD
where M > 1 and P"Z?}/j > 1 are also in standard form. Then the
n+1 n+1

NSCEF is defined by choosing
() ap= o E1Qul <I@uul or Q] = @y and Qn <0,
cn+1 i@ 1] > 1Qpiqls o1 (@44 = Q44| and Qp, > 0,
(b) €nt1 = Sign(gn - an)'
If Qn, Qi1 Q;;_H are all positive, (a) simplifies to
a, — Cn if Q4 < Q;;-H;
cn+1 Q1 >0,
Then (1.1) and (1.3) give

§+1_{(PT{L+1+\/5)/Q{,~L+1 if €01 =1,
il =

"

(Pop1 +VD)/Qpyy if €nyr = —1.
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The RCF, NICF and NSCF expansions of a quadratic surd become periodic,
i.e., the complete quotients &, satisfy & = &4 for ¢ > iy for some k£ > 1.
Then €;411 = €41+1 and a; = a;4p for all ¢« > iy. The least such k is called
the period-length (see Satz 3.2 of [12, p. 66] for the RCF, where the proof
of periodicity also holds for the NICF, by Satz 5.18(B) of [12, p. 161] and
Theorem II of [2, p. 25] for the NSCF).

Let L-RCF, L-NICF and L-NSCF be the period-lengths of the RCF,
NICF and NSCF expansions of &. Also let N-NICF and N-NSCF be the
number of partial numerators ¢, = —1 in the respective NICF and NSCF
periods of &.

We prove L-NICF = L-NSCF by showing that if £ is not equivalent to

(1++/5)/2, i.e., its RCF period has at least one a; > 1, then
(1.4) L-NICF + N-NICF = L-RCF,

(1.5) L-NSCF + N-NSCF = L-RCF,

(1.6) N-NICF = N-NSCF,

while if & is equivalent to (1 ++/5)/2, then L-NICF = L-NSCF = 1.

We remark that (1.4) is an immediate consequence of the RCF to NICF
singularization algorithm described in Section 2.11(i) of [7].

To prove (1.5) and (1.6), we reduce the problem to the case of a purely
periodic regular continued fraction and study its transformation into the
NSCF expansion, using Theorem 2.4. It is then a matter of studying the
effect on strings of consecutive RCF partial quotients equal to 1. We have to
make use of certain approzrimation constants ©,,. We prove N-NSCF=N-NICF
by showing that if there are k strings of consecutive 1’s among the partial
quotients of an RCF period and the length of the i-th string is [;, then

(1.7) N-NSCF = zk: Vi ; 1J .

i=1

We note that (1.7) holds with N-NSCF replaced by N-NICF, as a consequence
of the RCF to NICF singularization process in Section 2.11(i) of [7].

2. SELENIUS’ LEMMA AND THE RCF 1O NSCF TRANSFORMATION

C.-O. Selenius ([13, §43, p. 63]) gave an algorithm for converting the
RCF expansion of v/D to its NSCF expansion. The algorithm generalizes to
a wider class of quadratic irrationals and is given as Theorem 2.4.

We call a quadratic surd &y quasi—reduced if either

(i) & is an RCF-reduced quadratic irrational (i.e., { has a purely periodic

RCF expansion, or equivalently ([12, §22]) & > 1 and —1 < &, < 0),

or
(i) 0 < Qo < 2VD and & is an RCF-reduced quadratic irrational.
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LEMMA 2.1. If & is quasi—reduced and &y,&1,... denote the complete
quotients of the RCF expansion of Pog—o‘/ﬁ, with positive and negative
representations for v > 0:

Qy+1

Pl/+\/5 QV+1
=T T 7:0'1/*"1*//77
QV IJI/—}-I"'\/5 Pl,+1'i_\/5

where a, = &, ], then Qu,41, QZH, P, P;/H are positive for v > 0.

"

(2.1) &

PRrROOF. This follows from [2, Theorem I(iv), p. 22]. O

LEMMA 2.2. With the notation of (2.1),
(i) If & is a quadratic irrational and a, = 1, where v > 1, then
(a) Q. = Q41 and conversely,
(b) P, = Pyi1+ Qi1 )
(i1) If & is quasi—reduced, then @, < Q, implies a, = 1.

PROOF. See Satz 37 of [13, p. 62], where the results are given for & =
VD, but remain valid for the more general case here. o

REMARK 2.3. We note from Lemma 2.2 that if QZ < Q,, then

P +/D P+ Qi1+ VD
Q;/l QVJrl

THEOREM 2.4. Let & be a quasi—reduced quadratic surd with RCF
complete quotients &, = %ﬁ and partial quotients a,. Let €, and f(m)
be recursively defined for m zw 0, as follows: Let g = 1, f(0) = 0 and suppose
€m and f(m) are defined and &,y has positive and negative representations

(2.2) =&+ 1

Qf(m) 41 Qfmy 1
(23) ff =ays +—==aqay +1- .
) = T+ vD P+ VD
Let
L if Qi1 < Qrmysss
(24) empr = 0 4@t <y
71; Zf Qf(m)—i—l > Qf(m)+1
and
m)+1, ifemy1 =1,
(2.5) fmt1y= S AL enn
fm)+2, ifemsr =—1.

Also for m >0, let

e m)s if €n =1,
(2.6) I AL
gf(m)+1a if € = —1.
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and

af(m), Zme =1, €m+1 = 1,
(27) A = Qf(m) + 1, if ememsr = —1,
af(m)+2, if em = —1, €my1 = —1.

Then £m7€m+1 and a,, are the complete quotients, partial numerators and
denominators of the NSCF expansion of &.

PROOF. We use induction on m > 0 to prove that §~m is the m-th NSCF
complete quotient. As ey = 1, (2.6) gives & = &. Now assume that &, is
the m-th complete NSCF quotient of £. Then (2.6) gives the positive and
negative representations

~ Qf(m)+1 Q;(M)H
28)  fmmomt 2wt _ g Srmn
Pfmy1+ VD Py 1 +VD
where
if €,, =1,
(2.9) e = ™) e
af(m)+]. if €, = —1.

If ¢ denotes the (m + 1)-th NSCF complete quotient of &, from (2.8) we
have

Pimyr1+VD ”
f(QHila if Qf(m)-i—l < Qf(m)+1a
(2 10) g _ e fm)+1
. Pimys1+VD if Q S Q”
Q;:(7n)+l ’ f(m)+1 - f(m)+1'
But €Emt+1 =1 = Qf(m)-i—l < Q;(m)+1' Also €Emt1 = —1 = Qf(m)—i—l >
Q;(m)+1 and hence W = &f(m)+2 + 1, by Lemma 2.2. Then (2.10)
m)+1
gives
¢ = Erem)+1 = Ef(m+1)5 if €y =1,
rm2 T 1=8rmary + 1, if ey = —1,

- §m+1

and the induction goes through.
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From (2.8), we see that the m-th NSCF partial denominator a is given by

(2.11) a = Cms if Qf(m)+1 < Q;(m)ﬂ, ie., if €11 =1,
cm+ 1, i Qramyr1 = Qpnyyry ey if €mypr = —1,
af(m)7 if €Em = ]- = €m+17

afim) + 1, ifen, =1, 6my1 = —1,
afim) + 1, ife, =—1,€me1 =1,
Gf(m) + 2, ifen=—-1€ens1 =—1,

Next, from (2.8) and (2.11),

Qf(my+1 :
—mEl >0 if € =1

é a Pf(my+1+VD ’ mt ’

m — Um = Q"
Fm)+1 : _
I~ < 0, lf €m+1 = —1.
Prmy+1 VD

Hence sign(&, — m) = €mq1- O

Table 1 from [13, pp. 65-66] gives the RCF and NSCF expansions of v/97 as
far as the end of the first RCF period. The RCF expansion is

V97 =109,1,5,1,1,1,1,1,1,5, 1, 18|.

If ém occurs at line n = f(m) of the RCF positive and negative representation
and Qn41 < Q;'H_l, then &,,+1 = {n+1; otherwise we proceed to line n + 2 and

Em+1 = &ng2 + 1. Here (P,Q) denotes P*é/ﬁ, & = (P; ++/97)/Q; and
& = (Py ++/97)/Qx. Then
f(l):2af(2):47f(3):6af(4):77f(5):97f(6):11af(7):137

e1=—1l,ea=—-1,e3=—-1,e4=1,¢5 = —1,66 = —1,e7 = —1 and

%ﬁ:w—%—%—%+%—%—%ﬂ~~

where the asterisks denote the period & = &.
By contrast, we have the NICF expansion:

Jﬁm%%%%+%@%.”

LEMMA 2.5. For each &,, n > 1 in the RCF to NSCF transformation
where a, > 1, there exists an m > 0 such that n = f(m).

PrROOF. NSCF: Let a, > 1 and f(m) <n < f(m+1). If f(m) < n, then
fm+1) = f(m)+2and €, 41 = —1; also n = f(m) + 1. Hence Q ()41 >
Q;(m)ﬂ and so by Lemma 2.2(ii), a, = af(m)+1 = 1, a contradiction. Hence
n= f(m). O
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RCF NSCF

0 =(0,1) =9+ (9,16) "' =10 — (10,3) ! o =9+ (9,16)" 1 :— (10,3)~1  (16>3)
&1 =1(9,16) =14 (7,3)" ' =2 — (23,27)"!
o0 =(7,3)=5+(8,11)" 1 =6 — (11,8) "1 £ =6+ (8,11)" ! :7 (11,8)" Y (11>8)
£3 = (8,11) =1+ (3,8) =2 — (14,9)
€4=(38)=1+(59""=2-0139"" E=2+(,9"1=[3]-139"" (=9
5 =(5,9) =1+ (4,9t =2—(13,8)"!
€6 =(4,9) =1+ (5,81 =2 — (14,11)"! G=[2]+G,8) t=3-(4,1)"" (s<11)
&r=(5,8 =1+ (3,11)" =2 —(11,3)" ! E4=1+(3,11)" 1! :7 (11,3)"Y  (11>3)
g8 =(3,11) =14 (8,3) "' =2 —(19,24)~ ¢
€9 =(8,3)=5+(7,16)"1 =6 — (10,1)" ! £ =64 (7,16) "1 :7 (10,1)"Y  (16>1)
€10 =(7,16) =1+ (9,1)" 1 =2 —(25,33) "1
€17 =(9,1) =18 +(9,16) "1 =19 — (10,3) " | &g = 19 + (9,16) ! : —(10,3)~ 1 (16>3)

TN N~ T NN N

TaBLE 1. RCF to NSCF algorithm for v/97.

3. THE -y LAW OF SELENIUS

Selenius defined his SK continued fraction expansion of a real number
&o by comparing the approximation constants ©, and ©,_;. In the case
& = VD, he demonstrated a closeness with the NSCF expansion in Satz 38,
[13, p. 67], using the following result.

LEMMA 3.1. Let ©,, = B,|B,& — An|, where A, /B, is the n-th RCF

convergent to & = (Po ++vD)/Qo. Suppose Q, and Q41 are positive for all
large n > 0.

(a) If n is sufficiently large (e.g., BnBn—1 > |Qo|) and Qni1 # Qn, then
(3.1) Qni1 <Qn < 0, <0,_1.

Moreover if & = /D, then equation (3.1) holds for n > 1.
(b) If Quy1 = Qn, then forn > 1,

(-1)"(©, —©,-1) > 0.
Selenius stated his result in terms of v, = 1/0,,_1.

PROOF. See Satz 29, [13, p. 52]. O

4. INEQUALITIES FOR THE O,

Fortunately there exist inequalities for the ©,,, which by virtue of Lemma
3.1, translate to inequalities between @),, and @), 41. The former inequalities
are due to Selenius ([13, §24, p. 37]) and subsequently W. Bosma and C.
Kraaikamp.

LEMMA 4.1. Let & be an irrational number with RCF expansion

m
T = [G'O;ala' o aana]- y ntm4-1, - - ']a
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where 1™ denotes a sequence of consecutive partial quotients equal to 1, i.e.,
an>1ifn>1and apny1 =+ = apym =1, an4+m+1 > 1. Then

(i) If m is odd,
4.1 Onie >0Op1er1 if0<e<m—1,e even.
+ +et
(i) If m is even, m = 2k,

(4.2) Onte > Onier1 f0<e<k—2e even,

(4.3) Ontf>Opip ifk< f<2k—1,f odd
(i) If m = 2k, k even,

(4.4) Ontk < Onikti
(iv) If m =2k, k odd, k > 3,

(45) ®n+k+1 < 6n+k+2-

PROOF. These follow from [4, Theorem 2.2, p. 485], except for the case
f =2k —1 of (4.3), which is easily proved using Lemma 2.1 of [4, p. 485].
O

5. EQUALITY OF CONSECUTIVE Q;’S IN A UNISEQUENCE

Lemma 3.1 gives little information when @, +1 = Q. The following result
identifies n and is used in the proof of Lemma 7.1.

LEMMA 5.1. Suppose & is RCF-reduced with period—length I. Then if
an > Liapyr = -+ = @ppm = Langmer > Ln+m+1 <1 and Q, =
Quvi1,n+1<v<n+m, we have m =2k and v=n+k.

PROOF. Suppose Qy = Qu41. Then D = P2 | 4+ QuQui1 = P21 + Q2%
and {41 = (¢ + v/p? +¢*)/p, where p = Q41 and ¢ = Pyy1. Now &y4q is
RCF-reduced and the RCF expansion is purely periodic. There are two cases:
(i) p> 2¢q. Lemma 2 of [2, p. 106] dealt with this case. The period begins
and ends with an odd number k£ of unit partial quotients and hence
m = 2k, with k£ odd.

(ii) p < 2q. The proof also shows that the period begins and ends with
an even number k of unit partial quotients and hence m = 2k, with &
even.

It follows that v =n + k. O
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6. CONNECTIONS BETWEEN RCF AND NSCF PERIOD-LENGTHS

Ayyangar ([2, p. 27]) gave a definition of NSCF-reduced quadratic surd
that is less explicit than the one for regular continued fractions. A surd P”g—‘/ﬁ
is said to be special if Q2 + iQ?,_H < D and Qzﬂ +1Q? < D; it is semi—
reduced if it is the successor of a special surd. A reduced surd is the successor
of a semi-reduced one. Ayyangar proved that a reduced surd is special ([2, p.
28]) and that a quadratic surd has a purely periodic NSCF expansion if and
only if it is reduced ([2, p. 101-102]). We remark that a more explicit variant
of the definition of NSCF-reduced surd has been given by the authors in [10].

LEMMA 6.1. If & = P‘)E—O\/ﬁ is an RCF-reduced quadratic surd with
period—length | and positive—negative representations

Qjt1 _
P+ VD

7
P vD P. +v'D
the numbers ’Sf e

i+l QJ./+1

"

Q]—‘,—l
P// \/5

Jj+1

§=a;+ aj +1-— 0<j<i-1,

,0< 4,7 <1l—1, are distinct.

1"

Qitn __ _ _ Qi
PrROOF. For suppose PratVD — Pl ivD’

0<i,j<Il—1. Then
Qj+1 n Qi1 _ | Qin n Qi1 _
Pj+1+\/5 P]{/Jrl-l-\/ﬁ 7Pj-|-1-|—\/5 Pi+1+\/5
and hence 1/§;41 + 1/&,41 = 1. Taking conjugates gives 1/Ej+1 +1/6,,=1
and this contradicts that fact that Ej 41 and Ej 41 are negative, being reduced
surds. 0

LEMMA 6.2. Suppose & is a NSCF-reduced quadratic surd. Then £ or
& — 1 is an RCF-reduced quadratic surd.

PRroOOF. By [2, Corollary 1, p. 30], we have £ > 1+2\/g and —1 < £ < 1.
Soif =1 < € <0, € is RCF-reduced, as € > 1. If 0 < £, let £ = %. Then
€< 1< ¢implies 0 < Q. Also as € is special, we have Q < v/D. Then

2vD

2<7:§—Z<€.

Hence 1<é—1land -1 <& —-1<0,s0¢&—1is RCF-reduced. O

LEMMA 6.3. Suppose & is NSCF-reduced with NSCF and RCF period—
lengths k and [, respectively, where ng = & or & — 1 is RCF-reduced.

Also assume &y is not equivalent to 1*'2—\/5 Then under the RCF to NSCF
transformation of 1o, we have f(k) =1.
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PROOF. Let 9 = [bo,--.,b_1). Then 7j; = & for j > 1. As 1 # 1+2\/5,
we have b > 1, for some least K > 0. Then by Lemma 2.5, there exist m
and n such that under the RCF to NSCF transformation performed on 7y,
f(m) = K, f(n) = K + 1. Hence n¢(n) = Nf(n) and fy1 = fng1. Also by
Lemma 6.1, 741, - . ., 7, are distinct. Hence n —m = k, the period-length of
the NSCF expansion of &. Also 7 = ék = &o, i.e., Mf(k) OF ey + 1 is equal
to mo or o + 1. Hence 7y = no and f(k) = tl,t > 1. However

SR < fm+k) = fn) =K +1<20—1,

sot=1. |

EXAMPLE 6.4. (a) & = 235+V 3168 is NSCF-reduced and £y — 1 = ng =
TTT1,1,23 .71 Then =10,k =6, f(6) = 10 and

NN TN S TN T
no=[11,1,1,1,931,1,171,. ]

(b) & = BLL2I083 s NSCF-reduced and & = no = [1,1,1,1,2,3,1,1,1,1].

Then [ = 10,k = 6, f(6) = 10 and
T Y Ve Vo W
mo=[1,1,1,1,9311,1,1,1,.. ]

THEOREM 6.5. Let L-RCF and L-NSCF be the period-lengths of the RCF
and NSCF expansions of &. Also let N-NSCF be the number of partial

numerators €, = —1 in a NSCF period of &. Then if & is not equivalent
to (1+/5)/2,
(6.1) L-NSCF+ N-NSCF = L-RCF.

PROOF. Let 51 be the first NSCF-reduced complete quotient of &. Then
by Lemma 6.3, 51 =19 or fz — 1 = no, where g = [bo,...,b—1] is an RCF-
reduced surd with period [. Because 1y is equivalent to §0, by Satz 2.24 of
[12], bg, ..., bi—1 is also a period of the RCF expansion of &, so ! = L-RCF.
If & is not equivalent to 1+2\/g7 then neither is é;- and so by Lemma 6.3, with
é;- instead of {y and k = L-NSCF, under the RCF to NSCF transformation of
1o, we have f(k) =1. Also k =r+sand ! = 2r+s, where r = N-NSCF and s
are the number of jumps of 2 and 1 respectively, which are made in reaching
n. Hence | = k + r and (6.1) holds. O

EXAMPLE 6.6. § = 18137381683 — 19 1.1.1,2,2,1,1,1,1,1,2,3,1, 1, 1.

Then «f = 235+ & 3168 is the first reduced NSCF complete quotient and 7y =
G4-1= 1,1, 1, 1, 1,2,3,1, 1,/_1‘]./\'1:}}6\‘R/9E_‘5\(‘)/N§CF transformation, when
applied to this period, gives [1,1,1,1,1,2,3,1, 1,1, 1], producing the period of
NSCF complete quotients §~5, e ,§~10 = §~4. Here r =4,s =2,k =6,l = 10.
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7. EQuaLiTY OF N-NICF AND N-NSCF

In this section we prove equality of period-lengths L-NSCF and L-NICF.

If & is equivalent to (1++/5)/2, & eventually has the same NSCF and NICF
expansion 3 — % — ---. Hence L-NSCF =1 = L-NICF = 1. Henceforth we
can assume that &, is not equivalent to (1 + v/5)/2.

In order to prove that L-NICF = L-NSCF, it suffices by (6.1) and
(1.4) to prove N-NSCF = N-NICF. By virtue of the proof of Theorem

6.5, we can assume & = [ag,...,a—1], where & or & + 1 is NSCF-
reduced. It is convenient to determine N-NSCF by considering an RCF period
an,-..,aN+i—1, where ay > 1. We require additionally that By By+1 > Qo,

for then if n > N and Q,4+1 # @Qn, by Lemma 3.1, we have the equivalence
Qn+2 < QnJrl — ®n+1 < ®n

We note also that in the RCF to NSCF transformation, a jump & — &41,
where a; > 1,a;4+1 > 1, produces a partial numerator 1. Hence it suffices to
count the number of partial numerators —1 arising from an m—unisequence:

(71) an715"'715an+m+17
where N <n,n+m+1< N +1!and a, > 1,apyms1 > 1.
LEMMA T7.1. (i) The RCF to NSCF transformation acts on an m-—
unisequence (7.1) to produce one of the following patterns of partial

numerators:
(a) If m is odd, we get

€bl = = €y mi1 = —1.
t t
(b) (1) If m=4t, we get —1,...,—-1,1,-1,...,—1.
(i) If m =4t +2 and Qny2t+1 < Qn2tt2,
t t+1
... 11,71
while if Qny2t41 > Qnyoty2, we get
t+1 t
... 11,71, .

(i) If Ny, is the number of m—unisequences occurring in a least period of
the RCF expansion of &y, then

m+1
(7.2) N-NSCF =" {TJNm.
m2>1
PRrOOF. (i) Consider the RCF to NSCF transformation and assume

that Q, # Quy1 forn+1 < v <n+m.
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(7.11)

(7.12)
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(a) If m is odd, we know from Lemma 4.1, inequalities (4.1), that

en > @n+17 @n+2 > ®n+37 R en-l-m—l > en-i-m
and hence
Qn+1 > Qn+27 Qn+3 > Qn+4a SRR Qner > Qn+m+1-

So by Lemma 2.2,

Qne1 > Qui1y Qurs > Quiss - Qi > Qi
and we get €;41 = --- = €jpmp1 = —1.
(b) Now assume m is even, m = 2k. Then we know from Lemma
4.1, inequalities (4.2) and (4.3), that

Onte>0Opnter1 if0<e < k—2 eeven,
Onss > Onpppr if k< f <2k —1,f odd.
Hence
Qnier1 > Qnier2if 0 <e <k —2 e even,
Qnifr1 > Qniproif k< f <2k —1, f odd.
Case (i): Now assume k is even, k = 2¢. Then (7.3), (7.4) give
Qnietr1 > Q;;Jreﬂ if0<e<2t—2,e even,
Qi1 > Qnippr f26+1 < f<4t—1, f odd.
Also Lemma 4.1, inequality (4.4) gives O,42: < Optaty1, SO
Qnt2t+1 < Q;;+2t+1'
Then inequalities (7.5) and (7.6) give €j41 = -+ = €j44+ = —1 and

€jtt42 = 00 = €42t 41 = 71, while (77) giVQS €jtt+1 = 1.
Case (ii): Assume k is odd, k = 2t + 1. Then (7.3) and (7.4) give

Qntet1 > Q;;Jreﬂ if 0 <e<2t—2,eeven,
Qi1 > Qnippr f26+1< f<4t+1, f odd.
(o) Assume O,,19¢ < Opqorr1. Then
Qni2t+1 < Q;;+2t+1'
Then inequalities (7.8) and (7.9) give €j41 = -+ = €j44+ = —1 and

€jtt42 = " = €j42t42 = —1, while (710) gives €jtt+1 = 1.
(8) Assume ©,, 19 > O, 49141. Then

1"
Qni2t41 > Qryopir-

Then (7.8) and (7.11) give €41 = -+ - = €j4441 = —1. Also from (4.5),
k>3 e, t>1,

1"
Onyotr2 < Ongai43, 50 Qny2t3 < Qo3
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Then (7.12) implies €j1442 = 1 and (7.9) implies €j4443 = -+ =
€jrot42 = —1. If k =1, ie,t =0, as €;4.1 = —1, we must have
€j+2 = 1, as a jump of 1 takes us from an4m t0 Gpym1-

Finally, we assume @, = Qy4+1, where n+ 1 < v < n+ m. Then
by Lemma 5.1, m = 2k and v = n + k.

Case (1): If k is even, k = 2t, we have Q4o = Q;;+2t and there
is no change to the corresponding earlier argument.

Case (2): If k is odd, k = 2t + 1, we have Qp4at+1 = Q;’H_Qt_H and
the corresponding earlier argument where ©,, 12, > ©,, 12,41, goes over

"

with (7.11) replaced by Qny2i+1 = @, y0s11-

(ii) Part (i) tells us that the RCF to NSCF transformation produces

t+1  ifm=2t+1,

(7.13) [(m+1)/2] =<2t if m = 4¢,
A+1  ifm=4dt+2,
partial numerators ¢; = —1 and this gives (7.2).
O
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