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IDENTITIES WITH DERIVATIONS IN RINGS

AJDpA FOSNER, MAJA FOSNER AND JOSO VUKMAN
University of Primorska and University of Maribor, Slovenia

ABSTRACT. In this paper we investigate identities with derivations in
rings. We prove, for example the following result. Let m > 1,n > 1 be
some fixed integers and let R be a 6nm?(2m+n—3)!-torsion free semiprime
ring. Suppose there exists a derivation D : R — R satisfying the relation
[[D(z™),z"],D(z™)] = 0 for all x € R. In this case D maps R into its
center.

Throughout, R will represent an associative ring with center Z(R). Let
n > 1 be an integer. A ring R is n-torsion free in case nx = 0, z € R, implies
2 = 0. As usual the commutator xy —yz will be denoted by [z, y]. We shall use
the commutator identities [xy, z] = [z, z]y+z[y, z] and [z, yz] = [z, y]z+y]z, 2]
for all z,y,z € R. Recall that a ring R is prime if for a,b € R, aRb = {0}
implies that either a = 0 or b = 0, and is semiprime in case aRa = {0}
implies that a = 0. We denote by char(R) the characteristic of a prime ring R
and by @ the maximal right ring of quotients of a semiprime ring R. For the
explanation of maximal right ring of quotients we refer the reader to [1]. An
additive mapping D is called a derivation if D(zy) = D(x)y + D(y) holds
for all pairs x,y € R. A derivation D : R — R is inner in case there exists
a € R such that D(z) = [a,«] holds for all z € R. A mapping f : R — R,
where R is an arbitrary ring, is called centralizing on R if [f(x),x] € Z(R)
holds for all z € R. In a special case when [f(z),z] = 0 is fulfilled for all
x € R a mapping f is called commuting on R. A classical result of Posner
(Posner’s second theorem, see [7]) asserts that the existence of a nonzero
derivation D : R — R, where R is a prime ring, which is centralizing on R,
forces R to be commutative. Posner’s second theorem in general cannot be
proved for semiprime rings as shows the following example. Take prime rings
Ry, Ry, where R; is commutative, and set R = Ry & Ry. Let D1 : Ry — Ry
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be a nonzero derivation. A mapping D : R — R, defined by D((r1,r2)) =
(D1(r1),0), is then a nonzero commuting derivation. It is well known and easy
to prove that if D is a commuting derivation on a semiprime ring R, then D
maps R into Z(R). From the result of Deng and Bell ([4]) it follows that
if R is a n!-torsion free semiprime ring, where n > 1 is some fixed integer,
and D : R — R a derivation satisfying the relation [D(z),z"] = 0 for all
x € R, then D maps R into Z(R) (see also [6]). Vukman ([9]) has proved
the following result. Let m > 1,n > 1 be some fixed integers and let R
be a 2mn(m + n — 1)!-torsion free semiprime ring. Suppose that there exist
derivations D, G : R — R such that D(a2™)2™ + 2" G(2™) = 0 is fulfilled for
all € R. In this case D and G map R into Z(R). Moreover, D + G = 0.
Recently this result has been fairly generalized by A. Fosner, M. Fosner, and
Vukman ([5]).

If D is a derivation on a noncommutative prime ring R into itself, such
that the mapping = — D(x)? is commuting on R, then one cannot prove in
general that D = 0 as shows the following example. Let R be the ring of all
2 x 2 matrices and let D(z) = [a,z],a ¢ Z(R), be an inner derivation. Then
a simple calculation shows that the mapping z +— D(x)? is commuting on R,
but D # 0 since a ¢ Z(R). We are talking about the relation [D(z)?,z] =
0,z € R, which can be written in the form

[D(x),2]D(x) + D(«)[D(x),a] =0, x € R.

The question arises what can be proved in the case we have a Lie version of
the above relation. More precisely, in this paper we investigate the following
identity

[D(2),z], D(z)] =0, =z €R.
Now we are in the position to write our first result.

THEOREM 1. Let R be a 2-torsion free semiprime ring and let D : R — R
be a derivation satisfying the relation

[D(x), 2], D(z)] = 0
for all x € R. In this case D maps R into Z(R).

The proof of the result above is, as we shall see, rather long but it is
elementary in the sense that it requires no specific knowledge concerning
semiprime rings in order to follow the proof. For the proof of Theorem 1
we shall need lemmas below.

LEMMA 2. [2, Lemma 4] Let R be a 2-torsion free semiprime ring and let
a,b e R. If for all x € R the relation axb+bxa = 0 holds, then axb = bxa =0
is fulfilled for oll x € R.

LEMMA 3. Let R be a 2-torsion free semiprime ring and let D : R — R
be a derivation, such that the mapping x — D?(x) is commuting on R. In this
case D is commuting on R.
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PROOF. The result of the lemma is a special case of Theorem 4 in [8].
a

PROOF OF THEOREM 1. Let us introduce a mapping B(.,.) : RXR — R
by the relation

B(z,y) = [D(x),y] + [D(y),z], x,y€R.
Obviously, the mapping B(.,.) is symmetric (i.e., B(z,y) = B(y,z) for

all pairs z,y € R) and additive in both arguments. Moreover, a simple
calculation shows that for all x,y, z € R the following relation holds

(1) Blay,z) = B(z,2)y + 2By, z) + D(x)[y, 2] + [z, 2] D(y).
We shall write f(x) for B(x, ). Then

(2) f(z) =2[D(z),z], =z € R.

It is easy to see that

3) fl@+y) = f@)+ fly) + 2B(z,y)

is fulfilled for pairs x,y € R. Throughout the proof we shall use the relations
(1), (2) and (3) without specific reference. The assumption of the theorem
can now be written as follows

(4) [f(z),D(x)] =0, z€R.

Let us prove that

(5) [[f(x)vx]a D(x)] =0, zeR
We have
0 =2[[f(z), D(z)], ]
= 2[f(2),2]D(x) + f(2)* - f(x)? = 2D(z)[f (), 2]
= 2[[f($)a I]v D(I)]

which proves the above relation. The linearization of the relation (4) gives

[f(y), D(2)]+2[B(x, y), D(z)|+[f(x), D(y)]+2[B(z,y), D(y)] =0, x,y € R.

Replacing —z for x and comparing so obtained relation with the above relation
we obtain

(6) [f(x), D(y)] + 2[B(x,y), D(x)] =0, =,y € R.
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The substitution yz for y in the above relation gives
0= [f(x), D(y2)] + 2[B(yz, z), D(x)]
=[f(z), D(y)z + yD(2)] + 2[B(y, )z
+yB(z,z) + D(y)[z, 2] + [y, 2] D(2), D(z)]
:[ (z), D(y)lz + D(y)[f (x), 2] + [f (2),y] D(2) + y[f (x), D(2)]
(y,7), D(z)]z +2B(y, [Z D(z)]
D(2)]B(z,2) + 2y[B(z,z), D(x)]

+2(B
+2[y, x
+2[D(y), D(2)][z, 2] +2D(y)[[ al, D(x)]

+2[[y, 2], D(2)]D(2) + 2[y, z][D(z), D()].
According to the relation (6) the above relation reduces to
0= D(y)[f(x), 2] + [f(z ) yID(2) +2B(y, z)[z, D(w)]
(7) +2[y, D(2)]B(z, x) + 2[D(y), D(2)][z, 2] + 2D(y)[[z, «], D(x)]

+2[ly, z], D(2)|D(2) + 2[y, 2][D(2), D(z)], z,y,2€ R

and in particular for y = x

®) 0= D(@)[f(2),y] + [f(x), 2] D(y) + 2f () [y, D(x)] — f(x)B(y, )
+2D(2)[ly, 2], D(x)], 2,y €R.

The substitution yx for y in (8) gives

D(x)[f(z), yz] + [f (2), z] D(y)
+2f(30)[y D(x)] = f(x)B(yx, ) + 2D(z)[ly, 2]z, D(x)]

ylz, D(z)]

D(@)[f(z),yle + D(@)y[f(x), 2] + [f (x), ] D(y)

+ [f(2), z]yD(x) + 2 (2)ly, D(x)]x + 2f ()
— f(@)B(y,z)z — f(z)yf(x) — f(2)ly, z] D(x)
+2D(2)|ly, 2], D(x)lz + 2D(2)ly, z][z, D(2)], 2,y € R

which reduces accordlng to the relation (8) to

) D(x)ylf(x), z] + [f (z), z]lyD(z) — 2f (x)y f (x)
— @)y, z|D(x) — D(x)ly, 2] f(x), =,y€R.
The substitution D(z)y for y gives
0= D(x)*y[f(x), ] + [f (), 2] D(x)yD(x) — 2f (x) D(x)y f ()
— [(@)[D(z)y, z]D(x) — D(z)[D(x)y, ] f (x)
= D(x)%y[f (), 2] + [f (), 2] D(x)yD(x )—2f($) (@)yf(x)
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We gave therefore
0= D(x)?y[f(x), 2] + [f (), 2] D(x)yD(x)
)

(10) —2f(2)D(z)yf () — f(2)[D(z), 2]y D(x)
— f(@)D(@)y, 2|D(x) — D(x)[D(x), z]y f (z)
— D(2)’[y,2]f(x), =,y €R.
Left multiplication of the relation (9) by D(z) gives
0= D(2)*ylf(x),2] + D(2)[f(x), a]yD(x)
(11) —2D(x)f(x)yf(x) — D(x)f(2)[y, 2| D(x)

— D(2)’ly,2)f(x), ,y€R.
Subtracting the relation (11) from the relation (10) we obtain
0= [[f(2), 2], D(x)]lyD(x) = 2[f (), D(x)]y f (x)
— f(@)[D(2), 2]yD(x) — [f(2), D(2)][y, ] D(x)
— D(@)[D(x), 2lyf(x), .y € R,
)

which reduces because of (4) and (5) to

(12) f@)?yD(x) + D(x)f(z)yf(x) =0, w,y€ R.

Right multiplication of the relation (12) by f(z) gives
f(@)?yD(x) f(z) + D(x) f(x)yf(z)* =0, z,y€R,

whence it follows according to Lemma 2 that

(13) f(x)*yD(z)f(z) =0

343

holds for all pairs z,y € R. The substitution yD(x) for y in the relation (12)

gives

f(@)*yD(2)* + D(x) f(x)yD(x) f(z) =0, z,y€ R.

Let us replace in the above relation y by yD(x)f(x)zD(z)f(x)y. Then we

have

f(@)*yD(x)f(x)zD(x)f (x)yD(x)*

+D(x) f(z)yD(z) f(2)2D(2) f(2)yD(x) f(x) =0, z,y,z € R,

which reduces according of the relation (13) to

(13)
D(z)f(z)yD(2)f (x)2D(x) f(x)yD(x) f(x) = 0, 2,y,2 € R,

whence it follows
(14) D(z)f(z) =0, z€R,
according to the semiprimeness of R. Of course we also have

(15) f(z)D(z) =0, z€R.
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This yields
(16) f(x)D(y) +2B(z,y)D(x) =0, z,y € R.
Let us write in the above relation yz instead of y. Then we have
0= f(z)D(yz) + 2B(z,yz)D(x) = f(z)D(y)z + f(z)yD(z)
+2B(z,y)zD(x) + 2yB(x, 2)D(x) + 2[y, 2] D(2) D(x)
+2D(y)[z,z]D(x), =x,y,z € R.

According to the relation (16) one can replace in the above equation
2yB(x,z)D(x) by —yf(z)D(z) and f(x)D(y)z by —2B(z,y)D(x)z which
gives

an 0= V@DE) £ 2B DE) + 2y D)D)
+2D(y)[z,z]D(x), x,y,z € R.
In particular, for z = D(x) the relation (17) reduces according to (15) to
[f (x),y] D*(x) + 2[y, 2] D*(2) D(x) =0, .y € R.
The substitution zy for y gives
(18) [f(z),xlyD*(x) =0, =,y € R.
For z = z the relation (17) reduces because of (15) to
(19)  f(z)yD(z) - B(z,y)f(z) +2[y,2]D(2)* =0, z,y€ R.
Putting in the above relation yx for y we obtain
0= f(z)yzD(z) — B(z,yz) f(z) + 2[yz, 2] D(x)*
= f(x)yeD(x) = B(w,y)af(z) — yf(2)* - [y, 2] D(x) f (z)

+2[y,alaD(x)*, z,y€R,
which reduces according to the relation (15) to
(20) f(z)yzD(x) — Bla,y)zf(x) — yf(x)* + 2[y,zJaD(x)* =0, z,y € R.
On the other hand right multiplication of the relation (19) by x gives
(21) f(z)yD(x)x — B(x,y)f(x)z + 2[y, z|D(x)?z =0, z,y € R.
Subtracting (20) from (21) we obtain

f@)y[D(@), 2] — B(z,y)[f(x),2] +yf(x)®

+2[y, 2|([D(), ] D(x) + D(2)[D(z),2]) =0, 2,y € R,
which reduces, according to (14) and (15), to

f@)y[D(x),2] = B(z,y)[f(z),2] + yf(z)* =0, w,y€R.

Right multiplication of the above relation by zD?(x) gives, according to (18),
(22)  f(@)yf(@)2D?(x) + 2yf(2)°2D*(2) =0, =,y,2 € R.
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Left multiplication of the relation (22) by D(z) gives, because of (14),
(23) 2D(z)yf(x)?*2D?*(x) =0, x,y,2€ R.

Putting in the relation above first xy for y then multiplying the same relation
from the left side by x and subtracting the relations so obtained one from
another we obtain

f(x)yf(x)*2D*(x) =0, x,y,2€R.
The substitution f(z)zD?(z)y for y in the above relation gives
(f(2)?2D*(2))y(f(2)?2D*(z)) =0, z,y,2 € R,
which gives
f(x)?2D*(2) =0, z,2€R,
which reduces the relation (22) to
f(x)yf(x)zD*(x) =0, x,y,z € R.
The substitution zD?(x)y for y in the above relation gives
(f(2)2D?(2))y(f(x)zD*(2)) =0, x,y,z € R,
whence it follows
(24) f(x)yD*(z) =0, z,y € R.
This yields
([D(), 2] + [D(2), a])yD*(x) + [D(x),zlyD*(2) = 0, x,y,z € R.

Putting z = D(z) in the above identity we obtain

[D?(z), alyD*(x) + [D(x), alyD*(x) = 0, x,y € R.

The substitution zD?(x)y for y in the above relation gives according to the
relation (24)

[D?(x),z]2D*(x)yD?*(x) =0, 2,9,z € R.
The substitution y[D?(x), x]z for y in the above relation gives
([D*(x), 2]2D*(2))y(ID*(2), a])2D* () = 0, w,y,2 € R,
which gives
[D*(@),alyD*(w) =0, @,y € R,

because of the semiprimeness of R. Putting in the relation above first yx
for y then multiplying the relation above from the right side by x and then
subtracting the relations so obtained one from another we obtain

[D2(£L'),£L']y[D2(ﬂC),l‘] =0, z,y€R.
which gives

[D?(z),2] =0, z€R,
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because of the semiprimeness of R. According to Lemma 3 one can conclude
that [D(z),z] = 0, = € R. It is well known and easy to prove that a
commuting derivation on semiprime ring maps the ring into its center (see,
for example, the proof of Theorem 2.1 in [9]). The proof of the theorem is
completed. O

In the proof of the theorem below as well as in the proof of Theorem 7
we shall use the fact that any semiprime ring R and its maximal right ring of
quotients () satisfy the same differential identities which is very useful since
@ contains the identity element (see Theorem 3 in [6]). For the explanation
of differential identities we refer the reader to [3]. Let m > 1,n > 1 be
some fixed integers, R a 2mn(m + n — 1)!-torsion free semiprime ring, and
let D : R — R be a derivation satisfying the relation [D(z™),z"] = 0 for all
x € R. A special case of Theorem 2.1 in [9] states that in this case D maps R
into Z(R). Obviously, Theorem 4 generalizes Theorem 1 as well as the result
we have just mentioned.

THEOREM 4. Let m > 1,n > 1 be some fized integers and let R be
a 6nm?(2m + n — 3)!-torsion free semiprime ring. Suppose there exists a
derivation D : R — R satisfying the relation

(25) ([D(™), "], D(z™)] = 0
for all x € R. In this case D maps R into Z(R).

PRrOOF. Applying complete linearization of the relation (25) we obtain

0 = Z [[D(:L'ﬂ.(l) e :L'ﬂ.(m)), - ~:L'7r(m+n)]a D(Zﬂ'(m—i-n—i-l) .. ~:L'7r(2m+n))]

TES2m4n
forall z1, xa, ..., Tomin € R. According to Theorem 3 in [6] the above relation
holds for all &1, z9,...,Zomin € Q as well. Substituting
T =x9 =T3 =, Ty =...= Tomi4n = 1,

where 1 denotes the identity element, and applying the fact that D(1) = 0
we obtain [[D(z),z], D(z)] = 0 for all x € R, whence one can conclude that
D maps R into Z(R) according to Theorem 1. O

COROLLARY 5. Let m > 1,n > 1 be some fized integers and let R be
a 6nm? (2m + n — 3)!-torsion free noncommutative semiprime ring. Suppose
there exists an inner derivation D : R — R satisfying the relation

[[D(™),2"], D(z™)] =0
for all x € R. In this case D = 0.

PROOF. An immediate consequence of Theorem 4 and Corollary 5 in [8].
O
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COROLLARY 6. Let m > 1,n > 1 be some fized integers and let R be a
prime ring with
6nm?(2m +n — 3)! < char(R).
Suppose there exists a nonzero deriwation D : R — R satisfying the relation
([D(z™), "], D(z™)] = 0
for all x € R. In this case R is commutative.

PROOF. An immediate consequence of Theorem 4 and Posner’s second
theorem. O

We are now ready for our next result.

THEOREM 7. Let m > 1,n > 1 be some fized integers and let R be
a 6nm?(2m + n — 3)!-torsion free semiprime ring. Suppose there exists a
derivation D : R — R satisfying the relation

(236) (D)™ + (" D) = D(a™)a*" + 2> D(a™)’,
for all x € R. In this case D maps R into Z(R).

PROOF. Applying complete linearization of the relation (26) we obtain
Z D(Zr(1) -+ Tr(m))Tr(m41) - - - Tr(mtn) *
TESam42n
D(xw(m+n+1) e ~:L'7r(2m+n))1'7r(2m+n+1) -+« Tr(2m42n)
+ Z 1'77(1) .. ~:L'7r(n)D(:L'7r(n+1) e xw(n-‘,—m)) .
TESamt2n
Tr(n+m+1) - - - mw(2n+m)D(mﬂ'(2n+m+1) cee xw(2m+2n))

Z D(:L'ﬂ.(l) . xw(m))D(xw(mel) .. ~:L'7r(2m)) .

TESam42n
Tr2m4+1) - - - Tr(2m4n) Tr(2m4n+1) - - - Tr(2m+2n)

+ Z Tr(1) -+ Tr(n)Tr(2m+n+1) - - - T (2n) °

TESamt2n

D(zr2n+1) - - Tr(2ntm)) D (Zr@ntm+1) - - - Tr(2m+2n))

for all x1,xa,...,Tomi2n € R. According to Theorem 3 in [6] the above
relation holds for all x1,x2, ..., Tontom € Q as well. Substituting
T) =To =123 =21, Ty =...=Tomy2n =1,

where 1 denotes the identity element, and applying the fact that D(1) = 0 we
obtain

2D(z)zD(z) = zD(x)* + D(x)*x
for all x € @, which can be written in the form

([D(x), z], D(x)] = 0
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for all x € R. According to Theorem 1 one can conclude that D maps R into
Z(R). O

COROLLARY 8. Let m > 1,n > 1 be some fized integers and let R be
a 6nm? (2m + n — 3)!-torsion free noncommutative semiprime ring. Suppose
there exists an inner derivation D : R — R satisfying the relation

(D(Im)xn)2 T (an(xm))Q _ D(xm)2x2n +$2nD($m)2,
for all x € R. In this case D = 0.

PROOF. An immediate consequence of Theorem 7 and Corollary 5 in [8].
O

COROLLARY 9. Let m > 1,n > 1 be some fized integers and let R be a
prime ring with

6nm?(2m +n — 3)! < char(R).
Suppose there exists a nonzero deriwation D : R — R satisfying the relation
(D(™)a"? + (2" D)) = D™ + 2> D(a™)?,
for all x € R. In this case R is commutative.

PrOOF. An immediate consequence of Theorem 7 and Posner’s second
theorem. O
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