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NORMALIZERS AND SELF-NORMALIZING SUBGROUPS

BORIS SIROLA
University of Zagreb, Croatia

ABSTRACT. Let K be a field, char(K) # 2. Suppose G = G(K) is the
group of K-points of a reductive algebraic K-group G. Let G1 < G be the
group of K-points of a reductive subgroup G1 < G. We study the structure
of the normalizer N = Ng(G1). In particular, let G = SL(2n, K) for n > 1.
For certain well known embeddings of G into G, where G1 = Sp(2n, K)
or SO(2n,K), we show that N/G1 = p;(K), the group of k-th roots of
unity in K. Here, k = 2n if certain Condition (<) holds, and k = n
if not. Moreover, there is a precisely defined subgroup N’ of N such that
N/N’ =2 Z/2Z if Condition () holds, and N = N’ if not. Furthermore, when
n > 1, as the main observations of the paper we have the following: (i) N
is a self-normalizing subgroup of G; (ii) N’ & G > p,, (K), the semidirect
product of G1 by p,,(K). Besides we point out that analogous results will
hold for a number of other pairs of groups (G, G1). We also show that for
the pair (g, g1), of the corresponding K-Lie algebras, g1 is self-normalizing
in g; which generalizes a well-known result in the zero characteristic.

INTRODUCTION

Unless specified otherwise, throughout this paper K is an arbitrary field
of characteristic # 2, and K is its fixed algebraic closure. By u,,(K) we denote
the group of n-th roots of unity in K.

An interesting problem in group theory is to study the normalizers Ng (H)
for certain subgroups H of a given group G. Related to that it is worth
searching for some distinguished subgroups H < G such that Ng(H) = H;
i.e., for self-normalizing subgroups of G. In support of this claim we should
mention here for instance the famous Chevalley normalizer theorem, which
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states that every parabolic subgroup P of a connected affine group G is self-
normalizing, and connected.

The main purpose of this paper is to provide some results concerning the
above problem within the class of groups G = G(K) of K-points of reductive
algebraic K-groups; G is closed in GL(n,K), for some n. More precisely, for
such groups G we study some self-normalizing pairs, i.e., pairs (G, N) where
N < G is self-normalizing. Let us emphasize that our subgroups N will always
be the normalizers of certain groups (1 that will be the groups of K-points
of some reductive or parabolic algebraic K-subgroups G; < G. Furthermore,
the embeddings G; — G will be useful for various purposes; see Section 4. For
one more observation, suppose for the moment that we restrict ourselves to the
simpler situation of algebraic groups. More precisely, let K = K, and moreover
(G,G4) is such that both G and G are connected. Then the normalizer
Ne(G1) very often will not be connected. This fact makes our consideration
more interesting and involved. We should also mention here the seminal
work of Dynkin and Seitz who classified the maximal connected subgroups of
classical algebraic groups; Dynkin ([Dyl,Dy2]) for K = C, and Seitz [S] for
K algebraically closed of positive characteristic. We understand our research
to be in part complementary to their results. Namely, for connected G' and
G as above we will in particular have that the corresponding normalizer is
often a maximal (non-connected) subgroup of G.

As a precursor for the results we would like to have, it is a good idea first
to “translate” our problem into linear algebra. More precisely, one should
first try to see what is going on for Lie algebras. Therefore we consider
(semisimple) Lie algebras g over K, and then we want to understand the
set of self-normalizing subalgebras g; < g. For that purpose, in Section
2, we observe that a well known notion of symmetric subalgebra, from the
zero characteristic setting, can be straightforwardly generalized in the positive
characteristic too. Also, if the pair (g, g1), where g1 < g, is nonsymmetric we
can analyze it in a satisfactorily way provided the following condition holds:
The restriction of the Killing form of g, to g1, is nondegenerate.

Suppose now we have a pair (g,g1) consisting of a K-Lie algebra g and
its subalgebra g;. If we want to see whether g; is self-normalizing in g, with
no loss of generality we can assume that K = K. Namely, suppose that
moreover L/K is an arbitrary field extension. It is well known that then
Ng(g1)" = Ng.(g}). As a consequence, we obtain the following equivalence:
g1 is self-normalizing in g if and only if g} is self-normalizing in g~. Take
now G = SL(2,R), and consider its subgroup Hy = {g € G | gg* = I}, the
special orthogonal subgroup; see Example 4.7. Then H; is self-normalizing
in G. On the other hand, for the complexifications G and HY, the quotient
Nee(HY)/HY is isomorphic to Z/27Z; and so HY is not self-normalizing in G©.
This simple example indicates that while dealing with groups the situation
around the problem of self-normalizing subgroups is more complicated.
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In order to explain the present work and in particular formulate our main
result, we need a little preparation; see Subsection 3.1. For a matrix U €
M, (K), by Ut denote its transpose. Given matrices X,Y, Z,T € M,(K),
define a block-matrix A = (¥ ¥) € Myn(K). For e = +, define a map

A AL where
Tt eY?
i
A= (gzt Xt> '

0=0°: A —A?
is an involution on & = sl(2n,K); more precisely, 6~ (resp. 607) is the
symplectic (resp. orthogonal) involution. Let 5 = ®?, the fixed point algebra
for §. Then we have

Then the map

i:{Ae®|A§:—A}:{<)Z( i;t) |€Yt:—Yand€Zt:—Z}.

Of course, this gives a well known embedding of &7 = sp(2n,K) (resp. & =
50(2n,K)) into &. Next, for G = SL(2n, K), define

Gs=Gf={AcG|AA =T}

It turns out that G5 are subgroups of G. More precisely, G; (resp. G7) are
realizations of Sp(2n,K) (resp. SO(2n,K)) within G.

Let us now present the content of the paper. Section 1, consisting of two
subsections, is preliminary. In the first subsection we fix our notation and
conventions. The second subsection, although being quite basic, is crucial for
better understanding of what follows. Its purpose is to explain what kind of
pairs of groups (G, G1), and the corresponding pairs of Lie algebras (g, g1), we
would like to study in general. Our construction of such pairs of groups and
Lie algebras, which goes via certain maps 6 (or equivalently, via certain maps
A AY), explains the meaning of the above phrase that “(G,G1) correspond
to (g,091)”; see Proposition 1.3. In Section 2, which might be considered
as an appendix to [34], we give in brief some general results concerning the
pairs (g, g1) of Lie algebras we consider, both symmetric and nonsymmetric
ones. In Section 3 we prove Theorem 0.1 below, that is our main result. The
claim (ii), which is a part of Proposition 3.6, presents the first step toward
further generalization of a known result in the case char(K) = 0; see [D, Sect.
1.13], and [S3] for a generalized result. The claim (i) in particular shows that
the structure of the normalizer of G; in G strongly depends on the ground
field K; see Theorem 3.7 and Corollary 3.8. Here we would in particular
like to emphasize the isomorphism (0.1) below. This, together with the fact
that analogous statements we have for a number of other pairs (G,Gy), is
the most interesting observation concerning the structure of the normalizer
N = Ng(Gh); cf. the Claim in Example 1.7, and Remark 1.9. Note also that
our approach treats simultaneously the symplectic and even orthogonal Lie
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algebras/groups. Some further interesting pairs, and in particular a bit more
convoluted case of (G,G1), when Gy is the odd orthogonal group embedded
in G = SL(2n + 1,K), will be treated in [S5]. Before we give the theorem let
us state the following condition on K and n; here, W# = WE“ is as before.

CONDITION (). There exists w € o, (K) \ p,,(K) for which we can find
some W € G satisfying WW = wl.

THEOREM 0.1. Let n > 1. Then we have the following:
(i) For G1 = G1(6°) and the normalizer N = Ng(G1), we have

N={MecG|MM=M, \c p,, (K},

and
o, (K) if Condition ({) holds,

N/G: = {un(K) otherwise .
More precisely, the set
N ={MecG|MM=M,\¢cpu, (K}
is a normal subgroup of N, and
(0.1) N =G ><p,(K),
the semidirect product of G1 by w,,(K). Next,
N/N" = 7Z/2Z if Condition () holds,

and
N =N’ otherwise.

Furthermore, N is self-normalizing in G.
(ii) Suppose that either char(K) = 0 or char(K) = p > 2 and p does not
divide n. Then the Lie algebra &1(0%) is self-normalizing in &.

In general, given any groups G; < G < GL(n,K), one would like to
know what is the normalizer N = Nz (G1), and then check whether N is self-
normalizing in G. For that we should be aware of the following two clear
facts. First, the above answers about N strongly depend on that how G is
embedded in G. Second, we can have two isomorphic subgroups G, Gs of G,
but the corresponding normalizers N1, N2 need not be isomorphic; cf. Lemma
4.1. In Section 4 we give some further remarks about the latter. In particular,
there we consider some realizations of sp(2n,K) and so(2n,K), within & =
s[(2n,K); thus we have symmetric pairs of Lie algebras (&,sp(2n,K)) and
(&,50(2n,K)). We also consider the corresponding pairs of groups. More
precisely, we have five well known involutive automorphisms of &: these are
the above defined 6° and certain ©° that will be recalled there, for ¢ = +,
and the “minus transposing” ¥ : A — —A?. For 6 being any of them, define
the -fixed point Lie algebra &; = &;(0) = &Y, and a subgroup G; = G1(6)
of G = SL(2n,K), being the set of all A € G satisfying A9(A) = —I. Thus
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we have symmetric pairs (&,®;(0)) and the corresponding pairs of groups
(G,G1(9)). Roughly speaking, we will see that under mild conditions on K,
the above theorem holds for any such 6. Nevertheless, as it will be clear from
what follows, the involutions §° = 6%, and the corresponding &;(#°) and
G1(6°), play the central role in our work. The reason is that these objects are
particularly convenient for the computation of normalizers.

Concerning the structure of the normalizers N, one more remark is in
order. Note that when K is algebraically closed of characteristic zero, the
“dictionary” algebraic group <> its Lie algebra provides a solid ground to
figure out what might be all this about. However even then we have to be
careful. For an illustration of what can happen, let us present this instructive
and definitive corollary which shows that for a very “tame” field, like C is,
the question about the structure of N may not be trivial; see Lemmas 3.9 and
3.10 for its proof. Furthermore it clearly shows that the question “Whether
Condition () holds?” is in general a delicate issue.

COROLLARY 0.2. Let K= C, and G,G; be as in the above theorem.

(i) (Orthogonal case). Suppose that e = 1 and n is odd. Then we have
the Condition (), and thus N/G1 = o, (C). More precisely, for
G1 = S0(2n,C), the normalizer N and the corresponding N' we have

N = Gy >1Z/nZ and  N/N' = 7Z/27.

(ii) (Symplectic case). Suppose that e = —1 and n = 2,3 (mod 4). Then
we do not have the Condition (), and thus N/G1 = p,,(C). More
precisely, for G1 = Sp(2n,C) and N we have

NG, ><]Z/TLZ

REMARK 0.3. (I) Notice that the only assumption we pose on K is
char(K) # 2. So in particular we treat in our approach the class of finite
groups of Lie type as well; and the corresponding Lie algebras defined
over finite fields. As it is well known, a particularly pleasant fact in
this “finite setting” is the possibility of counting/finite computations.
So in particular one can often gain insight into a more complicated
situation; e.g., concerning the geometry of orbits, when we have pairs
(G,G1) and (g, g1) and want to understand a relationship between the
(nilpotent) (co)adjoint orbits for G and Gy, respectively. The latter
remark puts a special emphasis on the case when the ground field K
is finite; although all the results we have obtained hold for infinite K
as well.

(IT) There are a number of situations when we consider various (non)sym-
metric pairs of Lie algebras (g, g1) over a field of characteristic zero,
where g is semisimple and g; is reductive in it; or the corresponding
pairs (G,G1) of groups. For example, in some branching problems,
when we want to decompose the restriction pg, of an irreducible
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representation p of G. Also, as we already noted, such pairs naturally
arise while studying the geometry of orbits. For some important and/or
recent results about various such pairs of Lie groups and Lie algebras
see [HTW,Kol, Ko2,BK,Kn,Ks, LS, V].

1. PRELIMINARIES

1.1. Notation and conventions. In what follows, by F; we denote the
finite field with ¢ = p’ elements, where p is a prime. Also, we assume that
the reader is familiar with the basic facts about roots in finite fields; see,
e.g., [Kob, Ch. II]. By M, (K) we denote the algebra of n-by-n K-matrices.
By E;;, or E; ;, we denote the matrix having 1 in the (Z,5)-th place and 0
elsewhere. Define s = s,, to be the n-by-n matrix 2?21 Eint1—4;ie., sisa
matrix with 1 on the skew diagonal and 0 elsewhere. For ¢ € {+1} we also
define a 2n-by-2n matrix S = S or S_ by

0 s
0 )

Suppose that g is a K-Lie algebra. By By we denote its Killing form. For
any € Autg, we define g’ = {X € g | 6(X) = X}, the fixed point algebra
for 6. Given a subalgebra s of g, by Ny(s) and Cy(s) we denote the normalizer
and centralizer, of s in g, respectively. If G is a group, and S is its subgroup,
by Ng(S) and Cs(S) we denote the normalizer and centralizer, of S in G,
respectively.

For an algebraic group G by £(G) we denote its Lie algebra. Suppose now
that G < GL(n,K) is a (connected) algebraic K-group, and let g = £L(G) <
gl(n,K) be its Lie algebra. For such G and g we have some interesting and
well known actions/representations. First, we have the adjoint action Ad of
G on itself. The corresponding orbits Ad G(z), x € G, are standardly called
the conjugacy classes. Then we have the adjoint representation Ad of G on
g, where the orbits are called the adjoint orbits. We also have the derived
adjoint representation ad : g — gl(g), which is a useful linear algebra-tool
for studying the mentioned G-orbits. Next, related to the representations Ad
and ad on g, we have the coadjoint representations Ad* and ad* of G and g,
respectively, on the dual g* of g. In particular, the Ad*-orbits are called the
coadjoint orbits of G.

Let G, g be as above, and G = G(K). Let g(K) be the corresponding
K-structure of g. Then we have the adjoint representation of G on g(K).
For two subalgebras s1,52 < g(K) we say that they are G-conjugate, or just
conjugate, if Ad g(s1) = s for some g € G. Analogously, we define the notion
of G-conjugacy for subgroups of G.

1.2. Pairs of groups (G,G1). For our needs below let us introduce
certain terminology. Let M be a K-algebra. A K-linear endomorphism 4
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of the additive group M, which satisfies 6(zy) = §(y)d(x) for all z,y € M,
will be called a K-antiendomorphism of M. A bijective K-antiendomorphism
is called a K-antiautomorphism. Next suppose that G is an arbitrary group.
As usual, by AutG we denote the group of all automorphisms of G. A map
0 : G — G will be called an antiendomorphism of G if 6(g1g2) = 6(g2)d(g1) for
all g1,92 € G. A bijective antiendomorphism is called an antiautomorphism
of G. By aAutG we denote the set of all antiautomorphisms of G. Suppose
now that M is a K-algebra and G is a subgroup of the multiplicative monoid
M*. Given some K-antiendomorphism ¢ of M such that §(G) C G we say
that G is §-stable.

Now we are going to explain what kind of groups GG and their subgroups
G1 we would like to study in general. But first we need a basic preliminary
observation concerning certain endomorphisms on matrices.

We will consider certain K-antiendomorphisms A +— A* of M,,(K) which
moreover map the identity matrix to itself. That is, our maps will satisfy the
following two conditions:

(#1) I* =1
(#2) (AB)* = B*AF, for all A, B € M, (K).

We will also consider some K-linear endomorphisms 6 of the additive

group M, (K) satisfying the following two conditions:
(01) 0(AB) = —0(B)0(A), for all A, B € M,(K);
(02) There exists a reqular Ay such that 0(Ag) is regular as well.

Somewhat roughly stated, the following lemma explains that the two
ways for choosing a K-endomorphism of M, (K) are in fact equivalent. Let
us emphasize here that both possibilities will be useful for us, depending on
concrete situations we have. An easy proof is omitted.

LEMMA 1.1. Suppose we have a K-endomorphism A w A* of M, (K)
satisfying ($#1) and ($2). Then 0(A) := —A* defines a K-endomorphism
satisfying (01) and (62).

Conversely, suppose we have a K-endomorphism 0 of M, (K) satisfying
(01) and (62). Then A+ A% := —0(A) defines a K-endomorphism satisfying
(1) and (§2).

REMARK 1.2. It is a natural question of how many K-endomorphisms
A — A? of a concrete group G we will have. Roughly speaking, the answer
is that often we can expect to have a number of such maps. Let us give an
argument for that statement. For that purpose, let M and a group G C M*
be as in the first paragraph of the present subsection. Note that then for an
arbitrary € aAut G we have both §71 € aAut G and §(e) = e; where e = eg
is the identity of G.

Fix now some § € aAut§, and then define a map T : AutG — aAut G,
given by T(a) = aod, for « € Autg.
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CLAIM. The map Y is a well defined bijection.

PRrROOF. First note that for « € Aut G and g1, 92 € G we have

T(a)(g192) = (6(92)6(g1)) = () (g2) T(a)(g1);

ie, T(a) € aAutG. So T is well defined.

Next, using that J is bijective, it is clear that Y is injective. It remained
to show that Y is moreover surjective. For that purpose let @ € aAutG be
arbitrary. Then define a map oo : G — G by @ = @ o §~!. Using the above
observation that =1 € aAut G, it immediately follows that o € Aut G. Next
we note that T(«a) = a. Therefore T is indeed surjective, as we had to see.

O

Let now G < GL(n,K) be any group. Suppose we have a K-
endomorphism A +— A¥ of M, (K) satisfying (§1) and (§2). Next suppose
that G is f-stable. We also assume that the following condition on the center
of G holds:

(o) Z(G) CK*I.

Notice that this condition is a reasonable one, and it holds for a number of
groups G. Also, concerning it, observe that for any subgroup S < G we have
2(G) < Ca(S).

In Section 3 below and [S5] we will emphasize the role of certain K-
endomorphisms of M, (K) while studying various pairs of groups; these will
be written as A +— A*. Here we would first like to present a slightly different,
and more general, point of view. Roughly speaking, a part on the “group side”
of our setting is to consider certain pairs of groups (G, G1), where G; < G <
GL(n,K). To be more precise, suppose we have a subgroup G < GL(n,K)
and a map 0 : G — GL(n,K) satisfying

0(g9192) = —0(g2)0(g1), 91,92 € G.

Note that then in particular 6(I) = —I and (g~ ') = 6(g)~!, for all g; cf.
Lemma 1.1. Next define

(1.2) G1={g€G|0(g)g=—1};

note also here that 6(g)g = —1I if and only if gf(g) = —1I. It is clear that Gy
is a subgroup of G; cf. Lemma 4.2 below, and see [Wa, Sect. 2] or [W], Sect.
2] for the meaning of the so-called norm group.

Suppose now that G < GL(n,K) is a connected affine group. Let & =
L(G) and G = G(K). Let also g = &(K), a “corresponding” K-structure of
&. Let now 6 be a K-endomorphism of M,,(K) satisfying (61) and (62); recall
that then 6(A) is regular for every regular A. Suppose also that 0(g) = g.
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Hence it follows that 0 = 0|, € Autg; cf. Lemma 1.4 below. A setting in
which we are interested is the following one:

» The pair of groups (G,G1), and
*

the corresponding pair of Lie algebras (g, g1);

where G is defined as in (1.2), and g1 = g’.

Now when we have these G; and g1, it is natural to ask how they are
related. Although this is not obvious, and we do not know an argument in
general, the answer is in many cases just as one would like to have it. Namely,
as for G and g, we will have G; = G1(K) and g; = &;(K), for certain affine
group G < G and its Lie algebra &, = £(G1). Here we will confine ourselves
only to the case K = C, and G < GL(n,C) a connected reductive group.
Define, as before, & = L(G), and let 6 be a C-endomorphism of M, (C)
satisfying (61) and (62). Let G be a subgroup of G, defined as in (1.2), and
consider a Lie algebra ¢; = &?. Then we have the following result.

PROPOSITION 1.3. The subgroup G is an algebraic group, and & is its
Lie algebra.

PROOF. Let G and & be as above. Take a maximal torus T' < G such
that every h € T is diagonal. For every such h we can find a sufficiently big
m € N, depending on h, and g € G sufficiently close to I so that ¢™ = h and
g = expg X, for some X € &. Thus also expgmX = h; ie., h € expg ®.
The set G, of all semisimple elements of G, is equal to UgeG gTg', and
therefore is dense in Gj; see [Bo, Thm. 11.10]. Thus we have the following
claim.

CLAIM. The set expg & is dense in G.

Assume now that we know the values of # on &. Then for ¢ = expg X,
X € &, we immediately deduce that

(1.3) 0(g) = —expg —0(X).
Thus, taking into account the above Claim, we know how to compute 6(g),
for every g € G.

To prove the proposition we only have to show that £(G1) = &;. For
the inclusion from left to right, take any X € L(G1) and ¢t € C, and define
g+ = expe(tX). Using (1.3) and the fact that g: € Gy, it follows at once that
expg tX = expg t0(X). The last equality is further equivalent to

(expgtX — 1)/t = (expg t(X) —I)/t.

Take a limit when ¢ — 0. We obtain that X = 0(X); i.e., X € &;. The
opposite inclusion is along the same lines. 0

Let us proceed with more details, and in particular explain a general
procedure for obtaining the maps 6 as above. Suppose ¢ is a K-antiendomor-
phism of M, (K) satisfying ¢* = 1, for some k > 2. Note that then ¢ is
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moreover a K-antiautomorphism. Also, ¢(I) = I and ¢(A™1) = ¢(A)~!, for
every regular A. Next, let G and g be as in the paragraph containing (x), and
assume that p(g) = g. Pick any v € G such that it satisfies the following:

©) e~ € Calg).
Then define A* = vp(A)v~1, for all A, and §(A) = —A¥; ie.,

0 =—1Intvoop.
Thus we in particular have
6(A) = —vp(8(A)r~!
1

= (e e (A)ew)p(-I)v

= ©*(A);

here we use that p?(A) € g, p(—1I) = —I and the condition (o). Hence also
03(A) = —vp3(A)r~1; and, by induction,

Hk(A) _)A if k even,
] —vAv—! if k odd.

The following basic observation is now more or less an easy consequence of
the above.

LEMMA 1.4. The map 0 satisfies both (1) and (82). Moreover, 6 = 0|4
is an automorphism of g satisfying 0% = 1y, provided that k > 2 is even. In
particular, for k = 2, 0 is an involutive automorphism of g; i.e., (g,60) is a
symmetric Lie algebra.

REMARK 1.5. Suppose that ¥ = 1 and k is odd. Suppose also that
moreover v € Cq(g); cf. Remark 1.8 below. Note that then 6 = 63 = —¢ is
again an automorphism of g, but at the same time now we have % = —1,.

Fpr more details about the example which follows see Section 3 below,
and [S5, Sect. 2].

EXAMPLE 1.6. For m = 2n > 2 define block-matrices J¢* = ( 2, {) €

M, (K), and for m = 2n+1 define a block-matrix J°d4 = (é Jigen) € M,,(K).
Now for any A € M,,(K) let p(A) = A, the transpose of A. Also define
AY = Jtp(A)J = JEA'T and 0(A) = —A¥, where J is either J§* or Jodd,
Note here that for v = J = J$" we have p(v)r=!t = vlv~! = £, while
for v = J = Jodd pty=t = [. Note also that if we put G = SL(m,K)
and g = sl(m,K), then Ca(g) = p,,,(K)I. Thus in particular the condition
o(v)v~! € Cq(g) holds. Explicitly, if m = 2n, then

X v\ (=Tt FYH\
(Z T)A'—>9(A)<$Zt _Xt)a
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here X, Y, Z, T € M,(K). Also, if m = 2n + 1, then

t t

a T T2 —a —C2 —C1
aa X Y |=4—04)=-rt -1t -Y'|;
C2 Z T —Tlt —Zt —Xt

here a € K, r1,2 € M1,(K), €1,2 € M,,1(K) and X,Y, Z, T € M, (K).

We conclude this subsection with one more example which is at the same
time very instructive. In particular, it indicates that we will have an analogous
structural result about the normalizer Ng(G1), for various other pairs of
groups (G, G1).

ExaMPLE 1.7. Consider a K-endomorphism of M5(K) given by

d1 r1 X3 7d3 T2 —x3
Olyr do x| = y2 —do x1 |;
ys Y2 ds -ys Y1 —di

cf. [S4, Rmk. 3.4]. An easy checking shows that 6 satisfies both (61) and (62),
and 6% = 1. Thus, in particular, § € Autgl(3,K). If we put G = SL(3,K)
and take G1 to be as in (1.2), then one can show that G; = PSL(2,K).

Let v = diag(—1,1,—1) € G. Let p(A) = A", the skew transpose of A;
see Lemma 4.2. Now we have § = —Intv o ¢. In other words, the above
defined 6 is also obtained via our general construction.

For the obtained pair of groups (G, G1), one can prove the following claim.
Although elementary, it is not quite easy; the details will appear elsewhere.

CLAIM. For the normalizer N = Ng(G1) we have
N =Gy > M3 (K),
and this is a self-normalizing subgroup of G.

REMARK 1.8. Note that the condition v € Cg(g) implies p(v)v~! €
Cc(g). But, as we saw in the previous example, the converse in general does
not hold. Thus, loosely speaking, the mentioned condition provides more
maps # than the former one.

REMARK 1.9. In [S6] we will explain how to obtain some non-reductive
pairs of groups on which our structural results can be applied. More precisely,
we will treat some pairs that might be called parabolic pairs. For that
we consider G = SL(2n,K) or GL(2n,K), and certain conveniently chosen
antiautomorphisms A — A% of G. Thus we obtain the corresponding subgroup
G1 of G. Let then @ be any f-stable standard parabolic subgroup of G, and
Q1 = @ N Gy, a parabolic subgroup of Gy. For such pairs (Q, Q1) we have
analogous result about the structure of the normalizer Ng(Q1).
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2. PAIRS OF LIE ALGEBRAS

Let g be a K-Lie algebra. Consider a pair (g,g1), where g is a
proper subalgebra of g. Having in mind the classical situation in the zero
characteristic, we will have the following terminology. The pair (g,g1)
is symmetric if g = g%, for some involutive automorphism @ of g, and
nonsymmetric if g1 # g for any such 6; we also say that g; is a
(non)symmetric subalgebra of g. Analogously as for char(K) = 0, we have the
following about the symmetric pairs; the proof is straightforward and will be
omitted.

PROPOSITION 2.1. Let a pair (g,¢1) be symmetric, via 0, and define p =
{reg|l(z) =—z}.
(i) We have [g1,p] C p, [p,p] C g1 and a By-orthogonal direct sum g =
g1Dp.
(i) If By is nondegenerate, then both restrictions of By, to g1 and to p,
are nondegenerate too.

Consider now a (nonsymmetric) pair (g, g1). Let 3 denotes the restriction
of By to g1. In what follows we always assume that such pairs of Lie algebras
satisfy the following:

(C) B is a nondegenerate form.
To avoid certain trivialities we also assume:

(P) g1 is not an ideal of g.
For (g, g1) as above, and their duals g* and gf, let r : g* — g} be the restriction
map. By x : g — g* we denote the Killing homomorphism. Define also an
isomorphism k1 : g1 — g3, x1(z1)(y1) = B(x1,y1), for 21,91 € g1. Then
define a map 7 : g — g1 such that k1 o™ = r o k. Note that, by definition of
m, for x € g and x; € g1 we have

(2.1) By(x, x1) = B(n(x), z1).

As we will see below, this 7 is a g;-module homomorphism; we call it the
homomorphism associated to (g, g1). Next define a subspace p < g as p =
ker . The following is a straightforward generalization of [SS, Prop. 3.2] to
the present situation. For completeness (and because the proof given in [S?)]
is somewhat sketchy) we provide more details.

PROPOSITION 2.2. Let (g,¢1) be a pair of Lie algebras as above. Then:

(1) 7T\91 = 191'
(ii) We have a Killing-orthogonal direct sum decomposition

g=01Dp.
(iil) [g1,p] C p.

(iv) 7 is a g1-module homomorphism.
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v) If B, is nondegenemte, then the restriction OfB to p 18 nondegenemte
g g
as well.

PROOF. (i) For z; € g; define w = m(x1) — x1. Using (2.1), we have
By(w,91) = B(w,g1) = 0. By (C), w = 0. (ii) Write any z € g as = =
m(x)+x—7(x), and note that by (i) and the definition of 7 we have 7(z) € g1
and x — w(x) € p; thus g = g1 + p. For w € g1 Np, by (2.1) and (C), again,
we have B(w, g1) = 0 and so w = 0. Also, By(p,91) = B(7(p),g1) = 0. Thus
g = g1 ®p, a Killing-orthogonal direct sum. (iii) Take any z1 € g1 and p € p,
and write, by (ii), [z1,p] = y1 + ¢, where y; € g1 and ¢ € p. If we would have
y1 # 0, then it would follow that B(u1,y1) # 0 for some u; € g;. But also,
by the invariance of By,

B(ui,y1) = By(u1, [z1,p] — q) = By([u1,21],p) = 0;

a contradiction. (iv) We have to see that 7([y1,z]) = [y1, 7(x)], for all y; € g1
and x € g. For that, write x = x1 4+ p, with 21 € g; and p € p. Then, clearly,
1, 7(@)] = [y1, 1] Also, by (i) and (i), ([y,2]) = 7([yr, @1]) + 7([yn, p]) =
[y1, 1] as well. (v) This is obvious. O

The following simple result gives a characterization of self-normalizedness
of g1 in g, and a characterization of symmetric pairs. It is a direct
generalization of Lemmas 3.3 and 3.4 in [S3]; and its proof is essentially the
same as there.

LEMMA 2.3. Let (g,91) be a pair of Lie algebras as above.
(i) This pair is symmetric if and only if [p,p] C g1.
(i) If By is nondegenerate, then the following are equivalent: (a) p9 = 0;

(b) Ng(g1) = g1 (¢) [g1,p] = p.

Let (g,91) be a pair, and g = g1 @ p the corresponding decomposition.
The next basic results, the lemma and proposition below, are concerned with
the problem of how the coadjoint orbits on g* and g} are related. These are
Lemma 1.6 and Proposition 1.8 of [S4] in the present, more general, setting.
For the convenience of the reader we recall the statements; after obvious minor
changes, the arguments given in [34] also remain valid here.

LEMMA 2.4. (i) The subspaces 7w([p,p]) and p + [p,p] are ideals of g1
and g, respectively.
(ii) If g or g1 is simple, then there is no 0 # ~ € g* satisfying both ), =0
and gy = g1.7.

PROPOSITION 2.5. Define the trivial extension € : g7 — g* by e(u)}, = 0.
Then, for an arbitrary p € g7, we have

g.e(u) N gy = g1-p.



398 B. SIROLA

To the end of this section we discuss the condition (C); as we will see
below, outside of the case char(K) = 0 this is a delicate issue. For what
follows first suppose that & < sl(n,C) is a simple complex Lie algebra. Then
there exists a certain nonzero ¢ = ¢(®) € Z such that Bg(X,Y) = ¢ Tr(XY),
for all X,Y € &. Choose now a Chevalley basis C of &, and define a Z-Lie
algebra &z = spany; C; see [Ch]. Let K be a field of odd characteristic p, and
define a K-Lie algebra &g = &7 ®z K, a Chevalley algebra corresponding to
® and K. Clearly, we have Bg,(X,Y) = ¢ Tr(XY), for all X,Y € &k; here
of course we consider ¢ to be an element of F), (recall that the later equality
is quite easy to show when K is algebraically closed of characteristic zero; see
Exercise 18 for Ch. I, §6 in [B1]).

As a consequence of the above we in particular note the following. For
an arbitrary field K and g = sl(n,K), we have By(x,y) = 2n Tr(zy), for all
x,y € g. Also, if we take an ordered basis A of g, where

A= (E12;E217~"aEijania"';Hla'";anl)a

and H; = E;; — E;y14+1, then the matrix By(A), corresponding to By with
respect to A, has a block-diagonal form diag(&, ..., E; H). Here we have n(n—
1)/2 blocks & = (5, %) and one block H of size n — 1 having 4n on the main
diagonal, —2n on the first diagonals next to the main one, and 0 elsewhere.
Since det H = n(2n)" 1,

det Bg(A) = (—]_)n("*1)/22n2*1nn(n+1)/2.

For our purposes we state explicitly this straightforward consequence of the
above expression.

OBSERVATION. Letn € N, and K be any field such that either char(K) =
0, or char(K) = p > 2 and p does not divide n. Then, for g = sl(n,K), the
Killing form By is nondegenerate.

REMARK 2.6. The above observation is in fact more or less a special case
of a more general result. Namely, suppose for the moment that K = K, and
G is a simple algebraic group. Let & be its Lie algebra. A well known result
([SS, Ch. I, §4]; see also [Ca, Sect. 1.13]) states that the Killing form Bg is
nondegenerate provided that char(K) = 0 or char(K) = p > h, where h is the

Coxeter number of G; recall that the Coxeter number of sl(n) is n.

To illustrate clearly the difference between the cases char(K) = 0 and
> 0, while discussing the condition (C), we provide an interesting example of
a series of nonsymmetric pairs (g, g1). It will demonstrate once more that we
have to be very careful in the positive characteristic setting; cf. [S4, Sect. 2].
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EXAMPLE 2.7. Fixn € Nand put g = g™ = sl(n,K). Define m; = i(n—1),
for 1 <i < n, and then H, E, F € g as follows:

n n—1 n—1
H = Z(Tl +1-— 2Z)E”, E = Z miEZ-,Hl, F = Z EiJrLi.
i=1 i=1 i=1

Define a subalgebra g; = g7 = spang{H, E, F'}, and consider a pair (g, g1).
Now we in particular have Tr(EF) = (n® — n)/6. Let B, = Bgn and 3 =
B, = Bn |gn. Then for every n such that p = n+1 is prime, and char(K) = p,
we have B,, nondegenerate, while the form 3,, is obviously a degenerate one.

We will finish this section by an easy example which is at the same time
very instructive; cf. the proof of Theorem 3.7. It shows what in general the
class of pairs (G, G1) of algebraic K-groups, where G is self-normalizing in
G, has to do with the relationship between the adjoint/coadjoint orbits of
these groups. To be more precise, take (g, g1), a pair of the corresponding Lie
algebras. Then we assume that there exists an Ad G-stable subspace p < g
such that: (R) g = g1 ®p. Then a famous theorem of Richardson ([R]; see also
[Hu, Sect. 3.8], [J, Sect. 2]) states that the intersection of any G-conjugacy
class with G is a union of finitely many G;-conjugacy classes. Analogously,
for any X € g, the intersection Ad G(X)Ng; consists of finitely many adjoint
G-orbits on g;. The next reason why we would like to know whether G is
self-normalizing in G is the fact that if this is so, then one can often expect
for the mentioned intersections of G-classes/orbits to be unions of “small”
number of G-classes/orbits.

EXAMPLE 2.8. Let G = SL(2,C), and g = s[(2,C) be its Lie algebra.
Define a Cartan subalgebra §h = (C(é _01) of g, and then H = Cg(h), the
centralizer of h in G. By definition, H is a Cartan subgroup of G; H consists
of all matrices (8 a91 ), a € C*. Now define N to be the normalizer Ng(H).
It is easy to see that N = HU ( 0 %))H , and N is a self-normalizing subgroup
of G; also, as the index (N : H) = 2, the Lie algebra of N is equal to b as
well. Let us now compute the adjoint orbits. For that, given any z € C,
define matrices A, ¢ = (Z(/)2 73/2) €hand 4., = (Z(/)2 7;/2). Define orbits
(’)ZC':i =G.A,;, fori=0,1, and (’)270 = N.A. . Then we have

0%, Nh={£A, 0} =0V,  fori=0,1;
note that H. A, o = {A. 0}

3. SYMPLECTIC AND EVEN ORTHOGONAL GROUPS
Throughout this section we use the notation

& = sl(2n, K).
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3.1. The map A — A*. Suppose that K has an involution, written as
a — «; possibly being the identity 1x. Let V be a 2n-dimensional K-vector
space, and fix a basis B = (e1,...,¢en, f1,-.., fn). For e € {1}, define a map
T=T.:V—=V,zr 2", given by

(Z aie; + 5ifi)T = @ifi+eBies,  for ;B €K

Let also w = w. : V x V — K be a bilinear nondegenerate e-symmetric
form; i.e., wy = w41 is symmetric and w_ = w_; is skew-symmetric. More
precisely, we assume that w(e;, e;) = 0= w(f;, f;) and w(e;, f;) = d;;; i.e., for
e =1 (resp. e = —1), B is an orthogonal (resp. symplectic) basis of V' with
respect to w.

Define a form (-,-) = (-, ) : VxV = K,

(z,y) =w(z,y"), for z,yeV.

We clearly have: (T1) 27" = ex; and (T2) (z7,y) = e{y",x). The next
three observations we formulate as a lemma.

LEMMA 3.1. (i) The form (-,-) is hermitian; i.e., (x,y) = (y,x), for
z,y V.
(ii) B is an orthogonal basis of V with respect to (-,-).
(iii) w(z,y) = (y,x"), for v,y € V.
Now, we have two forms, w and (-,-), on V.

DEFINITION 3.2. For any A € EndV define AT : V. — V by AT(z) =
(A(x™))T, for x € V.. Neat, define

AP =AY = (AT

here A* = A% is the (-, )-adjoint of A, that is, the unique element of EndV
satisfying (Ax,y) = (x, A*y) for x,y € V. We will say that A is w-hermitian
(resp. w-antihermitian) if A* = A (resp. A* = —A).
The (i) and (ii) of the next lemma were in fact established in [S1, Lemma
2.6]; (iii) is obvious.
LEMMA 3.3. (i) A* is the w-adjoint of A; that is, we have
w(Az,y) = w(z, A'y), for xz,yeV.
(ii) The map A — A* is a K-linear automorphism of EndV, satisfying
A% = A and (AB)* = B*A*, for all A,B € EndV .
(iii) For A € GL(V), we have (A~1)f = (A%)~1,
Next we need a matrix realization of the map A — A¥. For the symplectic
case (i.e., ¢ = —1), the following easy lemma was established in [S1, Lemma
3.3]; here A = A(B) and A* = A¥(B) are the matrices corresponding to A

and A", via B, respectively. For the convenience of the reader we include a
short argument.
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LEMMA 3.4. For the block-matrices A and A* we have
Tt eY? X Y

f_ ; _ .

A(gzt Xt>’ i A<Z T)’

here X,Y, Z, T are n-by-n matrices.
Proor. Write X = (xi;), ... ,T = (tij). By Lemma 3.1(ii), A*(B) =
A(B)t. Thus we have

_\T
Afej =e(A* )T = 5(2@61- + tjifi) = thiei +ezjifi;

and, analogously, we compute A”f;. Hence the lemma follows. O

Similarly as before, for € € {£1} we define a 2n-by-2n matrix J. = J; or

J_ by
0 I
Je = (5[ O) '

J+ (resp. J_) is called the standard symmetric (resp. skew-symmetric)
matrix. Then define a Lie algebra &5 as the set of all A € & satisfying
JoA+ AtJ. = 0; we will write &5 = & or & . Since JEA'J. = A%, we have
& ={Aco|A =-A}

More precisely, as we noted in the Introduction, for a block-matrix A = ( XX )
we have A € &7 if and only if

(3.1) "+ X =0, eY'+Y =0, eZ'+7=0.

Notice that, by Lemma 3.3, the map
0=0°: A —A?

is an involution on &; for e = 1 (resp. € = —1) we call it the orthogonal (resp.
symplectic) involution. Thus (&, ®5) is a symmetric pair. Then define 3¢ to
be the subspace of & consisting of w-hermitian matrices; i.e.,

P ={Ac®|A"= A}

Of course, by Proposition 2.1, we have a direct sum decomposition & =
BT b PBE.

3.2. On normalizers for Lie algebras. In this subsection, keeping the
notation of the previous one, we state a proposition which is a technical
result providing some useful information concerning certain normalizers and
centralizers. First an easy lemma.

LEMMA 3.5. Let n > 1 and suppose C' € M, (K) is a matriz such that
[X,C] = 0 for every X € M,(K) satisfying eX*'+ X = 0. Forn > 3 or
e =—1, C is a scalar matriz; forn =2 and e =1, C is of the form ( 53, &),
where c1,co € K.



402 B. SIROLA

PROOF. We consider the case n > 3; the rest is clear. Let C' = (¢;5), and
fix a pair of indices (i,7), ¢ < j. We will show that ¢;; = 0. For that purpose
define a matrix X = Ey; — cEj,. We have

n
0= [X7 C] = Z(CZaEka - CakEal) - E(CkaEla - CalEak)-
a=1
Choose k = j and [ # i,j. Note that the coefficient by FE; in the above
expression is equal to c;;; i.e., ¢;; = 0. Next note that the coefficient by Fy;
equals ¢;; — cgx. Thus, C = al, for o =c11 =+ = cpn- O

PROPOSITION 3.6. Suppose that either char(K) = 0 or char(K) = p and
p does not divide n.
(i) The Lie algebra &5 is self-normalizing in &.
(ii) The centralizer Co(&5) is equal to zero if eithern > 1 orn =1 and
e=—1;forn=1, Cs(®]) = &].
(iil) The normalizer Ng (B) is equal to &5.

PRrROOF. We will treat the case n > 1; note that for n = 1 we have &, = &
and 67 =K (§ 9).

Write &1, P and J instead of &7, B* and J..

(i) Let M € & be such that B = [M, A] € &y, for all A € &;. Then
JB + B'J = 0, which is further equivalent to

(3.2) AY(JM 4 M'J) + (JM + M'J)A = 0.

Write A = (% Y, as before, and M = (¢ ). By putting 7 = —X* and
Y =7 =01in (3.2), we obtain that

XH(Q+eQ") +(Q+eQ)X =0,
X(eP+ P+ (eP+ PHX"' =0,
(N—i—Rt)X = X(N—i—Rt),

for all X € M,(K). By choosing X = I, it follows that both Q +eQ* = 0
and P + eP! = 0. Further, from the last equality above we have that N + R!
is a scalar matrix; i.e., N + R* = kI, for some £ € K. Since the trace
0=TrM = Tr(N + R') = nk, it follows that k = 0; here we use that p does
not divide n. That is, N + R* = 0. Hence, M € &y; cf. (3.1).

(ii) Let M € & be such that [M,A] = 0, for all A € &;. Write A and
M as in (i), and put, again, T'= —X* and Y = Z = 0. Then it immediately
follows that P = @@ = 0, while both N and R are scalar matrices, i.e., N = kI
and R = [I, for some k,l € K. Choose now X = Z =T =0, and Y non-zero
satisfying eY* +Y = 0. Then M A = AM implies kY =Y, and hence k = .
Again, the trace argument gives that k = [ = 0; and here we again use that p
does not divide n. Thus M = 0, as we claimed.
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(iii) Let M € & be such that [M, A] € P, for all A € PB. By denoting
B = M + M*, [M, A] € B is equivalent to [A, B] = 0. Write M as above, and
choose A = ()g )?t ). It is easy to see that then [X, N + R'] = 0 and

X(P+eP) = (P+eP)X!,  XUQ+eQ!) = (Q+2Q)X.

Since X is arbitrary, we clearly have N 4+ R = 0. At the same time, if we put
C = P + ¢P?, then the first of the above two equalities reads as XC = CX*.
By Lemma 3.5, it is obvious that C' = 0. Analogously, @ + Q! = 0. We
conclude that M € &;. O

3.3. On normalizers for groups. We have defined the Lie algebras &j7.
Also, for w = w4 or w_, we define a group
Gi(w) ={g € SL(V) | w(gz, gy) = w(z,y) for all z,y € V}.
Then, by what we had in Subsections 1.2 and 3.1,
Gi(w) = G1(w) = {A € SL(2n,K) | AA* = I}.
Since wy is symmetric and w_ is skew-symmetric,
G =Gi(wy) =S0(2n,K) and G] = Gi(w_) = Sp(2n,K)

(note that our notation here is in fact slightly imprecise, as the SO- and Sp-
groups realizations depend strictly on the chosen involution 6¢, i.e., the map
A s AR).
Let us now state our main result. For that, consider a pair of groups
G1 C G,
(G,G1) = (SL(2n,K), G1(w)).

THEOREM 3.7. (i) Suppose thatn > 1 ore = 1. Then we have
No(Gr) = {M € G| M*M = A, X € py, (K)}.

Furthermore, for a certain group epimorphism o we have a short exact
sequence of groups

1—-G; ‘—)Ng(Gl) i) [J,k(K) — 1;
here k = 2n if the Condition ({) holds, and k =n if not.
For n =1 we have Ng(Gy) =G =G.
(i) If n > 1 or e = —1, then the normalizer Ng(G1) is self-normalizing

in G. If n =¢ =1, then Ng(G1) s self-normalizing in G if and only
if K is different than F3 or Fs.

PROOF. (i) Let M € Ng(G1). Then B= MAM~! € Gy, for all A € G;.
Thus we have I = BB, and hence, using Lemma 3.3, it immediately follows
that

M*M € Cq(Gy).
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Let us first consider the case n = 1 and ¢ = 1; here we will obtain a precise
description of Ng(G1). We have

(3.3) G = {<8 a(_)1> |a€KX},

and it is also easy to check that C¢(G1) = G1. Then the above condition on M
reads as M*M = (2 9,), for some a € K*, which implies that a? = 1. Thus

the description of Ng(G1), as stated in the theorem, holds. More precisely,
we have a (disjoint) union

(3.4) Ne(Gr) =Gy u (_5_1 g) |y ek };

cf. Examples 2.8 and 4.7. Now, for the first part of (i) it remains to take
into account the following claim. Although it is probably well known, for the
convenience of the reader and later needs we provide a proof.

CLAaM 1. If n > 1, then the centralizer
Ca(Gr) ={M | A € py, (K)}-

PRrROOF. Let M € G be such that AM = MA, for all A € G1; and write
it as

N P
(3.5) M = (Q R) .
Take in particular
1Y
(36) A= <0 I) € G1,

and note that then eY?+Y = 0. It is straightforward to see that AM = M A
is equivalent to the equalities

(3.7) YQ=QY =0 and YR = NY.
We will treat the following three cases separately:

(S) Symplectic case (i.e., e = —1);
(O1) Orthogonal case (i.e., ¢ = 1), and n odd,;
(02) Orthogonal case, and n even.

For (S) we take Y = I, and thus both @ = 0 and R = N. Analogously,
P = 0, and therefore M = (]g ]Q,) Take now A = ()0{ (Xgl)t). Then it
immediately follows that M = AI, where \*" = 1.

For (O2) we take Y = S, _, where the later matrix is given by (1.1) and
r=mn/2. AsY is regular, we have that Q = 0; and, analogously, P = 0. The
rest of the argument is the same as for (S).



NORMALIZERS AND SELF-NORMALIZING SUBGROUPS 405

For (O1) we take Y to be the block-matrix

0 0 Sr—1
(3.8) Y = 0 0 0 ,
—Sr_1 0 0
where 2r = n + 1. Since Y@Q = QY, we deduce that Q@ = gFE,,, for some
qg € K. Take, again, A = ()0( (Xgl)t), and assume that moreover in the

matrix X = (z;;) we have z2, # 1. As MA = AM implies in particular that
X'QX = Q, it is straightforward to conclude that ¢ = 0. Now, as before, we
deduce that M = A, A?" = 1. O

Let us now show the second part of (i). For any A € s, (K) define a
subset

Iy={MeG|MM=\}
of G; note that I'y = G;. Next, for A € p,,(K), define a matrix My = (3 9).

Obviously, My € T'y, and so in particular I'y # (). For what follows we need
this claim.

CrLAaM 2. The Condition () is further equivalent to the following one:
For every A\ € s, (K), we have T'y # 0.

PrOOF. (). It is easy to check that the map

is bijective. Next, we obviously have WM, € I'yy), which proves the claim.
0

Suppose now that the Condition ({) holds; an argument for the opposite
is completely analogous. Then, for any A € p,,(K) and Uy € Ty, the map
G1 3 g — Uy,g € T'y is bijective. Thus we have a disjoint union, into nonempty
sets,

Na (Gl) = U Ty
A€y, (K)
Since I'y, 'y, € T'y, ,, it is clear that the map
U:NG(Gl)*)H’Qn(K)a g|ry =A
is a group epimorphism with the kernel Ker 0 = ;. This finishes the proof
of (i).
(ii) Loosely speaking, our proof starts similarly as the one of Claim 1.

But, as we will see, our argument here will be significantly refined.
Write N = N (G1), and let D € Ng(N). Then, in particular,

X,=DAD ' eN, forAeaG;.
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Put M = D!D. Obviously, in order to prove that D € N it is sufficient to
show that M € C(G1). Now, analogously as in (i), X4 € N if and only

(3.9) [M, A] = Mal, for some \g € o, (K).

Write now M as in (3.5), and let A be any matrix as in (3.6). It is immediate
that for any such A satisfying (3.9) we necessarily have A4 = 1; more precisely,
Aa # 1 would imply M = 0, which is impossible. In other words, for any such
A the equalities (3.7) hold.

Suppose now we have the case (S) of Claim 1, where n > 1. As there
we deduce that again M = (¥ {), and also YN = NY for any Y satisfying
Y? =Y. Take first Y = (y;;) to be a diagonal matrix satisfying vi; # y;;
for particular ¢ # j. If we put N = (v4;), then on the (¢, j)-th place of NY
we have v;;y;;, while on the (7,7)-th place of YN we have y;;1;;. Hence,
necessarily v;; = 0. As i # j were arbitrary, we conclude that IV is diagonal.
Take now Y = E;; + Ej;, where i # j. By the equality NY = Y N we deduce
that v;; = v;;. That is, M = AI for some A\ € p,,, (K), as we had to see.

Let us now consider the case (02). As in Claim 1, we conclude that
M = (4 9), where YR = NY for any Y satisfying Y* +Y = 0. Write again
N = (Vij); and R = (p”) Take

(310) Y = Eij - Ejia where 7 7é ]

Furthermore, suppose that n > 3. Then on the (4, j)-th place of NY we have
v;;, while on the (i,7)-th place of YR we have p;;. Thus we deduce that
vy = pjj4, for i # j. Hence, in particular, v1; = p;; for any j > 2; and at the
same time p1; = oy = p33. Therefore, p11 = -+ = pny, and analogously

(3.11) i1 = e = Uy = P11 = = pom.

Fix now an arbitrary pair of indices (u,v), where u # v. We may assume
for Y as in (3.10) the following: ¢ = v and j # w,v. Then, by considering
the coefficients by the matrix F,; in the equality NY =Y R, we deduce that
Vyy = 0. Analogously, p,, = 0. Finally, by the later and (3.11) we obtain
that again M = AI for some A € p,,, (K).

Suppose the case (O1) holds. Take first Y to be as in (3.8). As there
we deduce that Q) = gE,,, ¢ € K. Take then Y = E, .1 — Er11,. By the
equality QY = 0, we have ¢ = 0, i.e., Q = 0. Analogously, P = 0. That is,
M = (]g }%). Now, the same argument as for (O2) works here again.

What remains to do is to treat three cases when n < 2. Consider first
the case when ¢ = —1 and n = 1. Then, as we have showed, N = G. Hence,
Ng(N) = N.

Consider now the case e = 1 and n = 1. Then G; and N are given by (3.3)
and (3.4), respectively. Let us show that again Ng(N) = N, provided that K
is not F3 or F5. For that purpose take D = (”Z” @t’) € Ng(N). Then choose
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ao 0

some ag € K* satisfying a2 # £1, and put 4p = ( o aJI) € GG1. Define

DA0D71 _ ao + yz(ao 7_(17’(;1) 7xy(a0 o aal_)l c N.
zt(ap —ag ) ap — zt(ap —ag )

If we would have zy # 0, then a2 # 1 and (3.4) would imply that
ap + yz(ag — aal) = ag — xt(ag — aal) =0.

Summing up the later two equalities we obtain that a3 = —1; a contradiction.
Thus, zy = 0. Analogously, zt = 0. An easy discussion shows that the only
two possibilities are: * =t = 0 and y,z # 0, or y = z = 0 and «,t # 0;
ie, D = (2 g) or D = (g ?) But this means that necessarily D € N; and
we are done. We leave to the reader to check that for K = F3 or F5 we have
Na(N) #N.

The last case is e = 1 and n = 2. As before, we again have M = (](\)7 1%),

where YR = NY for any Y satisfying Y* +Y = 0. But the only such one is
Y = (% §). Hence it follows that for N = (1! }12 ) we have R = ( *22 7 "%').

Va1 Va2 —rvi2 Vi1
Now we will take A = ()g (Xgl)t) € Gq, where X = (}%). Then, for this
A, we have (3.9). An easy inspection shows that again necessarily Ag = 1.
In other words, M A = AM. By choosing x # 0 it follows at once that
V1o = o1 = 0 and 17 = vg9; ie., M = )\I7 where \ € [J/4(K)

This finishes the proof of (ii), and so the proof of our theorem. O

Concerning the structure of N = Ng(G1), the following is an improvement
of the above.

COROLLARY 3.8. The set N' = {M € G | M*M = X, A € p,,(K)} is a
normal subgroup of N, and for it we have N’ = G1 > u,,(K). Furthermore,
N/N' = Z/27 if Condition () holds, and N = N’ if not.

ProoOF. With M), as before, define F = {M) | A € p,,(K)}. Then F is a
finite subgroup of N, F = . (K) and F NGy = {I}. As we have a (disjoint)
union N’ = U/\GH,L(K) Iy, it is clear that GiF = N’. Thus we conclude that
N’ = G >aF. Now, if Condition () does not hold, then N = N’; and we are
done.

Suppose next that Condition () holds, and let w and W be as in it.
Take any X € N\ N. Then X*X = M, with A\ € p,, (K) \ p,(K). Hence,
for Y = WX, we have Y!Y = Mw~'I. We conclude that Y € N’, and so
X € WN’. Thus

N=NuUWN,
a disjoint union. Define now a map 7: N — Z/2Z, 7y = 0 and 7wy = 1; cf.
Example 4.7, again. Take any Y7,Y5 € N’. Using the facts WN’ = N'W and
W2 e N/, it immediately follows that Y1 (WY2) € WN’ and (WY7)(WYz) € N'.
This shows that 7 is a group epimorphism with the kernel N’, and so we have
our corollary proved. O
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Concerning the Condition () we note the following easy observation.
Let us emphasize that we do not know what happens in general for ¢ = 1 and
n even.

LEMMA 3.9. Suppose that € = 1 and n is odd. Then for any K, the
Condition () holds.

PROOF. Let A € sy, (K) be arbitrary. Let My = (%] ), as before, and
Ny = (9%). As we have det My = A" and det Ny = —A", for every odd
n, it follows that either My € G or Ny € G. It only remains to note that
MMy =\ = N!Ny,. 0

Compared to the previous one, the next lemma is more complicated. Let
us emphasize that our argument strongly relies on the notion of J-twisted
Pfaffian, introduced in [S2]; it is a natural counterpart of the standard Pfaffian
while working in the symplectic setting.

LEMMA 3.10. Suppose that € = —1 and n = 2,3 (mod 4). Then, for
K = C, the Condition () does not hold.

ProOOF. Let J = J_. Also, define w-H = P~ & CI, the set of all w-
hermitian complex matrices of size 2n; cf. Definition 3.2. For any X € w-H,
define the J-twisted Pfaffian of X as

J-PH(X) = Pi(JX);

here Pfis the standard Pfaffian, taken so that Pf(J) = —1. Now, for ¢ € C and
n > 1, define scalar matrices A4,, = ¢I € M,(C), and X,, = JA, = (f;l %I)
Next, recall a well known expansion for inductive computation of the Pfaffian
(see [A, Ch. III, §5]): For M = (my;) € M2, (C),

2n

PH(M) = > (~1)'my, PE(My),

t=2
where J/W\lt € Ms,,_2(C) is obtained by deleting both the 1-st and ¢-th row
and column in M. Hence it follows that
J-Pf(A,) = (=1)"Ttc J-Pf(A,_1).

Since in particular J-Pf(Ay) = —c? (cf. [S2, Lemma 2.1]), we have proved the
following
¢ ifn=0,1 (mod 4),
—c" ifn=2,3 (mod 4).

Suppose now that we have some w € p,,(C) \ p,(C) and W € G =
SL(2n,C) such that W*W = wl. By the above Claim, J-Pf(wl) = 1.

On the other hand, a nontrivial observation in [SQ, Prop. 1.6] states that
J-Pf(M*M) = —1 for all M € G, yielding a contradiction. O

Cram. J-Pf(4,) = {
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REMARK 3.11. The argument given in [S2] which proves the mentioned
Proposition 1.6 is of an analytic flavor. As usual, one can expect to have the
same result for an arbitrary algebraically closed field K of characteristic zero.
It would be good to find out if this is so. In particular then we would have
for such K the previous lemma as well.

4. REMARKS ON VARIOUS EMBEDDINGS OF (G; INTO G

Concerning the problem of normalizers, it is interesting to consider various
embeddings of Lie algebras g; — g, and groups G; — G; see Remark 4.4.
Next we want to find out which of them are mutually conjugate; cf. Lemmas
4.3 and 4.5. Namely, suppose for the moment that g = sl(n,K), G = SL(n, K)
and h is a Lie algebra for which we have two faithful representations pi 2 :
h — g. Denote s; = p;(h); we say that s, <— g are two embeddings of b in g,
realized via p;, for ¢ = 1,2. Now, it is possible that the normalizers of s; in g
are not isomorphic; such s1 and so cannot be GL(n, K)-conjugate. The same
phenomenon can happen for some subgroups 51,52 < G as well. Related to
what we said, the following obvious lemma contains a useful observation; of
course, an analogous result holds for Lie algebras as well.

LEMMA 4.1. Let G be any group. Suppose that S1,S2 < G are conjugate
subgroups. Then the normalizers Ng(S1) and Ng(S2) are conjugate subgroups
too. As a consequence, S1 is self-normalizing in G if and only if Sy is the
same.

Now we will consider another realizations of sp(2n,K) and so(2n,K), the
symplectic and even orthogonal Lie algebra of matrices of size 2n, in & =
s[(2n,K). We will also consider realizations of the corresponding, symplectic
and orthogonal, groups. But first recall two standard realizations, and some
well known related facts; see [B2, Ch. VIII, §13] or [GW, Sect. 1.2.2].

Suppose for the moment that K = K. Let V be a finite-dimensional K-
vector space, and let ¢ : V x V — K be a bilinear nondegenerate form which
is either symmetric or skew-symmetric. We define a Lie algebra g(¢) < gl(V)
and an algebraic group G(p) < GL(V) as follows:

a(p) ={X € gl(V) | o(Xv, W) + ¢(v, Xw) =0 for all v,w € V},
G(p) ={g € GL(V) | ¢(gv, gw) = ¢(v,w) for all v,w € V}.

Suppose ¢’ is another bilinear nondegenerate form which is also symmetric/
skew-symmetric if ¢ is the same. Define g(¢’) and G(¢') as for ¢. Then
9(¢’) = g(¢), an isomorphism of Lie algebras; and G(¢') = G(p), an
isomorphism of algebraic groups. More precisely, there exists some 2 € SL(V)
such that both g(¢’) = Qg(¢)Q ™! and G(¢’) = QG(9)Q1; see [J, Sect. 1]

for details.
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4.1. The map A — At. In Subsection 3.1 we defined involutions 6 of
®; and thus symmetric pairs (&, ®5). Here we want to consider two more
involutions. For that, let again the field K be arbitrary. If U € M, (K), we
define U™ = sU's; recall that the map U — UT is the skew transpose. A
straightforward verification proves the following basic lemma.

LEMMA 4.2. (i) For any Uy,Us € M, (K), we have (U Us)™ = UJUT.
(ii) For a block-matriz A we define AT as follows:

TT YT . XY
T AT = _
Al=4: = (EZT XT)’ if A_(Z T)'
The map A w AT is a K-linear automorphism of Mo, (K), satisfying
At = A and (AB)" = BYAT, for all A, B € My, (K); i.e., this map
is an involution on Ma,(K). For A € GL(2n,K), we have (A=) =
(AT)~"
(iii) For any A € M, (K), we have SLA'S. = AT.
Now define a Lie algebra
L5 ={AcSB|S.A+AS. =0}={Acs| AT =-A};

we write just £§ and €. A block-matrix A, with n-by-n blocks, is in £5
if and only if A = ()Z( 7}/{?), where Y = —¢Y7™ and Z = —<Z7. In other

words, for ¢ = 1 (resp. ¢ = —1) the matrices Y and Z are symmetric (resp.
skew-symmetric) with respect to the skew diagonal. As the map

©=06°: A —Al

is an involutive automorphism of &, the pair (&, £5) is symmetric. We have
£ =50(2n,K) and £] = sp(2n,K).

4.2. A comparison of 6° and ©°. By the above constructions we have
Lie algebras &5 and £5. Next, for G = SL(2n,K), we have the corresponding
groups

Gs=GE={AcG|AA =T},
LS=Lf={AcG|AAl =T}

for G5 see Subsection 3.3. Thus Gy and L7 (resp. G{ and LY) are
two different realizations of Sp(2n,K) (resp. SO(2n,K)) within G. The
following easy lemma states that these two pairs of algebraic structures are
conjugate (we already know that for K algebraically closed they are; see the
paragraph before Subsection 4.1). Therefore, by Lemma 4.1, in particular
the normalizers Ng(G5) and Ng(L5) are conjugate as well. In other words,
as we already said in the Introduction, Theorem 0.1 holds when we replace
G1 = G1(6°) = G5 there by Lj.

LEMMA 4.3. We have the following:
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(1) £5 = &5, conjugate Lie algebras.

(i) Gi(wx) = LE, conjugate (abstract) groups.

PROOF. (i) Let us show that there exists 2, det 2 € {£1}, such that the
map ¢ : £5 — &5, ¢(A) = QAN is a Lie algebra isomorphism. For that
purpose define U = J-'S. = (§9). Then we clearly have A* = UATU?,
and therefore

B(A) + G(A) = () 'TAU Q! + QA0
note that U~ = U. If we can find such Q that U = QfQ, we are done. It
remains to note that = (§9) will do.

(ii) The map ¢ : L — G1(w), defined in the same way as in (i), is an
isomorphism of groups. To see this one just has to note that

H(A)Fp(A) = ()1 (AD)AQ™! = ()T ATAQ = ()"l = I
O

REMARK 4.4. Recall that the standard Borel subgroup B of G is the
subgroup of G consisting of the upper triangular matrices. For such B, define

By =B = BN LS.

A well known fact is that then B is a standard Borel subgroup of Lj. This is
one of the main reasons why the realization of Sp(2n,K) (resp. SO(2n,K)),
via ©F, is interesting; cf. [S67 Sect. 3]. Notice that there is no analogous
result for the embedding of Gf into G.

4.3. A comparison of 0T and 9. For G = SL(2n,K), define a subgroup

H, <G by

H ={AcG|AA' =T};
for K = R or C we obtain the familiar realizations H; = SO(2n,R) or
SO(2n,C). Our next step is to compare the groups H; and Gf, where Gf is
as in the previous subsection. Similarly, we treat the Lie algebras (’5{r and

M ={Ace|A =-A};
note that $H; = (’5”9, for the involution

9: A —A

of 8. We begin with an interesting observation in the positive characteristic

case; cf. the previous lemma, and see Remark 4.6 below.

LEMMA 4.5. Let K be a field of characteristic p, and suppose that either
p=1 (mod 4), or p=3 (mod 4) and K contains Fp2 as a subfield. Then we
have the following:

(i) GT = Hy, conjugate groups.

(ii) &1 = 91, conjugate Lie algebras.
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PROOF. (i) Let us show, again, that there exists some  such that ¢ :
Hy — GT, ¢(A) = QAQ™1, is an isomorphism. Since

DAY H(A) = ()T AL F0AQ

it is obvious that we would have what we want provided that QfQ = J,.
Write now Q = (% ¥). Thus Q*Q = J, is equivalent to the following:

T'X +Y'Z=0, TY+Y'T=I=2'X+X'Z.

Consider the casen = 1,i.e., Q@ = (Y) with z,y, z,¢ € K. By the assumption
on K, we can find some nonzero z, y satisfying 22 +y? = 0. Then put z = 1/2x
and ¢ = 1/2y. Now it follows that

_fxl oyl
Q= (ZI tI)
will work for any n; note that det Q = (xt — y2)™, and so Q € GL(2n,K), but
Q & G for n not divisible by 4.

(ii) The map ¢ : $; — &, defined as in (i), is an isomorphism of Lie
algebras. O

REMARK 4.6. Since £); consists of all block-matrices (_)f,t )T/) satisfying
X+ Xt =T+ T! =0, in particular for n = 1 we have £ to be the set of
all (_Oyg), y € K. Also, for n = 1, QSIF equals the set of all (‘5 _Ox), rz e K.
Thus, for arbitrary K, we have $; = 6{, in the obvious way.

On the other hand the situation with groups is different. To see this let,
again, n = 1. Then for K = F3 we have H; = Z/4Z and G| = Z/27Z. Also,
for K = R, the subgroups G} and H; of SL(2,R) are not isomorphic as well.
Of course, these are just special cases of a more general situation concerning
the orthogonal groups; cf. [Ca, Sect. 1.19].

ExXAMPLE 4.7. Let G and H; be as above. As in Theorem 3.7, we have
that if M € Ng(H;), then M*M € Cq(Hy).
Let n =1 and H; < G = SL(2,K), i.e.,

-b a

It is easy to see that for the centralizer of Hy in G we have Cq(Hy) = H;. We
want to describe the normalizer of H; in G. So let now M = (ﬁ @t’) € Na(Hy).
Hence, M*M € Hy;ie., 2 +22=a=y?>+t?> and —b=xy + 2t = b, for a,b
satisfying a? + b% = 1. Clearly, for b # 0, M does not exist. So it follows that
a = +1. An easy calculation shows that for a = 1 we have M € H;. Also, for
a = —1, we deduce that M is of the form

H1{<a b) |a,beK satisfyinga2+b2:1}.

MM(:E,y)<; —yx)’ where 22+ 92 +1=0.



NORMALIZERS AND SELF-NORMALIZING SUBGROUPS 413

Thus we have the normalizer of Hy in G decomposed as a (disjoint) union
Ne(Hq) = HiU®, where @ is the set of all matrices M (x;y). If ® is nonempty,
fix an arbitrary matrix o € ®. Then note that the map H; > h — wh € ®
is bijective; thus, ® = wwH;. Also define a map

O'NG(Hl)*)Z/QZ:{G,T}, O|H,y :6, O’lq,:T.

Using the fact that hwo = wh!, for every h € Hy, it is obvious that o is an
epimorphism, with the kernel Kerc = H;. The above considerations can be
summarized as follows.

CLAIM. Supposing that the equation x> +y> 4+ 1 =0 has a solution in K,
we have a short exact sequence of groups

1 — Hy = Ng(H) 5 Z)27 — 1.
Otherwise, we have Ng(Hy) = Hy.
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