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Abstract. In this paper, we establish at least two symmetric positive solutions for the
system of higher order two-point boundary value problems on symmetric time scales by
determining growth conditions and applying fixed point theorem in cone under suitable
conditions. At the end of the paper, as an application, we demonstrate our results with
examples.
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1. Introduction

In this paper, we consider the system of higher order dynamical equations on sym-
metric time scales,

{ ygAV)n + fl(tvylayQ) = 07 te [CL, b]T (1)

ygAV)m + f?(tvylayZ) = 07 te [aab]T

subject to the two-point boundary conditions
{ v (@) = 0=y B 1), i=0,1,2,.,m 1, )
AV)I AV)I .
o (@) =0=9"" (0), §=0,1,2m 1,

where f; : [a,b]r]r xR? = [0, 00) are continuous and f;(t,y1,y2) = fila+b—1t,y1,y2)

fori=1,2,ac T, be T* for a time scale T, and also o(a) < p(b). By using the
cone theory techniques, we establish sufficient conditions for the existence of at least
two symmetric positive solutions to the BVP (1)-(2).

The development of the theory has gained attention by many researchers; to
mention a few, Erbe and Wang [15], Eloe and Henderson [12, 13], Eloe, Henderson
and Sheng [14], Henderson and Thompson [20], Avery and Henderson [3, 4, 5], Avery,
Davis and Henderson [7], Davis and Henderson [10], Davis, Henderson and Wong
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[11], Anderson [2], Henderson and Wong [19], and Henderson, Murali and Prasad
[18].
By an interval time scale, we mean the intersection of a real interval with a given
time scale.

i.e. [a,blp =[a,b]N T.
An interval time scale T = [a,b]T is said to be a symmetric time scale if
teToa+b-teT.

IfT=RorT = hZ, (h > 0), then the symmetry definition is always satisfied. In
addition, the interval time scale T = [1,2]U{3, 4, 5}U[6, T]U{8}UI[9, 10]U{11,12,13}U
[14,15] has the symmetry property. But the time scale T = {0} U{1 : n € N} is
not a symmetric time scale.

By a symmetric solution (y1,y2) of the BVP (1)-(2), we mean (y1,y2) is a solution
of the BVP (1)-(2) and satisfies

yi(t) =yi(b+a—t) and ya2(t) = y2(b+a —t), t € [a,b]p.

This paper is organized as follows. In Section 2, we prove some lemmas and
inequalities which are needed later. In Section 3, by using the cone theory techniques,
we establish sufficient conditions for the existence of at least two symmetric positive
solutions to the BVP (1)-(2). The main tool in this paper is an application of the
Avery and Henderson’s fixed point theorem for the operator leaving a Banach space
cone invariant.

2. Green’s function and bounds

In this section, we give some lemmas and inequalities for the Green’s function of the
homogeneous BVP corresponding to (1)-(2).

To obtain a solution (y1 (%), y2(t)) of the BVP (1)-(2) we need the G,(t,s) (p is
a positive integer) which is the Green’s function of the BVP,

(—1)PyAY" =0, te [a, bl
y(Av)i(a) —0= y(AV)i(b)7 i=0,1,...p—1.

By induction method, the Green’s function G, (¢, s) can be recursively expressed
as

b
G,(t,s) :/ Gj—1(t,7)G1(r,s)Vr, for j =2,3,...,p, (t, )€ [a,b]Tx[a, b]T’ (3)

where G1(t, s) is the Green’s function of the BVP,
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and it is given by

(b—s)(t—a)

e t<s
b—a ’ -

Gi(t,s) = { - o) st
(b—a) —

Further, it is easy to verify that
Gp(t,s) = 0 on (t,5) € [a,b] X [a, b]p.

We derive growth conditions on f1, f2 so that the BVP (1)-(2) has at least two
symmetric positive solutions. For this the following are needed.

Let D = {v(t)lv : [a,0]p — R isa continuous function}. Define the operator
F;: D — D by

b
Fju(t) ::/ Gj(t,s)v(s)Vs, for t€ [a, b, j=1.
By the construction of Fj, it is clear that
(=17 (Fy0) AV (8) = v(t), t€ [a, bl
(F;0) AV (a) = 0 = (Fu)AY)'(b), i=0,1,...,j—1, and j > 1.

Hence, we see that the BVP (1)-(2) has a solution if and only if the following
BVP has a solution,

leV + f1(t, Fp_qv1, Fno1v2) =0, t € [a’b]T ()
U2Av + fQ(ta Fn—lvla Fm—lv2) = 0, te [a,b]T,

vi(a) = 0= v (b), (5>
va(a) = 0 = va(b).

. . . N (AV)(n—D .

Indeed, if (y1,y2) is a solution of the BVP (1)-(2), then (v; = y; , Uy =

yéAv)(mq)) is a solution of the BVP (4)-(5). Conversely, if (vi,v2) is a solution of

the BVP (4)-(5), then (y1 = F,,—1v1,y2 = Fi—1v2) is a solution of the BVP (1)-(2).
In fact, we have the representation

b b
() = / G (£ 8)0n(5)Vs, walt) = / Gonr (£, 8)02(5) Vs,

where

b
or(s) = / G (5, 7) f1 (72 Fu 101, Fon102) V7,

b
02(8) = / Gl(sv T)f2(7—7 anlvlv mel’l)g)VT.
It is also noted that a solution (v, vs) of the BVP (4)-(5) is symmetric;
ie., wvi(t)=vi(b+a—t)and vo(t) = v2(b+a—t), te€]ablp,

and it gives rise to a symmetric solution (y1,y2) of the BVP (1)-(2).
The following lemmas are needed to establish the main result.
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Lemma 1. Letl € [%5%, b;—a]vﬂw For (t,s) € [a+1,b— I x [a,b], we have

Gy(t.9) > L L2002, "

where j is a positive integer, Lj = ~— and ¢ = f(f;ll “";{ﬂvs.

—a

3
Proof. First, for j = 1 inequality (6) holds provided

t—a b—t l
L; < min{min , min = .
b= {tgss—a s<tb—8} b—a

Next for fixed j, assuming that (6) is true, from (3) we have for (¢,s) € [a+1,b —
”T X [aa b]']ra

b
Gyt )] = | / G;(t,r)Ga(r,5)Vr]

b1
> l G;(t,r)G1(r,s)Vr|
a+

(b =r)(r—a) (b—s)(s—a)
Z/GH gt B, L g,

. (b — —
— L{H(MW_

Hence, by induction the proof is complete. O

Lemma 2. For (t,s) € [a, bl X [a, b]p, we have

Gt) < oy P22, g

where j is a positive integer and ¢g = fab %V&

Proof. For j = 1 inequality (7) is obvious. Next, for fixed j, assume that (7) is
true, then from (3) we have

b
Grat.s)| = | [ GG 5) 9

< /b%‘l(b_”(’”—”) (o) -a)g,

b—a b—a
_ j(b—15)(s—a)
% b—a '
Hence, by induction the proof is complete. O

Lemma 3. Fort,s € [a,b]T, the Green’s function Gj(t,s) satisfies the symmetric

property,
Gj(t,s)=Gj(b+a—t, b+a—s). (8)
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Proof. By the definition of G,(t,s), (j >2)
b
Gj(t,s) :/ Gj-1(t,7)G1(r,s)Vr, forall ¢ s € [a,blp.

Clearly, we can see, G1(t,s) = G1(a+b—t,a+b—s). Now, the proof is by induction.
For j = 2, the inequality (8) is obvious. Next, assume that (8) is true, for fixed j > 2,
then from (3) we have

b
Gjit(t,s) :/ G;(t,r)G1(r,s)Vr
b
:/ Gjla+b—t,a+b—r)Gi(a+b—r,a+b—s)Vr

b
= / Gjla+b—t,r)Gi(r,a+b—s)Vr

=Gjtila+b—-t,a+b—ys).

O
Lemma 4. Fort € [a, b]T’ the operator F; satisfies the symmetric property
Fj (t) = ij(b +a — t)
Proof. By definition of F},
b
Fy(t) = / G5 (t, $)u(s)Vs
ab
= / Gjla+b—t,a+b—s)v(s)Vs
b
= / Gjla+b—t,s1)v(s1)Vs1
= ]y(b +a— t)
O

3. Existence of multiple symmetric positive solutions

In this section, we establish the existence of at least two symmetric positive solutions
for the system of higher order BVP (1)-(2), by using Avery and Henderson’s fixed
point theorem.

Let ¢ be a nonnegative continuous functional on a cone P of the real Banach
space B. Then for a positive real number ¢/, we define the set

P(y,c) ={y € Ply(y) <},

In obtaining multiple symmetric positive solutions of the BVP (1)-(2), the fol-
lowing Avery and Hendersons Fixed Point Theorem will be fundamental.
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Theorem 1 (See [6]). Let P be a cone in a real Banach space B. Suppose o
and vy are increasing nonnegative continuous functionals on P and 6 is nonnegative
continuous functional on P with 6(0) = 0 such that for some positive numbers ¢
and k,

Y(y) <0(y) <aly) and |y [|<ky(y) forall ye P(y,c).

Suppose there exist positive numbers a’' and b’ with o’ <V < ¢ such that

O Ay) < M(y) 0<A<1 and y e dP(H,V).
Further, let T : P(vy,c') — P be a completely continuous operator such that

(B1) ~4(Ty) > for ally € OP(y,c),

(B2) 6(Ty) <V forally € OP(6,V),
(B3) P(a,a’) # 0 and a(Ty) > a' for ally € OP(a,a’) with 6(Ty) > b'.

Then, T has at least two fized points y1,y2 € P(vy,c’) such that

O(y1) < b, with a(y)>d,

and
Y(y2) < ¢ with O(y2) >V. O

To apply the above theorem we define the following.
Let Cy = {(v1, v2)|v1,v2 : [a, b]T — R are continuous functions} be the Banach
space equipped with the norm

[ (vi,v2) [[=] v1 [lo + || v2 [lo,

where

= t)l.
2o e o)

For a fixed kg € [b_T“, b—?a]']r’ define the cone P C Cj by

P ={(v1,v2) € Colv1(t) =vi(b+a—1t) and vs(t) =va(b+a—1),
v1(t) >0 and wvy(t) >0,
vV(t) <0 and vV (1) <0, t€ [a, O],

minyefako b—kolp (1 (E)] + [v2(1)]) = s | (v, v2) 1},

where t; = b"'Ta. We let tg = a + ko and ¢ty < t;. Now, define the nonnegative
continuous increasing functionals v, 6 and « on P by

000 22) = 1y (P + 20 = )]+ ot

o) = i (0] + o) = 00 + fate)

o) = g 5, (] + a0)) = o)+ o)
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We observe that for any (vq,v2) € P,

Yon ) = B, o) < max (u(0)] + () = a(n ), (9)
te[a-'rk}o,b—ko]r]r
l o) < 2% min (u(®)] + [oa0)]) (10)
LR = Dok, t€[atko,b—kol ! 2
cboe max  (jur(t)] + [os(8)])
- Qko tG[a,aﬁ»ko]TU[lJfko,b]T ! 2
b—a b—a
= %‘9(01,@2) = T]%’Y(Uhvﬁ,
and also
lono) <222 min (o) + oa(0)])
LRl = 2kq tE[a+ko,b—ko]T ! 2
b—a
< t t
< o o g (101 a6
b—a
= Tkoa(vl,UQ).

We are now ready to present the main result of this section.

Theorem 2. Suppose there exist 0 < o' < b < ¢ such that f1 and fo satisfy the
following conditions:

(A1) |fi(t, un—1, wm—1)| > ;—; for all (t,[un—1], [wn-1]) in [a,b]p x [Lp—tgr—te,

(b—a)c’ n—1 m—1_ m—-1_s (b—a)c’ m—1
%0 | X L e R B

or

[ fo(t, un—1, Wm—1)| > ;—; for all (¢, |un—1], |wm—1]) in [a, 0] x Ly tor—te,
B I L A

(A2) |fi(t, up—1,wm—1)| < % for all (t,|un—1],|wWm-1]) n [a,b]v]l-a X [Lf‘_lgbf_lb’,

(b;}:lo)b/ g—l] « [L;nfl(é;nflb/’ (bg]:zo)b/ anl] fOT’i =1,2.

(A3) |f1(taun—1aw7l’L—1)| > ;% fOT’ all (tv |Un_1|, |’UJm_1D n [a7b]T X [L[n_ld)ln_lala

(b—a)a’ n—1 m—1 m—1_s (b—a)a’ ;m—1
3% 20 ] x [L 1 4 e, %o ],

or

n—1_7

| f2(t, Un—1, Wrn—1)| > %; for all (t,|un—1|,[wm—1]) in [a,b]r]r X [L?_lcﬁl a,

(b—a)a’ n—1 -1 ,m-1 (b—a)a’ -1
%o o I x LT e %o oo ]

Then the BVP (1)-(2) has at least two symmetric positive solutions.
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Proof. Define the completely continuous operator T : Cy — Cj by

T(vy,v2) = (ff CT;l(tas)fl(s7Fn—1v1;Fm—17)2)VS,
fa Gl(t, s)fg(s,Fn_lvl,Fm_lvg)Vs).

And also we denote

b
T1(vl,v2) ::/ Gl(t,S)fl(S,Fn_lvl,Fm_l’Ug)VS,

b
Ty (v1,v2) 2:/ G1(t,s) fa(s, Fu—1vi, Fry1v2) Vs.

It is obvious that a fixed point of T is a solution of the BVP (4)-(5). We seek
two fixed points (z1,22),(y1,y2) € P of T. First, we show that T : P — P.
Let (vi,v2) € P. Clearly, Ty(vi,v2)(t) = 0, To(vi,v2)(t) = 0 for ¢ € [a,b]p,
and TPV (v, v9)(t) < 0, TAY(vy,v2)(t) < 0 for t € la, b Further, since
G1(t,s) = G1(b+a—t,b+a—s). Hence, it follows that T1(vi,vs)(t) = T1(v1, v2)(b+
a —1t), Ta(vi,v2)(t) = Tz(v1,v2)(b+a —1t), for t € [a,bp. Also, noting that
Tl(vl,vg)(a) =0= Tl(vl,UQ)(b),TQ(Ul,UQ)(a) =0= Tg(’Ul,’Ug)(b) and H T(’Ul,vz) ||=
|T1(’Ul, Ug)(t1)| + |T1(’L)1,’Ug)(t1)‘, we have

min (|71 (v1,02) ()] + [T2(v1, v2)(2)])
t€[a+ko,b*ko]T

= min (|71 (v1,v2)(t)| + |T2(v1,v2)(2)])

t€fatko,t ]
> min || T(v1,0) |
- te[a—‘rko,tl]v]r tl —a 12
ko %o
S T, ) = 2 T, ) |
Thus, T: P — P.
Next, it obvious that 6(0,0) = 0. Further, for any (vi,v2) € P, by (9)-(10),
respectively, we have y(v1,v2) = 8(v1,v2) < a(v1,v2) and || (v1,v2) ||< Z’Q_T;W(vhvg).

Also, for any 0 < A < 1 and (v1,v2) € P. We have

OO = iy 1M+ ()

(Toa (@) |+ [v2(t) [) = A0(v1, v2).

max
[a,a+k0]TU[b7k§0,b]T

It remains to verify conditions (B1)—(B3) of Theorem 1. To show that condition
(B1) holds, let (v1,v2) € dP(7,¢'). So

5 = 1 t + t .
y(v1,v2) te[wg}bn_kw(\ vi(t) | + | va(t) |)

For t € [a + ko, b — ko], it is clear from (10) that

d = min
te[a-&-kmb—ko]f]r

(on(t) | + | wa(t) ) <I| (02, 02) 1<
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Using Lemma 2, and for t € [a, 0],

b
F,_1v1 :/ Gr-1(t,8)v1(s)Vs

_ / b
< %/ Gpo1(t,5)Vs

_ (- / (b-s)s—a)g _(b-a) .\

= 2%y O b—a T 2kg O

Similarly,

Using Lemma 1, we obtain

b
Fn—lvl / Gn—l(ta S)Ul(S)VS

ab—l
2 anl(tv S)VS

a—l1

b—1
b— —
2 L?_ld)?_ch/ ( bS)(S a’) VS
a—l1 —a

_ L;lfl ;Lflcl.
Similarly,

-1 -1 7
Fm_l’Ug Z L;n lm, C.

We may now use condition (A1) to obtain

b
V(T (v1,v2)) = te[a+g}£kO]T |(/a Gi(t, s) fr(Fp—1v1(s), Fin—1v2(s)) Vs|

T / G (1, ) o Fo-101(8), Frn102())Vs])

5 C /b (b—s)(s—a)

s _
%o —_ Vs =c.

Therefore, we have shown that v(T'(v1,v2)) > ¢ for all (v, vs) € IP(v,c).
Next, we shall verify condition (B2) holds, let (vy,ve) € OP(6,). So

0((v1,v2)) = (Hor ()] + o2 (B)]) | -

max
tE[a,a+k0]TU[b—kg,b]T
For t € [a,a + ko] U [b — ko, b] . It is clear from (10) that

(b—a)t’
2ky

b = (| or ()] + Jva ()

)

<l (v, v2) [I<

max
té[a,a+ko]TU[b—ko,b]T

463
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Using Lemma 2, we obtain for ¢ € [a, b}r]r,

b
Fo_1n :/ anl(tvs)vl(s)vs
(b—a)b’ /b
< M7
S ok ) Gn-1(t,s)Vs

(b—a . / (b-s)s—a)

<

2ky © b—a
_b=a)t
2k 0
Similarly,
(b—a)t) .. 1
F,_ < ——0 .
m—1U2 > 2]€0 0

Using Lemma 1, we obtain for ¢ € [a, b]r]r,

b
Fn—lvl :/ Gn—l(tas)vl(s)vs

b—1
> b Gn-1(t,s)Vs
!

b=t (b—s)(s—a)
b—a

2 Lln—ldj?—le/ Vs

a—l
— L?71¢771b/-
Similarly,
Fm—1U2 > L[Tn_l(b;n_lb/'

We may now use condition (A2) to obtain

b
0(T (v1,v2)) = b}’ﬂ‘(-/ Gi(t,8) fr(Fa—1v1(8), Frn—1v2(s)) Vs,

max
te[a,a-f-ko]r]rU[b—k)o,
b
| Grlt9) faFuroa(s), Fraoas)) V)
v o[P(b-s)(s—a) Vo[ (b—s)(s—a) )
2¢o/a b—a VSJF%/CL b-a

Therefore, we have shown that 8(T (v1,v2)) < V' for all (vi,vs) € OP(6,V).

Finally, we show that (B3) holds. Clearly, %/ € P(a,a’) # 0. Now, let (v1,v2) €
OP(a,a’). So a(vy,vy) = ma‘xte[a+ko,b—ko]r]r(| vi(t) | + | v2 |). For t € [a + ko,b —
ko]rp- It is clear from (10) that

b—a)a’
a = te[a+£r01%)>ik0]T(| vi(t) | + [ va(t) |) <l (v1,v2) [|< (270)‘
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Using Lemma 2, we obtain for ¢ € [a, b}r]r,

b
Fr_1vn :/ anl(tas)vl(s)vs

b— l b
%/ Gr-1(t,s)Vs

(b—a)d ng/b (b—S)(S—a)v _(b—a)d 4
2% 0 ) b—a ST T ok, D0

IN

Similarly,

b
F_1v2 < (

Using Lemma 1, we obtain for ¢ € [a, b]r]r,

b
Fn—lvl = / Gn—l(tﬂ S)vl(s)vs

b—1
a Gn-1(t,s)Vs

a—l1

b—1
b— _
Lln—l f—za// | ( ;)_(sa a)Vs:Lln_l ?_1a'.

Y

v

Similarly,

m—1_ m—1_1/
Fn,]_UQ Z Ll i a .

We may now use condition (A3) to obtain

o(T(v1,v2)) = ( / Gt 5) fo(Fo101(5), Fon109(s))V's

max
te[a—‘rk‘o,b—ko]r]r
b
/ G () fa F_y01(5), Fro_102(5))Vs)

a' /b(b_s)(s_a)Vsza/-

o % b—a
Therefore, we have shown that (T (v, v2)) > a' for all (v1,v2) € IP(a, a’).

‘We have proved that all the conditions of Theorem 1 are satisfied and so there ex-
ist at least two symmetric positive solutions (v1, v2), (w1, ws) € P(7, ') for the BVP
(4)-(5). Therefore, the BVP (1)-(2) has at least two symmetric positive solutions
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(y1,92), (w1, x2) of the form
yl(t): n— 1U1 / G- 1 t Svl )v

yg(t) = Fm_l’Ug(t) :/ G7n—1(t75)v2( )VS,

a

b
21(t) = Fr_1wq(t) */ Gr-1(t,s)wi(s)Vs,
xo(t) = F_1wo(t / Grm—1(t, s)wa(s)Vs.

This completes the proof of the theorem. O

4. Examples

As an application, we demonstrate our results with examples.

Example 1

Consider the system of differential equations,

yi¥ + filt.yr,y2) =0, t €0, 1
yo¥ + falt.yn,y2) = 0, t€ [0, 1

subject to the two-point boundary conditions

where

5(t — 3)?sin(2y1y2 + 1) 5, t € [0, 1], v1 € [0, 3], v2 € [0, 4]
127yi;142, g€ [%’2]

fl(tyhy?) = ?ﬂyli';lsﬂa Y1 € [279]
35y1 — 245, 1 € [9,13],
2()0;,;;5997 1 € [13,55),
112:‘/%2/%3 Y1 € [%71]3 Y2 € [4117 l]a

fa(t,y1,92) = § —101ye + 213, y2 € [2,8],
812y — 7091, yo € [9, 36],

on a time scale,

1 13153 7
T=lo-|uls 2222 I
[0’8}U{4’8’2’8’4}U[87 }
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and

0, 1] =[0,1]n'T.
Clearly, f;, i = 1,2 satisfies the symmetry property
i.e., filt,y1,y2) = fi(l —t,y1,y2), forallt e [0, I]T, fori=1,2.
Let G(t, s), be the Green’s function of the following boundary value problem

—yAV(t) =0, te[0,1]m,
’ T (14)

which is given by

for all ¢, s € [0, 1] .

The operator T'(v1,vs) satisfies the symmetry property, i.e.
T'(v1,v2)(t) = T'(vy,v2)(1 — ), forallt € [0,1]p.

After computation
! 1
$o = / G(s,s)Vs = —.
0 6

If we choose the positive constants a’, ¥’ and ¢’ as 1, 3 and 7 respectively, then

all the conditions of Theorem 2 are satisfied. Hence by Theorem 2,the boundary
value problem (12), (13) has at least two symmetric positive solutions.

Example 2

Consider the system of differential equations

y§AV) + fl(taylva) = 07 te [07 HT (15)
y2AV + f2(t7y17y2) = 07 te [07 H']I‘

subject to the two-point boundary conditions

Y1 (O) =0= yl(l)a
YtV (0) =0 =ypV (1), (16)
y2(0) = 0 = ya(1),
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where
2688192, y1 € [$.1], 2 € [g5. 5,
—17y; + 45, y1 € [2,8],
9, 36,

—4303y; + 86295, 1 € [40,100],

[

[

filt,y1,y2) = { 308y — 2247, Y1 €]
[

60267y; — 3012865, y; € [200,800],

y2e(t=2)* t€[0,1]p, v €0, 4],
1 1
fa(t,y1,y2) = (800_264)ZS_QOO+364 Y2 € [, 5],
W7 Y2 € [%v’?]v

on a time scale
1 13153 7
T—l|o-|uls 2222 fa
osolieesi)v s

0,1} = [0,1]n T.

and

Clearly, f;, ¢ = 1,2 satisfies the symmetry property, i.e.
fi(t,yl,yg) = fz(l — t,yl,y2)7 for all t € [O, I]T for i = 1,2

Let G1(t,s), be the Green’s function of the following boundary value problem
(17)

which is given by

for all ¢, s € [0, 1]. Now we define

1
Gg(t,s):/o G1(t,r)G1(r,s)Vr,

and it is the Green’s function of the boundary value problem

The operator T'(vy, vs) satisfies the symmetry property, i.e.

T(vy,v2)(t) = T(vi,v2)(a+b—1t), foralltel0,1]p.
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After computation

! 1
oo :/ G1(s,8)Vs = —.
0 6

If we choose the positive constants a’, b’ and ¢’ as i, 2 and 9, respectively, then

all the conditions of Theorem 2 are satisfied. Hence by Theorem 2, the boundary
value problem (15), (16) has at least two symmetric positive solutions.
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