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Abstract. In this paper, we introduce the concept of an operation v on a family of S-open
sets denoted by SO(X) in a topological space (X, 7). Using the operation v on SO(X), we
introduce the concept of B-y-open sets, and investigate the related topological properties.
We also introduce the notion of 3-v-T; spaces (i = 0,1/2,1,2) and study some topological
properties on them. Further, we introduce (3-(v, b)-continuous maps and investigate basic
properties. Finally, we investigate a general operation approach to (-closed graphs of
mappings.
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1. Introduction

Throughout this paper, (X, 7) and (Y, o) represent non-empty topological spaces on
which no separation axioms are assumed, unless otherwise mentioned. The closure
and interior of A C X will be denoted by Ci(A) and Int(A), respectively. Kasahara
[5] defined the concept of an operation on a topological space and introduced the
concept of a-closed graphs of functions. Further, Monsef et al. [1] initiated the study
of f-open sets and [-continuity in a topological space and Jankovié [4] defined the
concept of an a-closed set and investigated the functions on a-closed graphs. Ogata
[8] called the operation « (respectively, a-closed set) as a y-operation (respectively
~-closed sets) and introduced the notion of 7., which is the collection of all y-open
sets in a topological space (X, 7). Morever, he introduced the concept of v-T; (i =
0, 1/2, 1, 2) spaces and characterized 7-T; spaces by the notion of y-closed sets or
y-open sets.

The family of all 8-open sets of X is denoted by SO(X). In this paper, Section 2
is the introduction of the concept of the family SO(X), of all -y-open sets by
using the operation v on SO(X) in (X, 7). Further, we introduce the concept of /3-
~-closure, BO(X),-closure and study their relationships. In Section 3, we introduce
the concept of 8-v-T; (i = 0,1/2,1,2) spaces and characterize 3-v-T; spaces by the
notion (-y-closed or [-v-open sets. In Section 4, we define a new class of maps
called f3-(v, b)-continuous maps and study some of their properties. In Section 5, we
investigate a general operation approach of J-closed graphs of mappings.

*Corresponding author. Email address: sanjaytahiliani@yahoo.com (S. Tahiliani)

http://www.mathos.hr/mc (©2011 Department of Mathematics, University of Osijek



578 S. TAHILIANI
2. (-v-open sets

Definition 1. Let (X, 7) be a topological space. A subset A of space X will be called
B-open [1] if A C Cl(Int(CI(A))). The complement of a [3-open set is said to be
B-closed [1]. The intersection of all B-closed sets containing U, the subset of X, is
known as a B-closure [3] of U and it is denoted by SCUU). It is obvious by definition
that U C BCI(U).

Definition 2. An operation v [4] on the topology T is a mapping v : 7 — P(X)
from T to the power set P(X) of X such that V- C V7 for each V € 7, where V7
denotes the value of v at V.

Definition 3. (i) A subset A of a topological space is called a y-open set [8] of
(X,7) if for each x € A there exists an open set U such that x € U and UY C A.
The complement of a y-open set is said to be y-closed.

(i) The point x € X is in the vy-closure [4] of a set A C X if UYNA # ¢ for
each open set U of x. The ~y-closure of a set A is denoted by Cl,(A). Also 7,-
Cl{A) =({F: AC F, X\ F € 1,}, where 7, denotes the set of all y-open sets in
(X, 7).

Definition 4. An operation v on BO(X) is a mapping v : BO(X) — P(X) from
BO(X) to the power set P(X) of X such that V- C V7 for each V € fO(X) and V7
denotes the value of v at V.

Definition 5. Let (X, 7) be a topological space and v an operation on SO(X). Then
a subset A of X is said to be B-y-open if for each © € A, there exists a (B-open set
U such that z € U and UY C A. Also fO(X), denotes the family of B-y-open sets
in X.

The following is an example:

Example 1. Let X = {a,b,c}, 7 = {0, X,{a}, {b}, {a,b}} and v be an operation
on BO(X) such that AV = A, if b € A;AY = CI(A) if b ¢ A. Then O(X), =
{0, X,{a,c},{b,c}, {b},{a,b}}.
Theorem 1. Let v be an operation on BO(X). Then the following statements hold:

(i) Every [(-vy-open set of (X,7) is f-open in (X, 1), i.e, BO(X), C SO(X).

(i) Every ~y-open set of (X, T) is B-y-open.

(iii) Let {An}tacs be a collection of B-y-open sets in (X, T).
Then |J{Aq : « € J} is also a B-y-open set in (X, 7).
Proof. (i): Let A € fO(X),. Let z € A. Then there exists a 3-open set U such that
x €U CUY C A. As U is a -open set, this implies that € U C Cl(Int(Cl(U))) C
Cl(Int(CI(A))). Thus we show that A C Cl(Int(CIl(A))) and hence A € BO(X).
Therefore BO(X), C SO(X).

(ii): Let A be a v-open set in (X, 7) and € A. There exists an open set U

such that x € U C U”Y C A. Since every open set is S-open, this implies that A is a
[-y-open set.
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(iii): If 2 € [J{Aq : @ € J}, then z € A, for some a € J. Since A, is a -y-open
set, so there exists a S-open set U such that UY C A, C |J{As : « € J}. Therefore,
U{Aq : @ € J} is also a B-y-open set in (X, 7). m]

Remark 1. (i) The converse of (i) and (ii) of the above theorem is not true. Let
X ={a,b,c} and T ={0,X,{a},{a,b}}. Let~ be the operation on BO(X) such that
AT = Aifbe A;AY = Cl(A) ifb¢ A. Then {a} is a B-open but not a B-y-open
set.

(it) Consider Example 1. {a,c} is a B-y-open set but not a y-open set.

(iii) In general, the intersection of two B-y-open sets need not be a B-y-open set.
Consider Example 1. The sets A = {a,c} and B = {b,c} are B-y-open sets in (X, ),
but AN B = {c} is not a B-y-open set in (X, 7).

Definition 6. (i) A space (X, 7) is said to be a B-y-regular space if for each x € X
and for each B-open set V' containing x, there exists a B-open set U containing x
such that UY C V.

(it) Let v be an operation on O(X). Then «y is said to be B-regular if for each
x € X and for every pair of B-open sets U and V' containing x, there exists a B-open
set W such that x € W and WY CUYN V7.

Theorem 2. Let (X, 7) be a topological space and v an operation on SO(X). Then
the following statements are equivalent:

(1) BO(X) = FO(X),.
(2) (X,7) is a B-y-regular space.

(8) For every x € X and every B-open set U of (X, T) containing x there exists a
B-v-open set W of (X, 7) such that x € W and W C U.

Proof. (1)=(2): Let z € X and let V be a (-open set containing z. Then by
assumption, V' is a §-y-open set. This implies that for each x € V, there exists a
B-v-open set U such that UY C V. Therefore (X, 7) is a 8-y-regular space.
(2)=(3): Let € X and let U be a -open set containing x. Then by (2), there
is a [f-open set W containing x and W C WY C U. Applying (2) to set W shows
that W is B-y-open. Hence W is a §-y-open set containing x such that W C U.
(3)=(1): By (3) and Theorem 1 (iii), it follows that every -open set is 5-y-open,
ie., fO(X) C BO(X),. Also from Theorem 1 (i), SO(X), € BO(X). Hence we
have the result. O

Theorem 3. Let v be a (-regular operation on BO(X). Then the following state-
ments hold:

(i) If A and B are B-y-open sets in (X,T), then AN B is also a B-y-open set in
(X, 7).

(it) BO(X)y forms a topology on X.
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Proof. (i): Let x € AN B. Since A and B are 8-y-open sets, there exist G-open sets
U and V such that x € U,V and U” C A and V7 C B. By f-regularity of v, there
exists a B-open set W containing x such that WY C U" N V7 C AN B. Therefore
AN B is a B-v-open set.

(ii): It follows by (i) above and Theorem 1 (iii). m]

Definition 7. Let v be an operation on SO(X). The set A is said to be B-y-closed
if X\ A is B-y-open.

Definition 8. Let v be an operation on O(X). The point x € X is said to be
B-y-closure of the set A if UTNA #( for each 3-open set U containing x. Cl,(A)
denotes the 3-y-closure of a set A.

Definition 9. Let v be an operation on BO(X). Then BO(X)-CI(A) is defined as
the intersection of all B-y-closed sets containing A.

Theorem 4. Let (X,7) be a topological space and A a subset of X. Let v be an
operation on SO(X). Then for each point y € X,y € BO(X)-Cl(A) if and only if
VNA#Q for every V € fO(X), such that y € V.

Proof. Let E={y e X| (VNA)#0 for every V € BO(X), and y € V'}. To prove
the theorem, it is enough to show that £ = SO(X),-CIl(A). Let = ¢ E. Then there
exists a V € SO(X), such that VN A = . This implies that X \ V is f-y-closed and
A C X\V. Hence fO(X),-Cl(A) C X\ V. It follows that = ¢ BO(X),-CI(A). Thus
BO(X),-Cl(A) C E. Conversely, let ¢ SO(X),-CIl(A). Then there exists a §-v-
closed set F' such that A C F and « ¢ F. Then we have x € X \ F, X \ F € fO(X),
and (X \ F) N A = (. This implies that ¢ E. Hence E C fO(X),-CIl(A). m]

Theorem 5. Let (X,7) be a topological space, A and B subsets of X and 7 an
operation on BO(X). Then the following relations holds:

(i) The set BO(X).-CI(A) is B-y-closed and A C BO(X),-CI(A).
(ii) A is B-y-closed if and only if A = BO(X),-Cl(A).
(iii) If A C B, then BO(X),-Cl(A) C BO(X),-CI(B).
(iv) (BO(X)y-ClL(A)) U (BO(X),-CU(B)) € (BO(X),-Cl(AU B)).

(v) If)w) is B-regular, then (BO(X),-Cl(A))U(BO(X),-Cl(B)) = (BO(X),-CI(AU
B)).

(vi) (BO(X),-CI(AN B)) € (BO(X),-CI(A)) N (BO(X),-CI(B)).
(vii) (BO(X),-CUBO(X),-CI(A)) = BO(X),-CI(A)).

Proof. (i): It is obvious from Theorem 1 (iii), Definitions 7 and 9.

(ii): It is clear from (i), Definitions 7, 9.

(iii): It is obvious from Definition 9.

(iv), (vi): These proofs are obvious from (iii).

(v): Let z ¢ (BO(X),-Cl(A)) U (BO(X)-Cl(B)). Then there exists two [§-7-
open sets U and V containing x such that UN A = () and V N B = (. By Theorem 3
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(i), it is proved that U NV is S-y-open in (X, 7) such that (UNV)N (AU B) = 0.
Thus we have z ¢ (O(X),-Cl(AU B)) and hence BO(X),-CI(AU B) U (BO(X),-
Cl(A)) C (BO(X)4-Cl(B)). Using (iv), we have the equality.

(vii): From (i), we have SO(X),-Cl(A) C BO(X),-Cl(BO(X),-Ci(A)). For
BO(X),-Cl(BO(X),-Cl(A)) C BO(X),-Cl(A), let z € BO(X),-Cl(BO(X),-Cl(A))
and V be any (-y-open set containing . We claim that V N A # (. Indeed, by
Theorem 4, V N (B0(X),-Cl(A)) # 0 and so there exists a point z such that z € V/
and z € BO(X),-Cl(A). Moreover, by Theorem 4, for a point z, it is shown that
VNA # 0. Thus, we have that for any point z € V,;V N A # () and so =z €
BO(X),-CIl(A). Hence we conclude that S0(X),-Cl(BO(X),-Cl(A)) € BO(X),-
Cl(A). Hence we have fO(X),-Cl(BO(X),-Cl(A)) = BO(X),-CI(A). m]

Theorem 6. Let v : BO(X) — P(X) be an operation on BO(X) and A and B
subsets of X. Then the following relations hold:

(i) BCL,(A) is a B-closed set in (X,7) and A C BCL,(A).

(ii) A is B-y-closed in (X, 7) if and only if A = BCL,(A) holds.
(iii) If (X, 7) is B-y-regular, then BCL,(A) = BCI(A).
(iv) If A C B, then BCL,(A) C BCL,(B).

(v) BCL,(A)U BCL,(B) C BCL,(AU B) holds for any subsets A and B of X.

(vi) Let v be a B-regular operation on BO(X), then SCl, (AU B) = BCI,(A) U
BCL,(B) holds for any subsets A and B of X.

(vii) BCl, (AN B) C BCl,(A) N BCL,(B) holds.
(viii) If~y is B-open, then BCIl,(A)=L0(X),-Cl(A) and SC1,(BCL,(A)) = BCl,(A).

Proof. (i): Let z € SCI(3Cl,(A)). Then U N BCL,(A) # 0 for every (-open set
U containing . Let y € U N BCL,(A). Then y € U and y € BCL,(A). Since
U is a (-open set containing y, this implies U" N A # . Thus, z € BCIL,(A).
Hence pCU(6CI,(A)) C BCL,(A). This implies that BCI,(A) is a B-closed set (from
Definition 2.1). Also, A C SCl,(A) is clear by Definition 8.

(ii) (Necessity): Suppose that X \ A is f-y-open in (X, 7). We claim that
BCL,(A) € A. Let x ¢ A. There exists a S-open set U containing = such that
UYC X\ A, ie, U'NA=(. Hence using Definition 8, we have that « ¢ 5CI,(A)
and so BCL,(A) C A. So by (i), it is proved that A = BCL,(A).

(ii) (Sufficiency): Suppose that A = BC1,(A). Let x € X\ A. Since z ¢ 3CL,(A),
there exists a S-open set U containing x such that UV N A = 0, i.e., UT C X \ A,
namely X \ A is S-y-open in (X, 7) and so A is G-y-closed.

(iii): By Definition 8, we have SCI(A) C BCI1,(A). Let = ¢ SCI(A). Then, there
exists a (B-open set U containing x such that U N A = (). Using (-y-regularity of
(X, ), there exist a S-open set V' containing « such that V7 C U and so V' NA = (.
Thus we have that « ¢ SCl,(A). Therefore we have that 3Cl,(A) C BCI(A).

(iv): It is obvious by Definition 8.

(v): It is obvious from (iv).
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(vi): It is enough to show that SCI,(A U B) C BCL,(A) U BCIl,(B). Let = ¢
BCL,(A) U BCL,(B). Then, there exist G-open sets U and V such that x € U,z €
V,U"NA=(and VYN B = {. Since ~ is S-regular, by Definition 6, there exists a
B-open set W containing x such that WY C U N V7. Thus we have WYN(AUB) C
UTNVHY)IN(AUB) C(U"NAUV'NB)=0,ie, WIN(AUB) = (. Hence
z ¢ BCl,(AU B) and so Cl,(AU B) C 8CL,(A) U 5Cl,(B).

(vii): It is obvious by Definition 8.

(viii): By Theorem 5 (i), we have SCl,(A) C BO(X),-Cl(A). Now we prove
that BO(X),-Cl(A) C BCL,(A). Let = ¢ 3CL,(A). Then, there exists a S-open set
U containing x such that U N A = (. Since v is S-open, there exists a 3-y-open set
S such that x € S C U". Therefore SN A = (). This implies that z ¢ 5O(X),-Cl(A)
and so O(X),-CIl(A) = pCI,(A). Since SO(X),-Cl(BO(X)-Cl(A)) = BO(X),-
CI(A) (Theorem 5 (vii)). Hence we have that SCL,(8CL,(A)) = BCl,(A). i

Remark 2. We cannot remove the assumption of B-regularity of v in Theorem 6
(vi). Consider Example 1 and let v : BO(X) — P(X) be an operation defined by
v(4) := Cl(A) for any A € BO(X). Now BO(X) = {0, X, {a},{b},{a,b},{a,c},
{b,c}} and BO(X), = {0,X,{b,c},{a,c}}. Let A = {a} and B = {b}. Then,
BCl,(AUB) = X ;5CL,(A) = {a};5Cl,(B) = {b}. The operation ~y is not 3-regular.

Theorem 7. For any subset A of a topological space (X,T) and any operation
~v: BO(X) — P(X), the following inclusions hold.

(i) BCI(A) C BCL,(A) C BO(X),-CI(A) C 7,-CI(A).
(ii) BCI(A) C CI(A) C Cl,(A) C =,-CI(A).

Proof. (i): The implication SCI(A) C BCl,(A) is obtained by Definitions 2 and 8.
The implication SCl,(A) € BO(X),-CI(A) is obtained from Definitions 5, 8 and 9.
The implication SO(X),-Cl(A) C 7,-Cl(A) is obtained from Definition 9.

(ii): The implication SCI(A) C CI(A) is trivial, the implication CI(A) C Cl,(A)
is obtained by Definition 3. The implication Cl,(A4) C 7,-CIl(A) is obtained from
Definitions 3 and 9. O

Theorem 8. Let (X, 1) be a topological space, A a subset of X and v an operation
on BO(X). Then the following are equivalent.

(1) A is B-y-open.
(2) BCL(X\ A) = X \ A.
(3) BO(X),-Cl(X \ A) = X \ A.
(4) X\ A is B-y-closed.
Proof. (1)<(2): It is obtained by Theorem 6(ii).

(3)<(4): It is proved by Theorem 5 (ii).
(4)<(1): It is proved by Definitions 9 and 7. ]
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3. (-7-T; Spaces

Definition 10. (i) A space (X,T) is called B-y-Ty if for any two distinct points
x,y € X, there exists a B-open set U such that either x € U and y ¢ UY ory € U
and x ¢ U".

(i) A space (X, 1) is called a B-y-T} if for any two distinct points x,y € X, there
exists B-y-open set U such that either x € U andy ¢ U orye U and x ¢ U.

Definition 11. (i). A space (X,7) is called B-y-Ty if for any two distinct points
x,y € X, there exist two B-open sets U and V' containing x and y, respectively, such
thaty ¢ UY and z ¢ V7.

(i) A space (X,7) is called S-y-T| if for any two distinct points x,y € X, there
exists two B-y-open sets U and V' containing x,y respectively such that y ¢ U and
x¢V.

Definition 12. (i) A space (X, 1) is called B-y-Ty if for any two distinct points
x,y € X, there exists 3-open set U,V such that x € Uy € V and U NV = ().

(it) A space (X, 1) is called B-y-Ty if for any two distinct points x,y € X, there
exist B-y-open sets U,V such that x € U,y € V and UNV = .

Definition 13. Let v be an operation on fO(X). Then 7 is said to be (-open if
for each point x € X and for every open set U containing x, there exists a B-y-open
set V such thatx € V and V C U".

Theorem 9.

(i) A space (X,7) is a B-y-T}) space if and only if, for every pair x,y € X with
v %y, BO(X)-Cllx) # FO(X),-Clly).

(ii) Let v be a B-open operation. A space (X,T) is a B-y-To space if and only if,
for every pair x,y € X with x # y, fCl,({z}) # BCl,({y}).

(iii) Let v be a (-open operation. A space (X,T) is B-y-Ty if and only if it is
B-v-Tg.

Proof. (i) (Necessity): Let z and y be any two distinct points of a 5-v-T{ space
(X, 7). Then, by definition, we assume that there exists a S-y-open set U such that
x €U and y ¢ U. Hence y € X \ U. Because X \ U is a 8-y-closed set, we have
BO(X),-Cl({y}) € X \ U and s0 §O(X),-Cl({z}) # BO(X),-Cl({y}).

(i) (Sufficiency): Suppose that for any =,y € X,z # y. Thus we have SO(X),-
Cl({z}) # BO(X),-Cl({y}). Thus we assume that there exists z € fO(X),-Cl({z})
such that z ¢ O(X),-Cl({y}). We shall prove that = ¢ O(X),-Cl({y}). Indeed if
z € BO(X),-Cl({y}). then we get AO(X),-Cl({a}) C FO(X),-Cl({y}) (by Defni-
tion and Theorem 5 (iii)). This contradiction shows that X \ (80(X),-Ci({y})) is
a (-y-open set containing x but not y. Hence (X, 7) is a S-v-Tj, space.

(i) (Necessity): Let « and y be any two distinct points of a 8-v-T{ space (X, T).
Then by definition, we assume that there exists a S-open set U such that z € U and
y ¢ U7. It follows from the assumption that there exists a B-y-open set S such that
x€ Sand SCU". Hencey € X \UY C X\ S. Because X \ S is a §-vy-closed set,
we obtain that 8CIL,({y}) € X \ S and so BCI,({z}) # BCl,({y}).
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(ii) (Sufficiency): Suppose that x # y for any xz,y € X. Then we have that
BClL,({z}) # BCL,({y}). Thus we assume that there exists z € SCL,({z}) but z ¢
BCL,({y}). f x € BCL,({y}), then we get 5CI({x}) C BCL,({y}) (Theorem 5 (iii)).
This implies that z € 3CL,({y}). This contradiction shows that = ¢ SCl,({y}). So
by Definition 8, there exists a 3-open set W such that z € W and W7 N {y} = 0.
Thus, we have that x € W and y ¢ W7. Hence (X, 1) is 8-v-Tp.

(iii): This follows from (i), (ii) and the fact that, for any subset A of (X,7),
BO(X),-Cl(A) = BCL,(A) holds under the assumption that v is 8-open (Theorem 6
(iii)). m]

Definition 14. A space (X, 7) is said to be 3-v-Ty,y if every (-y-g.closed set of
(X, 1) is B-y-closed.

Theorem 10. Let (X, 7) be a topological space and vy be an operation on SO(X).
Then the following statements are equivalent:

(1) A is -y-g.closed in (X, T).
(2) (BO(X)-Cl(z))NA#D for every x € BCL,(A).

(3) BCL,(A) C BO(X),-Ker(A) holds, where O(X)-Ker(E) = {V|ECV,V €
BO(X),} for any subset E of (X, ).

Proof. (1)=(2): Let A be a 8-y-g.closed set of (X, 7). Suppose that there exists
a x € fCL,(A) such that (BO(X),-Cl({z})) N A = 0. By Theorem 5 (i), BO(X),-
Cl({z}) is B-y-closed. Since A C X \ (BO(X),-Cl({z})) and A is f-y-g.closed, we
have that BCI,(A) C X \ (BO(X)4-Cl({z})) and hence = ¢ BCL,(A). This is a
contradiction. Therefore, (BO(X),-Cl({z}))N A # 0.

(2)=(3): Let z € 5CI,(A). By (2), there exists a point z such that z € SO(X)-
Cl({z}) and z € A. Let U € SO(X), be a subset of X such that A C U. Since
z € U and z € fO(X),-Cl({z}), we have that U N {z} # 0. Hence we show that
z € fO(X),-Ker(A). Therefore Cl,(A) C (BO(X),-Ker(A)).

(3)=(1): Let U be any B-y-open set such that A C U. Let = be a point such
that « € BCl,(A). By (3), x € BO(X),-Ker(A) holds. So we have z € U because
ACU and U € fO(X),. a

Theorem 11. Let (X, 7) be a topological space and v an operation on BO(X). If
a subset A of X is 3-y-g.closed, then BCl,(A)\ A does not contain any non-empty
B-y-closed set.

Proof. Suppose that there exists a non-empty [-v-closed set F' such that F' C
BCL,(A)\ A. Then we have A C X \ F and X \ F is S-y-open. It follows from
the assumption that SCl,(A) C X \ F and so F' C (BCL,(A)\ A) N (X \ BCl,(A)).
Therefore, we have F' = {). ]

Remark 3. In the above theorem, if v is a B-open operation, then the converse of
the above theorem is true.
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Proof. Let U be a B-y-open set such that A C U. Since v is a $-open operation, it
follows from Theorem 6 (iii) that SCI(A) is f-vy-closed in (X, 7). Thus by Theorem 6
(iii) and Definition 7, we have SCI(A) N (X \ U) = F' is B-y-closed in (X, 7). Since
X\U C X\ A, F C BCI(A)\ A. Using the assumptions of the converse of Theorem 11
above, F' = () and hence 3Cl,(A) CU. mi

Theorem 12. Let (X, ) be a topological space and v an operation on SO(X). Then
for each x € X, {x} is B-y-closed or X \ {z} is B-v-g.closed in (X,T).

Proof. Suppose that {z} is not S-vy-closed, then X \ {z} is not S-y-open. Let U be
any (-v-open set such that X \ {x} C U. Then U = X. Hence, fCl,(X \{z}) CU.
Therefore, X \ {z} is a 8-y-g.closed set. m]

Theorem 13. Let (X, 7) be a topological space and v an operation on fO(X). Then,
the following properties are equivalent.

(1) A space (X, ) is B-y-T1 2.
(2) For each x € X, {x} is B-y-closed or B-y-open.

Proof. (1)=(2): Suppose {z} is not S-vy-closed in (X, 7). Then, X \ {z} is f-7-
g.closed by Theorem 12. Since (X, ) is a 3-7-T} /2 space, so by definition, X \ {z}
is 0-y-closed and so {z} is B-y-open.

(2)=(1): Let F be a f-y-g.closed set in (X, 7). We shall prove that SCL,(F) = F
(from Theorem 6 (ii)). It is sufficient to show that SCI,(F) C F. Assume that there
exists a point x such that x € CL,(F)\ F. Then by assumption, {z} is f-y-closed
or (3-y-open.

Case 1. {z} is a S-y-closed set: for this case, we have a §-y-closed set {z} such
that {x} C BCI,(F) \ F. This is a contradiction to Theorem 11.

Case 2. {z} is a B-y-open set: we have x € O(X),-CIl(F). Since {z} is f-7-
open, it implies that {z} N F # () by Theorem 4. This is a contradiction. Thus we
have SCI,(F) = F and so by Theorem 6 (ii), F' is B-vy-closed. m]

Theorem 14. For a topological space (X, 1), let v be an operation on SO(X).

(i) Then, the following properties are equivalent.
(1) (X,71) is B-y-T1.
(2) For every point x € X,{x} is a f-y-closed set.
(3) (X, ) is B-T7.
(ii) Every B-v-T! space is B-y-T;, where i € {2,0}.
(iii) Every B-v-Ty space is B-v-Ty.
(iv) Bvery B3-v-T1 space is 3-v-Ty /5.
(v) Every 3-v-Ty5 space is 3-v-Tj.
(vi) Every B-y-T! space is 3-y-T}_,, where i € {2,1}.
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Proof. (i) (1)=(2): Let x € X be a point. For each point y € X\ {z}, there exists a
B-open set V,, such that y € V,, and = ¢ (V,,)7. Then X\{z} = U{(V})) |y € X\{z}}.
It is shown that X \ {z} is S-y-open in (X, 7).

(2)=(3): Let = and y be two distinct points of X. By (2), X\ {z} and X\ {y} are
required J-y-open sets such that y € X\{z},2 ¢ X\{z} and x € X\{y},z ¢ X\{y}.

(3)=(1): It is shown that if x € U, where U € BO(X),, then there exists a
B-open set V such that € V. C V7 C U. Using (3), we have that (X, 7) is 8-v-T7.

(i), (iii), (vi): These proofs are obvious by definition.

(iv): This follows from (i) above and Theorem 13.

(v): This follows from Theorem 13 and Definition 10 (ii). O

Remark 4. By Theorems 138 and 14 we have the following diagram of implications:

B=—v-T3=pB-7—-T] = B—~-Tp

I 4 I
p=—v-To=pB—-v-T B—v—To
N 4
5*7*T1/2

Remark 5. None of the above reverse implications (except B-y-Ty = [-v-T» and
B-y-T] = B-v-Th ) are true as shown in examples below.

(i) Let X = {a,b,c} and 7 = {0, X,{a},{a,b}}. Define an operation v on BO(X)
such that A7 = Aifbe A; AY = CI(A) if b ¢ A. Then (X, 1) is f-v-Tp but not
B-v-T1/2-

(i) Consider Example 1. There (X,7) is 3-y-T1/ but not 3-y-T}.

(iti) Let X = {a,b,c},7 = P(X), the power set on X. Define an operation vy on
BO(X) such that AV = AU{c} if A= {a} or {b}; AV = AU{a} if A={c}; A" =A
if A#{a},{b},{c}. Then (X,7) is B-y-T1 but not B-y-Tz. Also, (X,7) is B-y-T}
(Theorem 14 (i)) but not G-y-T4.

(iv) Consider (i) above. Define the operation v on SO(X) such that AY = A for
every set A such that A # {a}; AY = {a,b} if A = {a}. Then (X, 1) is f-y-T} but
not B-y-Tj.

(v) Let X = {a,b,c} and 7 = {0, X,{a},{b},{a,b}}. Define an operation v on
BO(X) such that {a}” = {a,c}, {b}" = {a,b},{a,b}"={a,b},{b,c}"={a,b}, {a,c}”
={a,b},07" = 0, X7 = X. Now the B-y-open sets are {0, X,{a,b}} and ~y is not
B-open. Then (X, 7) is not B-y-T}. Indeed for every B-vy-open set V, containing a,
we have b € V,,, for every 3-y-open set Vi, containing b, we have a € V,,. Hence by
Definition 1 (ii), (X, T) is not B-y-Ty. Moreover, (X,7) is B-v-Tp.

Remark 6. In Remark 5, Example (v) shows that B-openness of v in Theorem 9
(iii) cannot be dropped.
4. (3-(y,b)-continuous maps

Throughout Sections 4 and 5, let v : O(X) — P(X) and b : BO(Y) — P(Y) be
operations on SO(X) and SO(Y), respectively.
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Definition 15. A mapping f : (X,7) — (Y,0) is said to be 3-(v,b)-continuous if
for each x € X and each B-open set V' containing f(x), there exists a B-open set U
such that x € U and f(UY) C VP,

Theorem 15. Let [ : (X,7) — (Y,0) be a B-(7,b)-continuous mapping. Then,
(i) f(BCIl(A)) C BCL(f(A)) holds for every subset A of (X, ),

(ii) for every B-b-open set B of (Y,o), f~1(B) is B-y-open, that is for any B €
BO(Y)y, f~1(B) € BO(X),.

Proof. (i): Let y € f(BCL,(A)) and let V be any (-open set containing y. Then,
there exists a point « € 3CI,(A) and a B-open set U containing = such that f(z) =y
and f(U7) C Vb, We have UY N A # ). Therefore, ) #f(UTNA) C f(UY)N f(A) C
VPN f(A) and so y € BCIL,(f(A)).

(ii): Let B be a (-b-closed set. Then using (i) we have that f(8CL,(f~(B)) C
BCL(f(f~Y(B)) C BClL(B) = B. Thus, BCL,(f~'(B)) € f~'(B) and hence
(f~Y(B)) = BCL,(f~*(B)). This implies that f~!(B) is B-v-closed in (X, 7). o

Remark 7. In Theorem 15, the properties of B-(v,b)-continuity of f, (i) and (ii)
are equivalent to each other if one of the following conditions (a) and (b) is satisfied:

(a) (Y,0) is a B-b-regular space,
(b) b is a B-open operation.

Proof. It follows from the proof of Theorem 15 that we know the following impli-
cations: “f3-(v,b)-continuity of f” = (i)=(ii). Thus, under condition (a), we first
show the implication: (ii) = (-(v,b)-continuity of f. Let x € X and let V be a
B-open set containing f(x). Since (Y, o) is a B-b-regular space, V € SO(Y),. Then,
by (ii) of Theorem 15, z € f~' (V) € BO(X).. So, by the definition of S-b-openness
of f~1(V), there exists a B-open set U containing x such that U C f=1(V) and so
f(UY) CV C VP Therefore, f is 5-(7, b)-continuous.

Finally, under condition (b), we prove the implication: (ii) = (3-(v, b)-continuity
of f. Let x € X and let V be a (-open set containing f(x). Since b is 8-open, there
exists a (-b-open set U containing f(x) such that U C V*. By (ii) of Theorem 15,
z € f~HU) € BO(X), and so by definition of S-y-openness of f~1(U), there exists
a (-open set W containing x such that W7 C f~1(U) C f~1(V?). Therefore, we
have f(W?7) C V? and so f is 3-(7, b)-continuous. m]

Definition 16. A mapping f : (X,7) — (Y,0) is said to be

(i) B-(v,b)-closed, if for every [-y-closed set A of (X, 1), f(A) is B-b-closed in
(Y,0),

(ii) B-(id,b)-closed, if f(F) is [-b-closed in (Y,o) for every [(-closed set F of
(X, 7).

Theorem 16. Suppose f is 5-(7,b)-continuous and f is 5-(id,b)-closed. Then, the
following properties hold.
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(i) For every B-v-g.closed set A of (X, ), the image f(A) is 3-b-g.closed.
(ii) For every B3-b-g.closed set B of (Y,o), f~Y(B) is -y- g.closed.

Proof. (i): Let V be a f-b-open set in (Y,o) such that f(A) € V. Then by
Theorem 15 (ii), f~*(V) is B3-v-open. Since A is 3-v-g.closed and A C f~Y(V),
BCL,(A) C f~1(V) holds and so f(BCL,(A)) C V. Thus, f(BCL,(A)) is f-b-closed
as BCL,(A) is f-closed by Theorem 6 (i) and the assumption that f is 5-(id,b)-
closed. Therefore SCI,(f(A)) C BCL(f(BCly(A))) =f(BCL,(A)) C V. Hence,
f(A) is §-b-g.closed.

(ii): Let U be a (B-v-open set in (X,7) such that f~1(B) C U. Let F =
BCL,(f~1(B))N (X \U). Then by Theorem 6 (i), F is 3-closed in (X, 7). Since f is
-(id, b)-closed, f(F) is B-b-closed in (Y, o) and f(F) C f(BCL,(f~1(B))N(X\U))C
BCIly(B) \ B. By Theorem 11, f(F) =0 and so F = ). Hence BCL,(f~*(B)) C U.
Therefore, f~1(B) is B-y-g.closed in (X, 7). O

Theorem 17. Suppose that [ : (X,7) — (Y, 0) is 5-(v,b)-continuous and B-(id,b)-
closed. Then the following properties hold.

(i) If f is injective and (Y, o) is 3-b-Ty 9, then (X, ) is B-y-T} /2.
(i) If f is surjective and (X,7) is 3-y-Ty 2, then (Y, o) is B-b-T /5.

Proof. (i): Let A be a -y-g.closed set of (X, 7). Then by Theorem 16 (i), f(A)
is B-b-g.closed. Since (X, 7) is B-7-T1 /2, f(A) is (-b-closed. By Theorem 16 (ii),
A = f71(f(A)) is B-y-closed. This implies A is 3-y-closed. Hence, (X,7) is $-7-
Ty /2 space.

(ii): Let B is a 3-b-g.closed set in (Y,o). By Theorem 16 (ii), f~1(B) is 3- -
g.closed. Since (X, 7) is -7-T} 2, s0 f~1(B) is §-y-closed. Therefore B = f(f~!(B))
is 3-b-closed in (Y, o). Hence, (Y,0) is 3-b-Ty /5 space. O

Definition 17. Let f : (X, 7) — (Y, 0) be a function. Then f is said to be (-(v,b)-
homeomorphic, if f is bijective, 3-(v,b)-continuous and f=1 is 3-(b,v)-continuous.

Theorem 18. Suppose that a mapping f : (X, 7) — (Y, 0) is 8-(v, b)-homeomorphic.
If (X, 1) is B-y-T' 2, then (Y,0) is 3-b-T /5.

Proof. Let {y} be a singleton set of (Y,o). Then there exists a point x € X
such that y = f(z). By Theorem 13, {x} is S-y-open or (-y-closed. Therefore by
Theorem 15, {y} is B-b-closed or 3-b-open. Hence, (Y, o) is 8-b-T1 5. O

Theorem 19. Let f : (X,7) — (Y,0) be a B-(v,b)-continuous injection. If (Y, o)
is B-b-Ty (resp. B-b-T1), then (X, 7) is B-y-Tz (resp. B-y-T1).

Proof. Suppose that (Y, o) is 5-b-T5. Let x and y be distinct points of X. Then,
there exist two [-open sets V and W of Y such that f(z) € V, f(y) € W and
VPN W?P = (). Since f is 3-(v, b)-continuous, for V and W there exist two 3-open
sets U and S such that x € U,y € S, f(U?) C V® and f(S7) C WP. Therefore, we
have U7 N S7 = () and hence (X, 1) is -y-T». Similarly, we can prove the case of
6—"}/—T1. O
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5. (-closed graphs of mappings

In this section, we further investigate general operator approaches of closed graphs
of mappings. Let (X x Y,7 X o) be the product space of topological spaces (X, )
and (Y,0) and let p: BO(X xY) — P(X x Y) be an operation on O(X x Y).

Some topological properties on SO([];_, X;) are investigated in [2] and [7, Lemma
3.1], where {X;|i € V} is any family of topological spaces with an index set V.
For subsets A C X and B C Y,A € BO(X) and B € BO(Y) if and only if
A x B € pO(X xY) hold. It is easily shown that SO(X xY) # O(X) x BO(Y)
similar to [6, Remark 8, Example 7]. Some properties of product functions involving
b-closure and product spaces are studied in [2].

Definition 18. Let (X, 7),(Y,0) be two topological spaces and b an operation on
BO(Y). We say that the graph G(f) of f: X — Y is B-b-closed if for each (x,y) €
(X xY)\ G(f), there exists a B-open set U in X and V in'Y contains x and y,
respectively, such that (U x V®) N G(f) = 0.

Example 2. Let X =Y = {z,y,2} and 7 = o = {0,,X,{z},{z,y}}; then
BO(X) =pB0Y) =10, X, {z}, {z,y},{x,2}} hold. Let f: (X,7) — (Y,0) be a map-
ping defined by f(a) = z for every point a € X. Define an operation b on BO(Y) such
that A® = A if y € A and A® = CI(A) ify ¢ A. Then, G(f) = {(z,2), (y, 2), (2,2)}
and G(f) is B-b-closed.

Definition 19. An operation p : BO(X xY) — P(X XY) is said to be 3-associated
with v and b, if (U x V)P =U"Y x V* holds for each set U € BO(X) and V € BO(Y).

Example 3. (i) Let X =Y = {z,y,2} and 7 = 0 = {0, X, {z}, {z,y}}. Define
an operation v on BO(X) such that AY = A if y € A and A7 = CI(A) ify ¢ A.
Let b be the closure operation on BO(Y), i.e., A® = CI(A) for every A € BO(Y).
Let p be the operation on SO(X x Y) defined as (A x B)? = A x B if (z,y) €
A X B and (A x B)? = Cl(A x B) if (x,y) ¢ A x B. Then, this operation p is
not [3-associated with v and b. Indeed, for (-open subsets U = {x} € BO(X) and
V ={x,y} € BOY), we have (U x V) =UxV #X XY and U =Cl(U) =X
and VP =CI(V) =Y.

(it) In general, for subsets AC X and BCY, AxB C Cl(AxB) and Cl(Ax B) =
Cl(A) x Cl(B) holds; especially, for subsets A € BO(X) and B € fO(Y), Ax B C
Cl(Int(Cl(A x B))) and Cl(Int(Cl(A x B))) = Cl(Int(Cl(A))) x Cl(Int(Cl(B)));
and also, for any subset U € BO(X xY), U C Cl(Int(Cl(U))) holds. Thus, the
operations id : fO(X xY) - P(X xY), Cl : pO(X xY) — P(X xY) and
CloIntoCl: BO(X XY ) — P(X XY) are well defined by id(U) := U, Cl(U) := Cl(U)
and Clo Int o Cl(U) = Cl(Int(ClL(U))) for every U € BO(X x Y), respectively;
moreover, they satisfy the condition of Definition 19.

Definition 20. The operation p : fO(X X Y) — P(X xY) is said to be (-
regqular with respect to v and b, if for each point (x,y) € X XY and each B-open set
W containing (x,y) there exist B-open sets U in (X,7) and V in (Y,0) such that
reUyeV and U x VP C WP,
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Theorem 20. Let p: BO(X x X) — P(X x X) be a B-regular operation associated
with vy and . If f : (X, 7) — (Y, 0) a B-(v,b)-continuous and (Y, o) is 3-b-Ty space,
then the set A = {(z,y) € X x X : f(z) = f(y)} is a B-p-closed set of (X x X, 7 X T).

Proof. We have to show that 3CI,(A) C A. Let (z,y) € (X x X)\ A. Then,
there exist two [-open sets U and V in (Y, o) such that f(x) € U, f(y) € V and
U*NV?® = (). Moreover, for each U and V there exist 3-open sets W and S in (X, 7)
such that € W, y € S and f(W?) C U® and f(S7) C V®. Therefore we have
(W x S)PNA=0, because (z,y) € W7 x ST=(W x S)? and W x S € SO(X x X).
This shows that (z,y) ¢ SCI,(A). m]

Definition 21. Let (X, 1) be a topological space and vy an operation on SO(X). A
subset K of X is said to be B-y-compact, if for every S-open cover {G; : i € N} of

K there exists a finite subfamily {G1,Gs,...,Gy} such that K C (G1)Y U (G2)" U
L U(GR)Y.

Theorem 21. Suppose that vy : BO(X) — P(X) is f-regular and p: BO(X xY) —
P(X xY) is B-reqular with respect to v and b. Let f: (X,7) — (Y,0) be a mapping
whose graph G(f) is B-b-closed in (X x Y, 7 X o). If a subset B is -b-compact in
(Y,0), then f~1(B) is B-y-closed in (X, 7).

Proof. Let = ¢ f~1(B). Then (z,y) ¢ G(f) for each y € B. Since BCIlp(G(f)) C
G(f), there exists a B-open set W in (X x Y,7 X o) such that (z,y) € W and
WP NG(f)=0. Since p is G-regular with respect to v and b (cf. Definition 20), for
each y € B we can take two subsets U(y) € fO(X) and V(y) € SO(Y) such that
r € U(y),y € V(y) and U(y)” x V(y)® € W?. Then we have f(U(y)?) NV (y)® =0
and so U(y)” N f~1(V(y)®) = 0. Since {V(y)|y € B} is a B-open cover of B, then
by (-b-compactness there exists y1,ya, ..., yn € B such that B C V(y1)? UV (y2)" U
- UV(yn)®. By B-regularity of v (cf. Definition 6 (ii)), there exist a B-open set
U such that z € U and U” C U(y1)? UU(y2)" U...U(yy)”. Therefore we have
U0 U (B) € Uy (U7 0 A V)Y) € Uy (UG 0 £~ (V(g:)")=0. This
shows that = ¢ 3CL,(f~*(B)). Therefore, we show SCL,(f~*(B)) C f~!(B) and so
f~Y(B) is B-y-closed. o
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