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1 INTRODUCTION

The results in this paper were initiated by a question from Nikiel, Tuncali and
Tymchatyn. They asked (7, Problem 9.10.] when the inverse limit of an inverse
system X = {X,, pas, A }of hereditarily locally connected continua with monotone
surjective bonding mappings pas is a hereditarily locally connected continuum (a
continuous image of an arc).

We shall prove that X = limX is a hereditarily locally connected continuum
if and only if each countable subsystem of X has a hereditarily locally connected
limit. Moreover, the following two statements are equivalent (Theorem 3.9): (i)
The limit of an inverse system of hereditarily locally connected continua with
surjective monotone bonding mappings is hereditarily locally connected, (ii) The
limit of an inverse sequence of hereditarily locally connected metric continua with
surjective monotone bonding mappings is hereditarily locally connected.

We say that X = {X,, pas, A}is o-directed if for each sequence aj,ay,...,ax,...
of the members of A there is an a€A such that a>a; for each kelIN.

THEOREM 1.1 Let X = { Xy, pab, A}be a o-directed inverse system of compact
spaces with surjective bonding mappings and a limit X. Let Y be a metric compact
space. For each surjective mapping f:X— Y there exists an a€ A such that for each
b>a there exists a mapping gy:Xp — Y such that f = gypy.
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Proof. Let B be a countable basis of Y and let V be the collection of all finite
subfamilies of B which cover Y. Clearly, card(V) = Ro. Hence, V = {V,, : n€IN}.
For each V, f!(V,) is a covering of X. There exists an a(n)€A such that for
each b>a(n) there is a cover Vy of X, with py'(Vas)<f"1(V,). From the o -
directedness of A it follows that there is an a€A such that a>a(n), n€IN. Let
b>a. We claim that f(p;*(x,)) is degenerate. Suppose that there exists a pair
u,v of distinct points of Y such that u , vef(p; *(x3)). Then there exists a pair x,y
of distinct points of p; *(xs) such that f(x) = u and f(y) = v. Let U,V be a pair
of disjoint open sets of Y such that u€U and veV. Consider the covering {U , V,
X\{u,v}}. There exists a covering V, €V such that V,, <{U, V, X\{u,v}}. We
infer that there is a covering V,,; of X, such that p;l(an)<_f'1(Vn). It follows that
ps(x)#ps(y) since x and y lie in the disjoint members of the covering f~(V,,). This
is impossible since x,y€p;, ' (x;). Thus, f(p;'(xs)) is degenerate. Now we define
gp: Xp =Y by gy(xs) = f(p; '(xs)). It is clear that gyp, = f. Let us prove that
g is continuous. Let U be open in Y. Then g;!(U) is open since p; *(g; *(U)) =
f~1(U) is open and py is a quotient mapping (as a closed mapping). B

THEOREM 1.2 Let X be a compact space. There ezists a o - directed inverse
system X = {Xa, pa, A}of compact metric spaces X, and surjective bonding
mappings pay such that X s homeomorphic to limX.

Proof. See [6, pp. 152, 164].H

THEOREM 1.3 [6, p. 163, Theorem 2.]. If X is a locally connected compact
space, then there exists an inverse system X = {X,, pap, A}such that each X, is
a metric locally connected compact space, each pa, is a monotone surjection and
X is homeomorphic to limX. Conversely, the inverse limit of such a system is
always a locally connected compact space.

A continuous mapping £:X—Y is said to be confluent [5, p. 225] if for each
subcontinuum Q of Y and each component K of f~1(Q) we have f(K) = Q .

A continuous mapping f:X—Y is said to be weakly confluent [5, p. 226] if for
each subcontinuum Q of Y there exists a component K of f~1(Q) such that f(K)

=Q.

2 HEREDITARILY LOCALLY CONNECTED CONTINUA

A continuum X is said to be hereditarily locally connected if each subcontinuum
of X is locally connected.

THEOREM 2.1 [3, Corollary 3]. Let X = {X,, pw, A}be a o - directed in-
verse system of hereditarily locally connected continua X,. Then X = limX is
hereditarily locally connected.



Zbornik radova, Volume 22, Number 1(1998)

Let X = {X,, pas, A}be an inverse system. For each subset Ay of (A, <)
we define sets A,, n = 0, 1, ..., by the inductive rule A,;; = A, U {m(x,y):
x,y€ A}, where m(x,y) is a member of A such that x,y <m(x,y). Let A =
U{A,: neN}. It is clear that card(A) = card(Ao). Moreover, A is directed by
< [7, Lemma 9.2]. For each directed set (A,<) we define

A, ={A:0+#ACA, card(A) <Xy and A is directed by <}.

Then A, is o - directed by inclusion [7, Lemma 9.3]. If A €A, let X2 = {X,,
pw, A} and Xa = limXA. If A, T EA and A C T, let par: Xr —Xa denotes
the map induced by the projections pf: Xr —Xs, 6§ € A of the inverse system
X', Now, we have the following theorem.

THEOREM 2.2 [7, Theorem 9.4]. If X = {X,, pas, A}is an inverse system, then
X, = {Xa, par, As} is a o - directed inverse system and limX and limX, are

canonically homeomorphic.

THEOREM 2.3 If X is a hereditarily locally connected continuum, then there
erists a o-directed inverse system X = {X,, pap, A} such that each X, is a metriz-
able hereditarily locally connected continuum, each pg, s a monotone surjection
and X is homeomorphic to limX.

Proof. Apply [8, Corollary 2.9] and Theorem 2.2.0

Let X be a non - degenerate locally connected continuum. A subset Y of X
is said to be a cyclic element of X if Y is connected and maximal with respect
to the property of containing no separating point of itself. A cyclic element of a
locally connected continuum is again a locally connected continuum. We let

Ly ={Y € X :Y is a non- degenerate cyclic element of X}.

LEMMA 24 [7, Lemma 2.2]. If Cis a connected subset of X and YeLy, then
ONY is connected (possibly void).

LEMMA 2.5 [7, Lemma 2.3]. If f : X—X 1is a monotone surjection, then for
each Y' €Ly there exists YELx such that Y Cf(Y). In particular, Lx is non
- empty if Lx/ is non - empty.

The following theorem is a generalization of the well-known result of G.T. Why-
burn [10, p. 81] which asserts that a metric continuum X is hereditarily locally
connected if and only if each cyclic element ZCX is hereditarily locally connected.

THEOREM 2.6 A locally connected continuum X is hereditarily locally con-
nected if and only if each cyclic element of X is hereditarily locally connected.
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Proof. By virtue of Theorem 1.3 there exists a ¢ - directed inverse system X =
{Xa, pab, A}of metric locally connected spaces such that pg; are monotone and
X is homeomorphic to limX. Let us prove that each X, is hereditarily locally
connected. It suffices to prove that each cyclic element Z, of X, is hereditarily
locally connected. By virtue of Lemmaa 2.5 there exists a cyclic element Z of
limX such that p,(Z)2Z,. Since limX is homeomorphic to X, Z is hereditarily
locally connected. This means that p,(Z) is hereditarily locally connected. It
follows that Z, is hereditarily locally connected since Z, Cp,(Z). We infer that
each X, is hereditarily locally connected since X, is a metric continuum. From
Theorem 2.1 it follows that X is hereditarily locally connected .l

3 Y - COHERENT CONTINUA

A space X is called o - coherent [4] if the intersection of every descending sequence
of connected subsets of X is connected.
The following facts are known.

REMARK 3.1 If X is a metric o - coherent continuum, then:
1. X is hereditarly decomposable ([4, Lemma 1]),
2. X is hereditarily arcwise connected ([4, Lemma 2]),
3. X is locally connected,
4. X is hereditarily locally connected.

In order to prove that each non-metric o - coherent locally connected continuum
is hereditarily locally connected we shall prove the following lemma.

LEMMA 3.2 Let X be a o - coherent continuum.If f:X—Y is a monotone sur-
jection, then Y is a o - coherent continuum.

Proof. Let
HWIBD.. oW

be a descending sequence of connected subsets of X. By virtue of [2, Theorem
6.1.29] each f~1(Y,) is a connected subset of X. Now, we have a descending
sequence

12 M) B DY) 2

of connected sets in X. The intersection X* = N{f"!(Y,): n€IN} is connected
since X is ¢ - coherent. If Y* = N{Y,: nelV}, then f7}(Y*) = X*. Thus f(X*)
= Y*. We infer that Y* is connected since X * is connected.ll

Now we shall prove that each ¢ - coherent continuum is hereditarily locally
connected.
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THEOREM 3.3 If X is a o - coherent locally connected continuum, then X 1is
hereditarily locally connected.

Proof. If X is a metric continuum, then X is hereditarily locally connected
(see 4. of 3.1). Suppose that X is non-metric. By virtue of Theorem 1.3 there
exists a o - directed inverse system X = {X,, pa, A}of metric continua X, and
monotone surjective bonding mappings pgp such that X is homeomorphic to limX.
By virtue of Lemma 3.2 each X, is o - coherent. By virtue of 4. of 3.1 each X, is
hereditarily locally connected. We infer that X is hereditarily locally connected
(Theorem 2.1). K

QUESTION 1. Is each o - coherent continuum hereditarily locally connected?
QUESTION 2. Let X = {X,, pas, A}be an inverse system of ¢ - coherent
continua and surjective monotone bonding mappings. Is it true that X = limX
is o - coherent (hereditarily locally connected) ?

THEOREM 3.4 The property of being o - coherent is cyclically reducible and
extensible.

Proof. If X is o - coherent and if Z is a cyclic element of X, then every descending
sequence of connected subsets of Z is a descending sequence of connected subsets
of X. Thus, the intersection of this descending sequence of connected subsets of
Z is connected. We infer that Z is o - coherent. Thus, the property of being
o - coherent is reducible. Let us prove that the property of being o - coherent
is extensible. Let {Y,: n€IN} be a descending sequence of connected subsets
of X and let Y = N{Y,: n€N}. Let a,b be a pair of distinct points of Y. We
shall prove that there exists a connected subset of Y which contains a and b. Let
E(a,b) = {a, b}U{x€X : a and b are in distinct components of X\{x}} and let
C(a,b) = E(a,b)U{H: H is a cyclic element of X and card(HNE(a.b)) = 2}. If H
is one such cyclic element, then xy and yy denote the points of HNE(a,b). Recall
that C(a,b) is called the cyclic chain from a to b in X. Recall also that E(a,b) is a
compact space and < is the natural ordering on E(a,b) from a to b which induces
the original topology on E(a,b), where < is defined by x<y provided either x
= a#y or a and y are in distinct components of C(a,b)\{x}. Consider the set
K(a,b) = E(a,b)U{YNH: H is a cyclic element of X and card(HNE(a,b)) = 2}.
Let us prove that K(a,b) is a connected subset of Y. Suppose that there is a point
x€E(a,b) which is not in Y. Then a and b are in the distinct components E and
F of X\{x}. There exists a n€Nsuch that x is not in Y,, for each m>n. Now,
Y NE is a non-empty open and closed subset of Y,, containing no point b. This
is impossible since each Y, is connected. Thus K(a,b)CY. In order to complete
the proof it suffices to prove that K(a, b) is connected. Suppose it is not. Then
there exists a separation K(a,b) = K; UKj. Let acK; and beK,. There exists a
first point of K, in E(a,b) and a last point c€K; in E(a,b) that precedes d. Then
c and d are respectively the points xg and yg of some cyclic element H of X such
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that card(HNE(a,b)) = 2 (see (2) of the proof of Theorem 2 of [1] and the proofs
of (5.1) and Theorem 5.2 of [10, p. 71]). Now K;N(HNY) and Ko N(HNY) is a
separation of HNY. This is impossible since each Y, NH is connected (Lemma
2.4) and HNY = N{Y.NH: neN} is connected by the assumption that each
cyclic element of X is o - coherent. W

A surjection f: X—Y is called locally weakly confluent provided for each point
y of Y there exists a closed neighbourhood V of y in Y such that the restriction
f|f~1(V) is weakly confluent (5, p. 226].

THEOREM 3.5 [5, Theorem 3.1]. Locally weakly confluent images of metric
hereditarily locally connected continua are hereditarily locally connected.

For non - metric continua we have the following theorem.

THEOREM 3.6 [9, Theorem 7]. Weakly confluent images of hereditarily locally
connected continua are hereditarily locally connected.

We shall prove the following generalization of the above theorems.

THEOREM 3.7 Locally weakly confluent images of hereditarily locally connected
continua are hereditarily locally connected.

Proof. The proof consists of several steps.

Step 1. Let f: X—Y be a locally confluent mapping and let X be hereditarily
locally connected. By virtue of [11, Lemma 1.5, p. 70] Y is locally connected.
Step 2. By Theorem 2.3 there exists a o - directed inverse system X = {X,,
Pab, A}of metric hereditarily locally connected continua and monotone bonding
mappings such that X is homeomorphic to limX. Similarly, by Theorem 1.3 there
exists a o - directed inverse system Y = {Y,, qu, B} of metric locally connected
continua and monotone bonding mappings such that Y is homeomorphic to limY.
Step 3.There exists a by €B such that each mapping q.f: X— Y, is locally weakly
confluent. From the assumption that f is locally weakly confluent it follows that
for each y€Y there exists an open set V(y) such that f|f=! (ClV(y)): f~}(CIV(y))—
ClV(y) is weakly confluent. The compactness of Y implies that there exists a finite
subcover V = {V(y1), ..., V(yn)} of the cover {V(y): yeY}. There exists a by €B
such that for each c>by there exists a cover V. with the property that q-1(V,)
is one which refines V. Let us prove that q. is weakly confluent for a fixed c>by.
Let y. be any point of Y.. There exists a member V. of V. such that y. €V..
Moreover, there exists a V(y;)€ V such that q;1(V.)CV(y:). Now, let K, be a
subcontinuum of Cl(V.). Then q;!(K,) is a subcontinuum of Cl(V(y;)) since q.
is monotone. We infer that there exists a subcontinuum C of X, CCf~(q71(K,)),
such that f(C) = q;!(K,) since f is locally weakly confluent. Clearly, q.(f(C)) =
K.. Hence, q.f is locally weakly confluent.
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Step 4. Let by be as in Step 3. For each ¢>by there exists an a(c)€A and a
mapping re: Xq() —Ye such that qf = rcpa(). This follows from the fact that
Y. is a metric space and from Theorem 1.1. We have the following diagram

Xa(c) m X
| ¥ (1)
Y

Vi nedse

Step 5. Every mapping r. is locally weakly confluent. This follows from Theorems
2.7 and Proposition 2.1 of [5].
Step 6. FEach space Y, is hereditarily locally connected. This is a consequence
of Theorem 3.5 since 1. is locally weakly confluent (Step 5.) and X,(), Y. are
metric spaces.
Step 7. Theorem 2.1 implies that Y is hereditarily locally connected. The proof
of this Theorem is now completed. l

Now we consider the inverse systems of hereditarily locally connected con-
tinua. We will give a partial answer to [7, Problem 9.10.] mentioned at the
beginning of the Introduction.

THEOREM 3.8 The following two statements are equivalent:

(i) The limit of an inverse sequence of hereditarily locally connected continua
with surjective monotone bonding mappings is hereditarily locally connected,
(ii) The limit of an inverse sequence of metric hereditarily locally connected
continua with surjective monotone bonding mappings is hereditarily locally con-
nected.

Proof. It suffices to prove that the limit of an inverse sequence of hereditarily
locally connected continua with surjective monotone bonding mapping is hered-
itarily locally connected if the limit of an inverse sequence of metric hereditarily
locally connected continua with surjective monotone bonding mapping is hered-
itarily locally connected. The proof consists of several steps.

Step 1. By virtue of Theorem 2.3 for each X, there exists a o - directed inverse
system

X(m) = {X(n,00)s fin,an)(n,bn)> An} (2)

such that each X(n,q,) is a metric hereditarily locally connected continuum, each
f(n,an)(n,bn) is monotone and X, is homeomorphic to limX(n).

Step 2. Put B={(n, a, ) : a, €A, , n€N} and put C to be the set of all
countable subsets ¢ of B of the form

c={1,a1),(2,a2),...,(n,a,),...}, (3)

where al EA] , &g GAQ, Sesig aeAn, es o
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Step 3. Let D be a subset of C containing all c€C for which there exists the
monotone surjective mappings

I(nan)(n+Lanss) * X(n+lan) = X(nan) (4)
such that
9(1,a1)(2,a2) 9(2,a9)(3,a3) 9(n-1,an_1)(n,an)
X(l,al) % X(Q,az) - « X(n‘a") —

(5)

is an inverse sequence and each diagram

Pnn+1

X, ~ KXnt1
Jvf("va") lf("+lvan+l) i (6)
9(n,an)(n+l,an41)
X(n,an) X(n+1,an+1)

commutes, where f(;4.) : Xn —X(nq,) is the canonical projection. Let us note
that from the commutativity of diagram (6) it follows that g a,)(n+1ans1) 1S
monotone and surjective.

Step 4. The set D is non - empty. Moreover, for each countable subset {d; :
ieN}, d: = {(, al(j) : jEIN'}, there exists a d€D such that d = {(1, a;) , (2,
as) , ... } and for each i€IN a; Za,(j), JEIN.

Proof of Step 4. By virtue of the ¢ - directedness of A; there exists an a; €A;
such that a; zaﬁj ), j€IN.The space X(1,4,) is a metric compact space and there
exists a mapping f(1,q,)P12: X2 —X(1,4,). By virtue of Theorem 1.1 there exists
an ag €Ay such that for each b>a, there is a mapping g(1.a))2,5): X(2,6) —~X(1,a1)
with f(1,4,)P12 = 8a)20)f(2): 1.€., the diagram

Xl ‘pl_z X2
l!(l,al) lf(zb) (7)

9(1,a7)(2,6)
Xaay " Xap

commutes. By virtue of the o - directedness of Ay we may assume that ay Zag ),
JEIN. Suppose that (1, a41), (2, a2), ..., (n, a,) are defined such that the diagram
(6) commutes for ne{1, 2, ..., n - 1}. We define a,,; €A, considering the
space X(n,q,) and the mapping f(n ¢,)Prn+1: Xnr1 —X(na,)- Again, by Theorem
1.1 there exists an a,y; €A,41 such that for each b>a, ; there is a mapping
Bman)nt1b): X(n+1h) —X(man) With fine)Prnt1 = Eman)n+1,6)fns10), i€, the
diagram

Pnn+t1
Xn o Xn+1
lfm,an) 1f(n+1.b) (8)
I(n,an)(n+1,ap)
X("»an) X(n+1,ab)

commutes. By virtue of the o - directedness of A,;; we may assume that
antl Zaﬂl, j€IN By induction on n€N ,deD with the required property d =
{(1,a1),(2,a), .. }Iis defined.
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Step 5. We define a partial order on D as follows. Let d;,d be a pair of members
of D such that d; = {(1,a1), (2,as),.. yanddy = {(1,b1), (2, ba), .. }.
We write dy <d; if and only if b; <a; for each i€IN. From Step 4. it follows that
(D, <) is o - directed.

Step 6. For each deD the limit space X4 of the inverse sequence (5) is a metric
hereditarily locally connected continuum (by the assumption of the Theorem)
and the projections g(na,): X4 —X(na,) are monotone. Moreover, there exists a
mapping Fq: X—X4. The existence of Fg follows from the commutativity of the
diagram (6).

Step T Ifd] = {(1 5 3.1) 5 (2 3 ag) y o } 3 d2 = {(1 3 bl) 5 (2 . bg) Y wae } and
dy >d;, then for each n€IN commutes the diagram

9(n,bn)(n+1,6n41)
X("+1,bn+1)

X(nbn)

lf(".ﬂn)("'bn) lf(n+l.a,.+1)(n+1.bn+1) 9)

X(n,an)

This follows from the commutativity of the diagrams of the form (6) for d; and
dy, i.e., from the commutativity of the diagrams

9(n,an)(n+lan41)
X(n+1»an+1)

Xn P&n Xn+1
11-(”‘“11) Jf(nﬂ,an“) (10)
X(n,an) g("-“ﬂ)("(_“'“rwl) X(n+1,an+1)
s Xn, p‘ﬁl Xn+l
[Jmtn |Fersrnans (11)
X(n,bn) g(n‘bnw‘bn+l) X(n+1,b,,+1)~

Step 8. From Step 7. it follows that for d;, dy €D with dy >d; there exists a
mapping Fa,a, : Xa, —Xg, (see [2, p. 138]) such that Fy, = Fg,4,Fg,.
Step 9. Let d1 5 d2 s d3 €D and let d1 Sdg Sdg Then Fd1d3 = FdleFdzdS' This
follows from Step 7. and the commutativity condition in each inverse system
X(n) = {X(n’aﬂ) s f(n,an)(n,b,.,)» An} ( see (2) of Step 1.).
Step 10. The collection {X4, Fge , D} is an inverse system of metric hereditar-
ily locally connected continua with monotone bonding mappings whose inverse
limit Xp is a hereditarily locally connected continuum. Moreover, the projec-
tions Fy:Xp — X4, dED, are monotone and surjective.

Apply Steps 1. - 9. and Theorem 2.1.
Step 11. There is a homeomorphism I : X—Xp.

By Step 6. and Step 8. for each d€D there is a mapping Fy : X—X, such that -

F4, = F4,4,Fq, for d2 >d;. This means that there exists a mapping F : X—Xp
[2, p. 138]. Let us prove that F is 1 - 1. Take a pair x , y of distinct points of X.
There exists an n€IN such that x, = p,(x) and y, = p,(y) are distinct points of
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X,. Now, there exists an (n , a,) such that fie,)(xn) and fpe,)(vs) are
distinct points of

KX(n.an)- From Step 4. it follows that there is a d€D such that d = {(1 , a;)
,(2,a9), ... (n,ay),...}. Weinfer that Fy(x) and Fg(y) are distinct points of
Xg4. Thus, Fis 1 - 1. It remains to prove that the mapping F is a surjection.
Let x be a point of Xp. For each deD, d = {(1, a;), (2, &) , ... }, we have a
point Fg(x). Now, we have the points g, q,)Fa(x) in X(n,4,) and the subsets Y,, =
f@{an)(g(n,aﬂ)Fd(x)) of X,,. From the commutativity of the diagrams (6) it follows
that pmn(Yn)C Yy, m<n. This means that Y = {Yn, Pam|Ym, IV} is an inverse
sequence of compact spaces. Thus, Yy = limY is a non-empty subset of X. It is
readily seen that the collection {Y,: d€D} has the finite intersection property.
Thus, Y = N{Yq4: d€D} is non - empty. For each ye€Y we have Fy(y) = Fy(x),
deD. Thus, F(y) = x.The proof of this Step is complete.
Step 12. X is hereditarily locally connected. From Step 10. it follows that F :
X—Xp is a homeomorphism onto Xp. Thus, X is hereditarily locally connected
since X p is hereditarily locally connected (Step 9.). The proof of the Theorem is
complete. H

We close this section with the following theorem.

THEOREM 3.9 The following two statements are equivalent:

(i) The limit of an inverse system of hereditarily locally connected continua with
surjective monotone bonding mappings is hereditarily locally connected.

(i) The limit of an inverse sequence of hereditarily locally connected metric
continua with surjective monotone bonding mappings is hereditarily locally con-
nected.

Proof. Consider the inverse system X, = {Xa, par, As}. By virtue of Theorem
2.1 limX is hereditarily locally connected if and only if each X, is a hereditarily
locally connected continuum. Theorem 3.8 completes the proof H
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BILJESKA O NASLJEDNO LOKALNO POVEZANIM
KONTINUUMIMA

Sazetak

U djelu [10] detaljno su izu¢eni metricki nasljedno lokalno povezani kontin-
uumi. U radu [9] pokazano je da neke od karakterizacija iz -djela [10] vrijede
i u nemetrickom slucéaju. U ovom radu pokazujemo da je nasljedna lokalna
povezanost cikli¢ki prosirljiva i reducibilna i u nemetrickom slu¢aju. Analogna je
situacija i u posebnom slu¢aju takozvanih o - koherentnih kontinuuma. Na kraju
rada izucavani su inverzni sistemi nasljedno lokalno povezanih kontinuuma i dan
je djelomican odgovor na jedno pitanje [7, Problem 9.10.].

Kljucne rijeci : Inverzni sistem, nasljedno lokalno povezan, ¢ - koherentan,
slabo konfluentno preslikavanje.
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