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For every Hausdorff space X the spaces X, and X are introduced.
If X is H-closed (Urysohn-closed) then X. (X ) “is compact

i 9 U

Y & Z”OPQCQQ

If f : XY 28 a mapping, then there exist the mappings FoiX Y,
and f : X Y , We say that f : XY P8 a ©-closed (u-clofedy
mappifg ifuféuﬁf ) 28 a closed mapping. If X and Y are H-clo-
sed (Urysohn=cloBed) and f : XY is the Hi-mapping, then fo (f)
18 O=closed (u-closed). =

Let X = {Xi,fg s A} be an inverse system of the H~closed
(Urysohn~caase§) spaces X and the 8-closed (u-closed) mappings
: mXZ 4.

f&S' If Xa are non-empty Spaces, then X = i

0. INTRODUCTION
Throughout this paper a space X always denotes a topological
space, No separation axioms are assumed unless otherwise

specified. A mapning f : X»>Y means a continuous mapping,

The conventions and elementary results on inverse limits of
topologica! spaces are those given in Engelking |3].

A number of other tehnical or specialized definitions are given
in the text.

1. SPACES X_ AND X
5] u
A o-closed sets were ‘introduced by Veli&ko |16]

1.1, Definition. A poipnt xeX is in the O-ciosure of a set
AcX, xsz_!e, if VYA # @ for any V open about x,

A subset ASX is @B-closed if A = §A!6. A subset BEX is
O-open if X\B is O~closed.

VeliZko |16] proved the following properties of 6-closed sets.
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1.2. THEOREM (See Herrington!| 9; Thesrem 2]). In any
topological space

(a) the empty set and the whole space are 0-closed,

(b) arbitrary intersections and finite unions of O-closed
sets are ©-closed,

(c) Ke|Kk|. for each subset K,

(d) a 0-closed subset is closed.

From this Theorem it follows that the family of all G-open
subsets of X is a topology ty on X.
1.3. Definition Let (X,t) be a topological spaces.
The 6-space of X is the space (X,te).
In the sequel we use the denotations X and X@'

It is easily to prove that in any Hausdorff space X every
point xeX is @-closed. This fact implies the following
lemma,

1.4 LEMMA, If X is a Hausdorff space, then XG is a T‘—space.

1.5. LEMMA, The identity mapping id : X+X@ is a continuous
mapping.

1.6, LEMMA, Let X be a Hausdorff space. If for every open
set UsX is U = |Ujg, then Xg is a Hausdorff space.

We say that a space X is an Urysohn space (| 6! lrol) if for
x,yeX with x # y, there exist ogen sets V and N about x and
y, respectively, satisfying vix = g,

A topological space X is an extremally disconnected space or
e.d. space |3|if_for every pair U, V of disjoint open subsets
of X we have UMV = {.

Every Hausdorff e,d space in an Urysohn space.

1 7. LEMMA, Let X be an e,d. spaces. For every open subset
USX we have U = [U[

Proo f. For x#Uwe have an opep set V3 x with UM = 0,
it follows that urﬁv =f i,e, x ¢ [Ui This implies that
‘U‘é: U, Since Us |U[e, the proof is @omplete
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1.8. COROLLARY. it X is an e.d. space, then Xq is an Hausdorff
space.

Proo f. Apply Lemmas 1.6 and 1,7.

A space X is H-closed if X is a Hausdorff space and every
centred family fU 2 U open in X} =% has a oroperty

V(0 :ue 3¢ 8% A H3usdorff space X is H-closed |8] iff
for everyacentred family {A : A € X} there exists the point
xeX with property that Vf‘A £ 0%for every onen V3 x and
every A .

The point x is called p-accumulation point of {Aa;

1.9. LEMMA, If X is H-closed, then every centred family
{A : aeA} of O-closed sets A e X has none-empty intersection
(\?A : acA}l.

A Hausdorf space X is nearly-compact |5| if every open cover
{U_: peM} of X has a finite subcollection {U ],.,.,U } such
thit Int U _...yfnt U = X. .

ult un
Every nearly-compact spaces is H-closed. A space X is neariy-~
compact iff X is H~closed and Urysohn |5|.

1.10. LEMMA Let X be an Urysohn space. Every H-closed subspace
AcX is O-closed.

1.11. LEMMA, If X is H-closed and Urysohn, then X9 a Hausdorff
space.

1.12, THEOREM, If X is H-closead, then X is a compact T}nspace.

Proo f. Let {F : ueM} be a centred famlly of closed sets
in X@ By virtue 8f the Definition 1.3. it follows that

F N{F : aeA, F is o-cloesd :n X}. Lemma 1.9. implies
tHat therl &xists xeX"with prooerty xe NV {F : ueM, acAl.

ClLearly, xe”{Fu : peM}. The proof is comp*é e

1.13., PROBLEM, Is it true that X is H-closed if X. is the

compact Ti-space? ©

Let us prove the following theorem.

1,14, THEOREM. If the space Xe is Hausderff, then X is Urysohn,
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1.15, THEOREM. If X is nearly-compact, then Xo is the compact
Hausdorff space.

P roo f. Apply Lemmas 1.1, and 1,12,

1.16. THEOREM. If X is an H-closed e.d. space, then Xg is the
Hausdorff compact space,

P roo f, Apply Lemmas 1.7. and 1.12.

1.17. PROBLEM, Is it true that X is nearly~-compact if Xe is
a compact Hausdorff space?

In |16|, VeliZko also introduced the notion of §~closed sets,

1.18. Definition. A point xeX is in the §-closure of a set
AeX, xe]AIS, if Int VYA £ # for every open V about x.

A subset AcX is §-clesed if A = iAla. A subset B< X is§ -open
if X\B isé&-closed.

1.19. LEMMA. The set A<X is §-open iff A is the union of the
sets Int V.

The following Lemma is an immediate consequence of the
definition of §-closedness. (See Veli&ko |16}, Lemma 3.).

1.20. LEMMA. In any topological space

(a) the empty set and the whole space are §-closed,

(b) arbitrary intersections and finite unions of §-closed
sets are §-closed,

(c) KeKe |K|, ={K|g for each subset K,

(d) a §-closed set is closed.

1.21. Definition. Let (X,t) be a topological space. The space
§ ts) - or X_ - is the set X with topology generated by
family t_ of all S-open set in (X,t).

From Lemma 1.13, it follows that the family of all regularly
open sets (i.e. the sets of the form V = Int V) is a base for
topology te. This means that X_is well known semiregulari-
zation X_ &f X. s
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1.22, LEMMA. The identity mapping ids6 : Xs > X@ is continuous.

1.23. LEMMA, A space X is nearly-compact iff Xs is a compact
Hausdorf space.

1.2h, LEMMA. A space X is nearly- compact iff the spaces X and
XS are compact homeomorphic spaces.

P roof. Apply Lemmas 1.15, 1.22, and 1.23,

We conclude this Section with an discussion of u-closed sets.

We say that (G,H) is an ordered pair of open sets about xeX
if G and H are open subsets of X and xeGe GeH 16].

1.25. Definition. (|10|, Definition 2. 1) A point xeX is in
the u-closure of a subset KeX (xelK| ) lf _each ordered pair
(6,H) of open sets about xeX satisfie¥ KA # 0.

A subset K of a space is u-ciosed if K = |K| . A subset K is
u-open if X\ K is u-closed. “

The next Lemma is proved in [10].

1.26, LEMMA. In any topological space

(a) the empty set and whole space are u-closed,

(b) arbitrary intersections and finite unions of u-closed sets
are_u-closed,

(c) Ke KC‘KIOC Kl for each subset K,

(d) u-closed set is“0-closed {ciosed).

From (a) and (b) of Lemma 1.26., it follows that a family t
of all u-cpen sets of the space (X,t} is a topology on X.

1.27. Definition. Let (X,t) be a topological space. The space
X is the space (X,t )

u u

1.28. LEMMA. The identity mapping idu : X—»»Xu is continuous,

Pro f. Let F be an closed subset in X ., This means that
(id )"' (F) = F is an u-closed subset ?F 3 By virtue of
Lemta 1.26. (c) it follows that (idu)' (F) is closed in X.
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1.2G5. LEMMA, The identity mapping ideu : XG*Xu is the continuous
mapping.

Proof. Apply 1.25. {(d).

Every u-closed set is §-closed since K!:Kc|!\i)¢lK|@=:yKl JKeX
(see Lemmas 1.20. and 1.26). An immediate conséquencé is the
following

1.30. LEMMA. The identity mapping id y - XS+X‘ is the continuous
mapping. ° :

30. LEMMA, ( 10 ) The follewing statements are equivalent for
a space X,

{a) X is br¥sohn,
(b) {xX} = : V open set containing x} for each xeX,
(c) Each posnt i% X is u-closed.

2

1.31. LEMMA, If X is an Urysohn space, then xu is Ti-space.

Proo f. Lema 1.30. {(c} implies that {x} is u-closed in X.
This means that {x} is clesed in Xu.

A Urysohn space X is Urysohn-closed [6] if X is a closed set
in every Urysohn space |

n which it can he embedded

a fi
of

lﬁ

We say that a point xeX is in the u-adherence of
& (xeu-2d &) if each FeTF and ordered pair (G H)
about x satisfy FI'H # &,

iiterba
open sets

We use the foliowing characterization of the Uryschn-cleosed
spaces (|6], Theorem 3.2.).

1.32. LEMMA. A Urysohn space is Urysohn-cl
base on the space has non-empty u-~ aphgre"i”

1.33. LEMMA, If X is a Urysohn-closed space, then avery centred
family & = {F, : F iz u-closed in X, peM} has nan-em;ty
intersection (V{F ¥ .M},

u
Proo f, By virtue of Lemma 1.3. it follows that there exists
a poinr xgU-ad F . Since each ng_.?’ is u=closed, we have xgF
i.e, xen{Fp : ueMl. The proof is complete, B
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1.3k, LEMMA. !f X is Urysohn-closed, then X is compact T,-
space. !

Proo f. Apply Lemmas 1,31, and 1.33.

We say that X is a strongly Uryschn space if every distinct
points x, yeX have disjoint u-open neighbourhoods.

1.35. LEMMA, A space X is a strongly Urysohn space iff X is
a Hausdorff space. “

1.36. LEMMA, If X is a strongly Uryschn and Urysohn-closed
space, then Xu is a compact Hausdorff space,

2. MAPPINGS F6 NAD Fu

Let f : X+Y be a mapping. We define a mapping f_ : X +Y6 such
that fe (x}) = f {x) for every xcXg i.e. such thgt thg
commutativity holds in the diagram

e 1

2 1, LEMMA, If f : X>Y is a continuous mapping, then 56: KG+Y6
is a continuous mapping.

Proof, It suffices to prove that fuj(A) is 6-closed in X

if Ais o-closed in Y. Let us assume that xe}f'i(A)ié\fml(A}.
This means that f (x) ¢ A and that Qx{}f-1(A} # 0 for each cgpen
set sz x. Since A is @-closed, there exists open set U=3f(x)
such that UNA = §, The set f-l(U) is a neighbourhood of x .

It follows that £ ' (U) V¢! (A) # . The contradiction (/A=
=@ and £ | () N (A) # 8) complete the proof.
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2.2. Definition. A mapping f : X>Y is called ©-closed if f(A)
is O-closed for each O-closed subset AcX.

2.3. LEMMA. Let f : X>¥ be a continuous mapping. The following
condi tions are equivalent:

(a) f is 6-closed,

(b) for every BeY and each 0-open set U2 Ff (B) there exists
O-open set V2B such that f-1(v)gu,

(c) fo s a closed mapping.

Remark. The proof is similar to the proof of the corresponding
theorem for closed mappings ({3], pp.52.).

From 1.15, and 2,3, we obtain

2.4, THEOREM. If X and Y are nearly-compact spaces, then every
continuous mepping f : X»Y is g-closed.

Lemmas 1,16, and 2.3, imply the following theorem.

2.5. THEOREM. If f : X»Y is a continuous mapping betven
H-closed e.d. spaces X and Y, then f is 6-closed.

is called regularly open
t A (A= Int A)
g f

> X;Y is said to be sk 9¥etal
y open) Ue X we have Int £ 1(U)

An open {closed) subset A of X
(regu!ariy closed) if A = In

A
2.6. Definition {12}. A m
{

n
(HJ} if for each open r

i
arl

gU
<.

Now we prove the following important theorem.

2.7. THEOREM. If X and Y are H-ciosed, then every HJ-mapping
f 3 %Y is g-closed.

Proof. Let A be a o-closed subset of X. This means tnat
A= fUV 2 V. open in X, v, 2A} (1)
/ A \
where U= { : 2eA} is the maximal family of open subsets

containing A let Y= {U : ucMlbe a family of all open subsets
lg::Y such that there ex?ets Vq Y with oroperty f (VA)EE Uﬂ,
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Clearly f (A)e U, for each Uue %. Let us prove that
£ (A) = ”{Du U Wi (2)

We prove only that f (A)*.‘J"\v{t-lu : Uye U} since F(A)e N {Uu
U'eiL} Suppose that yef\{ﬁ : peM}. For every open W3y we
have Wf (V,) # 8 since WNF(y ) - @ implies that Y\WDF
(‘l)\), v\ We W and er\W. Now, the set W* = Int W is regu-
larly open and, by virtue of 2.6., we have

tnt £ ('w_‘)g;_f'1 (W") (3)

From (3) and £ ' (W7 v, # 8 it follows that e YO, £ g

for each Vye Y% The family V" = {vi: vy = (W’){\V }is
centred family in H-closed space X, Hence, there exust xe X

with pronerty xe‘\{Vxe viet™l It is easily to prcve that
xeA and f{x)e "{W : W is open set about y}. This means that
y = f {x} since Y is a Hausdorff space. The proof is compliete.

2.8. EXAMPLE. We shall now show that there exists a g-closed
mapping which is not a HJ-mapping, Let X = |0;1]| with the
following topoicgy: the neighbourhocds of every point x # 0
are the same as those in the usual topoiogy of [0 ii, but

the ﬂﬁiuuouvh?Ojb of x,= 0 are the sets of the Form rﬂ £ XD,
where D ={1, =, .., ,~“ <.+ 13 O<e<l. The space X is H- closed
and Ur{,non i.e. X is nearEy-compact Let us define f:X>X=Y

so that f{x) = x for x < §,6; f{x) = 0,6 if 0,6<x<0,8 and

f (x) = 2x = 1. The mapping f : XX is continucus. By virtue
of Theorem 2.4, f is p-closed. Let us prove that f is not an
Hi~mapping. Let V = (0,6; 1! be requ ilarly open subset of Y.

Now, F ' (V) = (8,8; 1jeX and f (V) = [0,8; 1]. In the other

- ) P ! ]
hand we have V = |G,6; 1|, f (‘)1: 10,65 1] and Int f 1('\/)=
= {0,6; 1), It follows that int f {Q):)f-l(V) an, therefore,

f is not HJ,

A mapping f : XoY is semi-open if Int f (U) # 4 for any open
subset Uz X,

Every semi-open mapping is HJ. An open mapping f : XY is
semi-open.
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We say that the_?apping f ¢ X*¥ is irreducible if the set

fAU) = {y : £ (y) U} is non-empty for any non-empty open

set U X.

Every closed irreducible mapping is a semi-open mapping.

A mapping f : XY has the inverse property if, for each open
- - -1

VveyY, we have f L V) = £ (V).

Every cpen mapping has the inverse property, and every mapping

with inverse property is an HJ-mapping.

2.3. LEMMA. Let X be an H~closed space, If the mapping f:X-Y
has the inverse property or is semi-open (open, closed irre-
ducible}, then f : XoY¥ is o-closed.

P roof. Lemma follows from Theorem 2.7.

2.10. REMARK, The notion of the d-closed mapping were intro-
¥ - = i i ) -
duced by Neiri (13],

4 s |2 B o - S 1P s ] e )
t us go to -the di sion on the u-closed mappings.

-]

the mapoing f :X »¥ such
: T U

oty

For each mapping

that the commutativi

u it

n VY
X ; ; —
!
3 - |
a i iG
| !
| i
& i 3
2
- LT f
b y ¥
3 B U
3 1 TMMA E £ e Yy T e -~ P e - 5 A
2,11, LEMMA, if ¢ X+ is continuous, then ¥ :X =¥ is
. i i i
continuous R
Proof is parabell tc the proof of Lemma 2.1,
7 1 Naf i etan
2.12, Definition.
= B N - A Y
u-closed if f (A}

2.13, LEMMA. For each continuous mapping
conditions are equivalent:

L
n
P
Y
B
of
[+
-
o)
st
G
Z
e
o
a]

o
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(a) f is u-closed,
(b} for each B&Y and each u-open set

Uz f (8) there exists an u-open set V2B with property
(vigu,
{c) £ : X =¥ is closed,
u ou

P roof, See the remark on the proof of Lemma 2.3.

2,14, LEMMA. Every continucus mapping f : X»¥ betwen the strongly
Urysohn and Urysohn-closed spaces X and ¥ is u-closed.

QJ %

Proof, Apply Lemmas 1.36. and 2.13.

We close this Section with Lemma which characterize the u-closed
subsets and with Theorem on the u-closedness of the H.t-mappings.

2.15. LEMMA, A subset A of X is u-closed if and only if

Y : .
A = {'{U1 - du is open in X such that AgVe Vguu for some copen

I ber "GO

%
m
£
p—4
g
o
iy

Sufficiency.
@pen sets U
& = X \U anc

that (‘_,H
g.gf‘:ﬁ = g,

6. THEOREM. Every HJ-mapping f : X»¥ hetwen Urischn-closed
and ¥ is an u-~closed mapping,

subsets of X. By wirtue of Lemma
en X such that AeVeVel for

,-\
o
"o "

A="HU : UDA, U~Pi is open, ueM}
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We dennote the fami ly ’U 1 U; A, U, is open,_ peM} by %, Let
= {V, : V, is open in"V such that f(A)eWeWeV, for some
open W and f (Uu)c\i'01 for some Uue U}, We shall show that

(A) = n{\-'ia : )!G? c U1 (5}

let y be a pom* Gf"t\! : V ell, 1t follows that w“v # 0
for each V 52, ‘and each open @3 x. Relation W' ¢ (u ) = §
implies that there exists a pair (Mg, Vq) such that Yt Yev,.
This means that wa Wt W= = Vo \ W are apern et<; with property
¥ (A)c:w;c'?f’c\i Since x ¢ ‘v’o‘” we have x ¢ "MV :Vve?; a
contrad!ction. Tgus; Wi fUu) 4 for each U U and each open

Wax. Clearly,lf (w“) r\U # B, It we assume that £ (w)nu ={,

then U”=u \F (Wis an open set since f (W\W) is nmhern
dense l'f is an Hi-mapping).

a) if U s A then f (U YW = @; a contradiction. This means

that f (w} (‘U £ 8 for each W 3 x and each upew Moreover,

o v ik 7 f" W)™ U # 0. The family {Z_ : peM) is

centred. Thus,"since X is Urybohn-closed, we have u-ad {ZQ}#G
Llet x be a point of u-ad {Z }, The assumption that x ¢ A
mpires that there exist o'sen sets U and V such that xeV=Vcl

and UNA =@, Thus U = X\U is in {Z,} since U"2A. It follows
that w ¢ u-ad {Z;}; a contrad?c‘iierz, ‘rom x € u-ad {Z,} we
_} R

have that xe|f "r!;i for every open Wsvy. Since f is continu-
ous we conclude that“f (x) e |[W| for every open W3 x. From
Lemma 1.30 (b} it foliows that T{x} =

(B) 1f_.AVU: # # then v{: §A # @ for each open W about y.
Since We W] , We have I; "if (a) # §, This means that

A = £ wl YA £ 8. The fami Ty i&ﬂn iz centred family in
X! Since X 55“&;&%9&4 closed, there exist xeX such that xcu-ad
{A }. Ft is clear that xeA sin:& 5 is u-~closed. Moreovwer, -

. 5 ) = -
2t about v}, .36, (b} implies

ek
Fe ]
-
po ]

Finally, we conclude that
there exist xeB such that
temma 2.15. and {5} it
proof is complete,
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2.16. EXAMPLE. If X is the space as in Example 2.8, then
[Af ={A! for each AcX. Moreower, X is Urysohn-closed.
it .o!lcwg that f : XY definied in 2.8, is u-closed but
not an HJ-ma-ping.

3. INVERSE SYSTEM X AND X_

Fo: every inverse system X = gﬁa,fQB, A} we introduce two
nverse system denoted by XO and X . Indeed, for every space
X, there exist the spaces.TXu}G and (Xa) which are definied
in Section 1. From the second Section it"follows that for each

mapping fug : Xg>X, there exist the mappings (fug)g nad{fug) .

From the diagrams of the second Section it follows the transi-

:tz;ty)c?ndltfonJ <f38)9 (fBY)G = (fm()e and (faﬁ)u (fas)u =

oy’ u

3.1, LEMMA, If X = {X,, fuB’ A} is an inverse system, then

tHere exist the sdentity mappings id : X > X and ldu Ejﬁu.

The following Lemma is an immediate consequence of Lemma 3.1.

3.2, LEMMA, If X = {Xy,fqy
Tim X # 8 EFFV!Lm '3
In the sequel we use the following Stone”s theorems.

3.3, THEOREM. (A.H. Stone |14|). Let X = {X,,fyg,A} be an
inverse system of compact non-empty T_ spaces and closed
maps. Then lim X # @; in fact, there 8xists xeljm Xsuch that
x, = f, (x) Ts 3 ciosed point of X, for all aeA.

3.4, THEOREM. (A.H.Stone |14|). itet X = {X,,f q,A} be an in-
verse system of non~empty compact Tg spaces ang continuous
maps, and suppose that each fug is a surjection (for all

a,8¢A with 8>a) and that A is [inearly ordered. Then iim X#;
in fact, there exist Xelim X such that (for all ceA) X e f (x)
is a losed point of X %

Now we shall show the following thecrem,

3.5. THECREM. Let X = 1Xa,r4Q,A1 be an inverse system of non-
empty H-closed spaces Xy and @-closed mappings f af Then

= i:m X # 0. Moresover, if f are onto mappings, then the
prujacr:enc fa : X > Xa are onto.

249



Lonfar |, Applications of O-closed Thornik radova (1985}, B
and u-closed sets

Proo f. The inverse system X, ={(Xa)sg, (fas)e’ A} satisfies
the conditions of Theorem 3.3. since (X,)g, ccA, are compact
T, space (Lemma 1.12) and the mappings (f,g)g are closed(Lemma
2.3). It follows that 1jm Xg # #. 8y virtue of Lemma 3.2. we
have tim X # 8. Further, if f_,, B>a, are ontc mappings, then
for x _eX “the sets Y, = f-! (x ) are non-empty ©-closed sets
(temma 2%1.). This meéans Wat fhe system Y={(Y,)e,(€ ). /Y,
a<B<y} satisfies. Theorem 3,3, and has ncﬁ?emp%y lim%¥ 9. From
Lemma 3.2, it follows that there exist yeY<lim X such that
fa(y) = x . The proof is complete.

3.6. THEOREM. Let X = {X,,fygsA} be an inverse system definied
over a linearly ordered set A. If X, # #, aeA, is H-closed and
each f g, a<B, is a surjecton, then X = lim X # § and each
projection fa:X—>-)(ci is a surjection,

Proo f. Apply Lemma 1.12, and Tieorem 3.4, (See also
Friedler and Pettey |4|, Theorem 3.5.).

3,7. REMARK. If in the definition of the H-closed space we omit
Tz-separation axiom, then we obtain the definition of the
quasi~-H-closed space.

3.8. THEOREM. Let X = {X _, f_ ,N} be an inverse sequence of
C - n’ _nm .
non-empty quasi-H-closed spaces Xa and 6-closed meppings fnm’

Then X = lim X # 0.
+—

Proo f. The inverse sequence X ={(X Jg, (f_)g, N} is an
inverse sequence of non-empty compact (without eraration
axiom!) spaces (X )5 and closed mappings (f_)g. By virtue of
{14; Theorem 2.| Tt follows that lim X # g."Cemma 3.2, compiete
the proof.

3.9, PROBLEM. fs it true that X in Theorem 3.5. is H-closed?

3.10. PROBLEM, Is it true that the projections f : X+X in
Theorem 3.5. are o-closed? - a

Theorem 3,5., along with 2.7., gives

3.11, THEOREM. If X = {Xu,Fa A} is an inverse system of
non-empty H-closed spaces and Hi-mappings fops then X=lim X=#.
Moreover, if f _ are onto, then the projections f :XsX "are
onto mappings.® . e
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3.12. COROLLARY,. Let X = {¥ ;fcg A} be an inverse system of
non-empty H-closed spagﬁ X end mappings fqg with the inverse
property or with semi-open {open, closed and irreducible}

mappings. Then X = 1im X # 8.

&

Let us prove that X = 1im X in Theorem 3.11, and Corollary
=
3,12, is H-closed,

3.13. THECREM, Let X = {X ,f A} be an.: inverse system with
HJ-mappings f . 1f ghe p?ua@ftzons ? : X > X are onto, then
' 18, o
f are Hl-mapping
P r o o f, Suppose that some projection fo Is not Hi-mapping.
This means the? there exnst& regularly open set V =X, such

that Y = Int f {V JN ﬂﬁ (V # 7. Let yeY. It Fc!lows that
there exists open set F (U ), B>a, with propertx & (U je¥Y.

It is easily to prove tnat f (x) e Int f_ (V INF I’V )

This is a contradiction sinc . 1S h!—%gppang. of "

3.1h, THEOREM, f X= fX +F R} Is an inverse sy¢ten of

the H-closed spaces ( ana f g—na ppings f ., then X = ijm X
" aB

is H-closed.

Proo #, If X =¢, then Theorem halds. Let X # #. Then

X, # #, aeA, and the projections fy, : X > X, aeA, are onto
FJ~moypsﬂqs (Theorems 3,11, and 3.13). Let us prove that X
is H~closed, [t suffices to prove that each maximal centred
ramzsy U= {U ; ueM, U, is open subset of X § has the property
g ueﬁ} B8, For cach ceA we define th¥ centred family
A ““{U ug 15 open in X, such that there exists U L U
with £ Kﬁi)c,ugg§ ioch ). Row we shall show that g
naxuma? let B < X hw“am open set with the property

U, U #£ %, Uped. It is readily seen_that g 0NfF ) #£6@
for ek¥h U, ﬁﬁdﬁﬁﬁﬂge, ef we denote Int U by Vj, we hllve
¥ Mg {U } # ¥ for each U ¢ U, From the fact tnat F is HJ

G =1 T .r

we concludu that £ (V_ )W # @ since fal—tv )"U # 8
implies that u' =%\ ' bii, contvadiction, F"om

! (J<}fku # Q we infer tha* £ *(V YW £ @ for each
t.?ag’!j 8y virtue of the maximalifey of U i follows

..X"

£ e U and, consequently, Va ell. Thus Uy ¢ 4x since
V® = ¥at U . This means. that % ~ts maximal, fn a siwilar

5]

§2
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if Uy € then £ . {(Uu Je AU, , where
way on can prove that Hy € o fog (Un ) - ;

e

8>y, Since X is H-closzd and ii maximal, there exists xﬁaxa

@

. " e (Y 00he o Mo re £ o
such that {x } {U : Uy nﬂi T, ecver, ,agéxﬁ) X,
since f {Lp §a’ﬂp far ea h Uu € &, I't is easely toc prove

]

Q

that x = (x&)nf‘{ﬂu : Uu £ ﬁd, Thss ccnp%etestﬁe proof,

3,15, PROBLEM, Let X = {{ s A} be an inverse system of

H-closed spaces X and w, 0 c%o ed mappings £ _. Is it trus

that (1im X) is homeomorphic to lim X 7 .
« =0 - -9

We now pass to a discussion of inverse svsiems of Urysohn-

closed spaces

3.16. THEQREM. Let X = [Xy,fyg,A} be an Inverse system non-empty
Urysohn-closed spaces, {f the mappings T _ are u-clesed, then

: af
X=1lim X # @. o

d wem
P roo f, Inverse system Eu = Xa}d‘ {f&§§ , A} is an inverse
system of non-empty compact spaces wit closed mappings (fag}A
{Lemmas 1.31, 1.34. and 2,13). Theorem 2.3, complete the prodf.

3.17. PROBLEM: is X =
closed space?

= 1im X (in Theorem 3.16) an Urysohn-~

3.18, PROBLEM. ls 't true that in the case of Theorem 3.16.
the projections f : X = X are u-closed?

2

From Lemma 2.11, and Theorem 3.4%. 11 follows

3,19, THEOREHM, Let X = ﬁa,f S,A} be an inverse system of non-
empty Urysohn~-closed spaces definied cver & linearly orderad
set A. If each mapping f . is onto, then X = iim X # # and each

- . Of
projection g : X w-x‘ gsaantat
Similarly, from Lemma 1.36. and Theorem 3,3, we obtain the
following theorem,

A} is an inverse system of non-

3 20, THECREM, If X = {ngf .
r sryschin~closed spaces X , then
o

““y strongly U
X = ?imﬁﬁ # 0.
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3.21. THEOREM. Let X = {Xy,fug,A} be an inverse system of
non-emtpy Uryschn-closed spaces Xy and the HJ-mappings fg3.
Then X = 1im X # #. Moreover, the projections f : X+Xa are
cntc mappings. -

Pr

inverse system of non-empty compact ¥, sp3
1.34) with closed mapping (f
33

B)U’ A} is an

o o f. lnverse system_)_(_u = {(X )}, (fa
ces (X ) (Lemma

3)u {Theorem 2,16). From Theorem
it follows that }im'zu g g. Hence, X = lim_§ # #. Q.E.D,

We close this Section with the following problem.

3.22, PROBLEM. Let X = {X ,f
Urysohn-closed spaces X
open mapppings or ciase%, irreducible mappings) f

X Urysohn~closed? *

/3/
/4/

/5/

/6/

,A} be an inverse system of the
o a% . : p
and the HJ-mappings (semi-open mappings,
8 ls ¥ = 3Lm
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Lonlar I, Primjene O-zatvorenih i u-zatvorenih skupova
SAZETAK

U radu se izu u b d
logije t prostora (X,t}. Te se topologije definiraj
O-zatvorenih i v-zatvorenih skupova prostora (X,t). Dobiveni
prostori X, i X su nejdlesce T -kompakti. Na temeliju toga mo-
guée je svakom ¥nverznom sistemu X pridruZiti inverzne sisteme
Xa i X na koje se mogu primijeni%l Stoneovi rezultati za To“
kompéfge. Na taj se nadin dobivaju neki ncvi teoremi ¢ nepra-

znosti limesa inverznih sistema.

cavaju topologije koje su slab
"
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