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LOCAL COMPUTABILITY OF COMPUTABLE METRIC
SPACES AND COMPUTABILITY OF CO-C.E. CONTINUA
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ABSTRACT. We investigate conditions on a computable metric
space under which each co-computably enumerable set satisfying certain
topological properties must be computable. We examine the notion of local
computability and show that the result by which in a computable metric
space which has the effective covering property and compact closed balls
each co-c.e. circularly chainable continuum which is not chainable must be
computable can be generalized to computable metric spaces which have
the effective covering property and which are locally compact. We also
give examples which show that neither of these two assumptions can be
omitted.

1. INTRODUCTION

We say that a function f : N¥ — Q, k > 1, is computable if there
exist computable (i.e., recursive) functions a,b,c : N¥ — N such that

f(z) = (—1)0(“)()(‘1;)21 for each x € N¥. A function f : N¥ — R is said
to be computable if there exists a computable function F : N¥*1 — Q such
that |f(z) — F(x,4)] < 2% for all z € N¥ and i € N and a number z € R is
said to be computable if there exists a computable function g : N — Q such
that |z — g(i)| < 27" for each i € N.

A function f : N¥ — R™, n > 1, will be called computable if the
component functions of f are computable as functions N¥ — R. We say
that z € R™ is a computable point if x = (x1,...,x,), where z1, ..., x, are
computable numbers.
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A tuple (X, d, @) is said to be a computable metric space if (X,d) is a
metric space and a : N — X is a sequence dense in (X, d) such that the
function N2 — R, (i, ) — d(a(i), a(4)) is computable.

If (X, d, @) is a computable metric space, then a sequence (x;) in X is said
to be computable in (X, d, «) if there exists a computable function F : N> — N
such that d(x;, apr)) < 2=k for all 4,k € N and a point @ € X is said to be
computable in (X, d, ) if the constant sequence a,a, ... is computable.

For example, if a : N — R™ is a computable function whose image is dense
in R™, then (R™,d, a) is a computable metric space, where d is the Euclidean
metric on R™. A sequence (z;) is computable in this computable metric space
if and only if (x;) is a computable sequence in R™ (i.e., a computable function
N — R") and z € R™ is a computable point in this space if and only if z is a
computable point.

Let ¢ : N — Q be some fixed computable function whose image is Q N
(0, 00}, where (a, b) denotes the open interval of the reals with given endpoints
a and b. Let 71,75 : N — N be some fixed computable functions such that
{(m1(i), 72(i)) | i € N} = N2, We are going to use the following notation: (i);
instead of 71 (7) and ()2 instead of 72(%).

Let (X,d, «) be a computable metric space. For i € N we define

Ii = B(aiy,» 4y, )s Li = Blagy, s quay,)-

Here, for x € X and r > 0, we denote by B(z,r) the open ball of radius
r centered at x and by E(x,r) the corresponding closed ball, i.e., B(z,r) =
{y € X | d(x,y) <r}, Blz,r) = {y € X | d(z,y) < r}. For A C X we will
denote the closure of A by A.
A closed subset S of (X, d) is said to be computably enumerable in (X, d, «)
if
{ieN|SNIL #0}

is a c.e. subset of N. A closed subset S is said to be co-computably enumerable
in (X, d, a) if there exists a computable function f: N — N such that

X\ S =] L.
€N
These definitions do not depend on functions 71, 72 and q. We say that S
is a computable set in (X,d,«) if S is both computably enumerable and co-
computably enumerable ([2,10]).

Let 0 : N2 =5 N and  : N = N be some fixed computable functions
with the following property: {(c(j4,0),...,0(43,1n(4))) | j € N} is the set of all
nonempty finite sequences in N, i.e., the set {(ag,...,a,) |n €N, ag,...,a, €
N}. Such functions, for instance, can be defined using the Cantor pairing
function. We are going to use the following notation: (j); instead of o(j,1%)
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and j instead of 7(j). Hence

{((G)os---»(G)3) |7 € N}

is the set of all nonempty finite sequences in N. For j € N the set {(j); | 0 <
i < j} will be denoted by [j].
Let (X,d, @) be a computable metric space. For j € N we define

Ji=Un =T
i€[j] i€[g]
The sets J; represent finite unions of rational balls and the sets j; finite unions
of closed rational balls.

A computable metric space (X, d, «) has the effective covering property if
the set R

{Gi,4) eN* | I € Jj}
is computably enumerable ([2]). It is not hard to check that this definition
does not depend on the choice of the functions g, 71, 72, o, n which are necessary
in the definitions of sets I,, and J;.

If (X,d, «) is a computable metric space, than a compact set K in (X, d)
is said to be computable compact in (X, d, ) if K is computably enumerable
in (X,d,«) and if the set {j € N| K C J;} is c.e. ([1]).

If (X, d) is a complete metric space, then each nonempty computable set S
in (X, d, ) contains a computable point, moreover there exists a computable
sequence of points dense in S. On the other hand, there exist nonempty co-
computably enumerable sets (even in R) which contain no computable points
([9]). So, while each computable set is co-c.e. by definition, the implication

(1.1) S co-computably enumerable = S computable

does not hold in general, in fact there are co-c.e. sets which are “far away from
being computable”. However, under certain assumptions (1.1) holds ([6], [1],
[5]). In particular, by [5], we have the following theorem.

THEOREM 1.1. Let (X,d, ) be a computable metric space which has the
effective covering property and compact closed balls and let S C X.

(a) If S is co-c.e. and, as a subspace of (X,d), a circularly chainable, but
not a chainable continuum, then S is computable.

(b) If S is a co-c.e. continuum chainable from computable points a and b
in (X,d,a), then S is computable.

(¢) If S is a co-c.e. chainable decomposable continuum, then for every
€ > 0 there is a computable subcontinuum K of S which is e—close to
S with respect to the Hausdorff metric.

The definitions of a chainable, circularly chainable and decomposable
continuum can be found in [3], [4], [7], as well as the definition of the Hausdorff
metric. For example, each topological circle (i.e., metric space homeomorphic
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to a cirle) is circularly chainable, but not chainable, and each arc is chainable
and decomposable.

In this paper we prove that the assumption in Theorem 1.1 that (X, d)
has compact closed balls, which means that the set E(:L’,T) is compact for
all z € X, r > 0, can be replaced with the assumption that (X,d) is locally
compact (if a metric space has compact closed balls, then it is clearly locally
compact, converse does not hold in general which shows the example of the
metric space (X, d), where d is the discrete metric on an infinite set X).

In fact, we will show that Theorem 1.1 holds under the assumption that
a computable metric space (X,d,a) is locally computable. A computable
metric space (X, d, ) is locally computable ([1]) if for each compact set A in
(X, d) there exists a computable compact set K in (X, d, ) such that A C K.
As we will see, each computable metric space which has the effective covering
property and which is locally compact is locally computable. On the other
hand, there exists a computable metric space which is locally computable
and locally compact, but which does not have the effective covering property
(Example 4.4).

2. BASIC FACTS AND TECHNIQUES

Let k,n € N, k,n > 1. By a partial computable function f : S — N",
S C N*, we mean a function whose component functions fi,...,f, : S = N
are partial computable. Of course, such a function will be called computable
if S = N*. In the following proposition we state some elementary facts.

PROPOSITION 2.1. (i) (Projection Theorem) Let T C NFt" pe q
computably enumerable set. Then the set S = {x € N¥ | 3y € N»
such that (x,y) € T} is computably enumerable.

(ii) (Single-Valuedness Theorem) If S; C Nf and So C N are c.e. sets
such that for each x € Sy there exists y € So such that (x,y) € T,
then there exists a partial computable function f :S1 — N such that
f(S1) €Sy and (z, f(z)) € T for each x € S;.

In the following proposition we state some elementary facts about
computable functions N*¥ — Q and N* — R.

PROPOSITION 2.2. (i) If f,g : N* — Q are computable, then f+g, f—

g:NF — Q are computable.

(ii) If f,g : N¥ — R are computable, then f + g,f —g : N — R are
computable.

(iii) If f,g : N¥ — Q are computable functions, then the sets {x € NF |
f(z) < g(x)} and {x € N*| f(z) < g(z)} are computable.

(iv) If f,g : N¥ — R are computable functions, then the set {x € NF |
f(z) < g(x)} is ce.
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(v) If f : N¥ — R and F : N¥tY — R are functions such that F is
computable and |f(z) — F(x,i)| < 27 for all x € N* and i € N, then
f is computable.

COROLLARY 2.3. Let (X,d,«) be a computable metric space.
(1) If (z:) and (y;) are computable sequences in (X, d, o), then the function
(,7) — d(x;, y;) is computable.
(ii) If v € X, then {a} is a c.e. set in (X,d,«) if and only if x is a
computable point in (X,d, ).

PROOF. (i) This follows from Proposition 2.2(v) and the fact that
|d(z,y) — d(a,d')| < d(z,a)+ d(y,d’) for all z,y,a,a’ € X.

(ii) Let L = {i € N | z € L;}. If {z} is c.e,, then L is c.e. and by
Proposition 2.2(iv) and the Single-Valuedness Theorem we can for each k € N
effectively find ¢ € N such that i € L and g, < 2=% which implies the
computability of x.

On the other hand, if f : N — N is a computable function such that
d(z,apm) < 27 for each k € N, then for each i € N we have

x € I; < Tk € N such that d(ay,,apmw) + 27k < Qi

The computable enumerability of {z} now follows from Proposition 2.2(iv)
and the Projection theorem.

O

LEMMA 2.4. Let (X,d,«) be a computable metric space. Let (z;), (y;)

be computable sequences in this space and (r;), (s;) computable sequences in
(0,00) (i.e., sequences of positive numbers which are computable in R.) Let

A={(j,7) € N* | d(zi,y;) + 55 < 1}
Then
(i) A is ce;
(11) Zf (]al) € A; then B(ijsj) g B(xiﬂ“i);
(ili) if a € X and i € N are such that a € B(z;,7;), then there exists € > 0
such that a € B(y;,s;) and s; < e imply (j,1) € A.

PROOF. (ii) is obvious and (i) follows from Proposition 2.2 and Corollary
2.3(1). If a € X and i € N are as in (iii), then there exists € € R, € > 0, such
that d(z;,a) + 2e < r;. Now, if j € N is such that a € B(y;,s;) and s; < ¢,
then d(a,y;) < s; < ¢ and

d(yj, ;) + 85 < d(y;,a) +d(a,z;) + € < d(a,x;) + 2e < ry,
hence (i,7) € A. O
EXAMPLE 2.5. Let (X, d, ) be a computable metric space. Let A be the

set associated to the sequences (a(y, ), (as),); (quy,), (9¢),) as in Lemma
2.4.
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(i) Suppose S and T are subsets of X and f,g : N — N are computable
functions such that X \ S = U;cn L5(j)» X \T = Ugen Lo(x)- Let B be the set
of all 4 € N for which there exist j, k € N such that (i, f(j)) € A4, (i,9(k)) € A.
The set B is c.e. by the Projection theorem. Let h : N = N be a computable
function such that h(N) = B. Using Lemma 2.4, it is easy to conclude that

X\ (SUT) = Inwy-
i€N
Hence the union of two co-c.e. sets is co-c.e (note that the intersection of two
co-c.e. sets is also co-c.e).

(ii) Suppose that the metric space (X,d) is complete and let S be a
nonempty c.e. set in this space. Let C = {(j,i) € N? | g5y, < %q@?}. This set
is c.e. by Proposition 2.2. Since the set B defined by B ={i e N| SNI; # 0}
is c.e., the set

D=ANCN{(j,i)eN*|ieB, jc B}

is also c.e. It follows easily from Lemma 2.4(iii) that for each ¢ € B there exists
j € B such that (j,4) € D. By the Single-Valuedness Theorem there exists a
partial computable function ¢ : B — N such that ¢(B) C B and (¢(i),i) € D
for each i € B. Note that the function B x N — N, (i, k) + o) (i), is partial
computable () (i) = 0, ¢*+D (i) = (¢ (7)),

Let f: N — N be a computable function such that f(N) = B. Using
the fact that (X, d) is complete, we easily conclude that for each n € N the
intersection ﬂkeN I, (f(ny) contains a unique point z,, and it is not hard to
see that the sequence (z,)nen is computable and dense in S. Hence for each
nonempty c.e. set S in (X, d, ) there exists a computable sequence dense in
S (see also [2]).

We say that a function ® : N* — P(N") is computable if the function
& : NF+7 5 N defined by
x € N*¥ y € N" is computable. Here P(N") denotes the set of all subsets of
N™ and xs : N* — {0,1} denotes the characteristic function of S C N". A
function ® : N¥ — P(N") is said to be computably bounded if there exists a
computable function ¢ : N¥ — N such that ®(z) C {0,...,¢(x)}" for each
x € N* where {0, ..., p(x)}" equals the set of all (yi,...,y,) € N* such that
{yla s 7yn} g {Oa s 790(93)}

We say that a function ® : N¥ — P(N") is c.c.b. if ® is computable and
computably bounded. It is not hard to prove the following proposition.

PROPOSITION 2.6. (i) If @,V : N* — P(N") are c.c.b. functions, then
the sets {x € N*¥ | ®(x) = U(z)}, {x € N* | &(x) C U(x)}, {z € N¥|
®(x) =0} are computable.
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(i) If ® : N* — P(N") and ¥ : N*** — P(N™) are c.c.b. functions, then
A :NF — P(N™) defined by

M) = | U(za),

z€P(x)

x € N¥, is a c.c.b. function.
(iii) If ® : N* — P(N") is c.c.b. and T C N" is c.e., then the set S = {z €
Nk | ®(x) C T} is c.e.

ExXAMPLE 2.7. If o, 8 : N¥ — N and f : N*! — N" are computable
functions, then the function N¥ — P(N"), x — {f(i,z) | a(x) < i < B(z)} is
c.c.b. In particular, the function N — P(N), n — [n], is c.c.b.

EXAMPLE 2.8. Let (X,d, ) be a computable metric space such that the
set {j € N| X = J;} is c.e. Suppose (X,d) is compact. We claim that there
exists a computable function f : N — N such that

(2.1) X = B(ag,27 ") U+ U Blagg,27%)

for each k € N.

Let S = {(n,k) € N? | qy, < 27 for each i € [n]}. It follows readily
from Proposition 2.2(iv) and Proposition 2.6(iii) that S is c.e. Since for each
k € N there exists n € N such that X = J, and (n,k) € S, there exists a
computable function (the Single-Valuedness Theorem) ¢ : N — N such that
X = Jom and (¢(k),k) € S for each k € N. Now, if f : N = N is some
computable function such that [¢(k)] C {0,..., f(k)} for each k € N, then
(2.1) holds.

Conversely, if (X,d, «) is a computable metric space such that (X,d) is
compact and such that there exists a computable function f with the property
(2.1), then it can be shown ([5, Corollary 22]) that (X, d, o) has the effective
covering property. Hence we have the following proposition.

PROPOSITION 2.9. Let (X,d,«) be a computable metric space such that
(X,d) is compact. Then the following statements are equivalent.

(i) The set {j e N| X = J;} is c.e.
(i) (X,d, ) has the effective covering property.
(i) There exists a computable function f : N — N such that (2.1) holds.

3. LOCAL COMPUTABILITY

Let (X, d,«) be a computable metric space. A computable metric space
(Y,d', B) is said to be a subspace of (X,d,a) if Y C X, d :Y XY — R is the
restriction of d : X x X — R and 3 is a computable sequence in (X, d, a).

ProposITION 3.1. Let (Y,d',8) be a subspace of a computable metric
space (X,d,a) and let S CY.
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(i) If S is co-c.e. in (X,d, ), then S is co-c.e. in (Y,d', ).
(i) If S is c.e. in (X,d, ), then S is c.e. in (Y,d', B). Conversely, if S is
closed in (X,d) and c.e. in (Y,d',3), then S is c.e. in (X,d, ).
(iil) Lety € Y. Then y is a computable point in (Y,d',B) if and only if y
is a computable point in (X, d, a).

PRrROOF. For y € Y and r > 0 let By (y,r) denote the open ball with
respect to metric space (Y,d’). For i € N let K; = By (B(3),, (), )-

(i) Suppose S is co-c.e. in (X,d,a). We want to prove that Y \ S =
UjeN K (;) holds for some computable function f: N — N. We have

X\ S =] B(xi,m),
ieN
where (z;) is a computable sequence in (X,d,«) and (r;) a computable
sequence in (0, 00). Let A be the set associated to the sequences (x;), (B(;,),
(ri), (q(5),) as in Lemma 2.4. Then (j,7) € A implies K; C B(x;,r;) and,
since A is c.e., there exist computable functions f, g : N — N such that

A=A{(f(n),g(n)) | n € N}.

It follows K ¢(n) € B(Zg(n)>Tg(n)) for each n € N, which implies (J,, .y Kf(n) €
Y\ S. Now it suffices to prove

(3.1) Y\SC | Kim.

neN
Let a € Y\ S. It follows a € X'\ S and a € B(x;,r;) for some ¢ € N. It follows
from Lemma 2.4(iii) that there exists j € N such that a € K; and (j,7) € A.
Therefore i = f(n) for some n € N and we have a € Ky(,). This proves (3.1).
Hence S is co-c.e. in (Y, d', ).

(i) Suppose S is c.e. in (X,d,«). Hence B = {j € N | SNI; # 0}
is a c.e. subset of N. Let A be the set associated to the sequences (B, ),
(v, ), (9Gys)s (4gjy,) as in Lemma 2.4. Then A is c.e. and (j,7) € A implies
ILinY CKi,.

Let i € N. Using Lemma 2.4(ii) we get that for each s € S the following
equivalence holds:

d(s, Buy,) < quy, < 3j € Nsuch that s € I; and (j,4) € A.
From this we conclude the following:
SNK;#0 < 3j € Nsuch that j € B and (j,7) € A.

Now, by the Projection theorem, the set {i € N | SN K; # 0} is c.e., hence S
is c.e. in (Y,d', B). In the same way we get that computable enumerability of
S in (Y, d’, ) implies computable enumerability of S in (X,d, ) (under the
assumption that S is closed).

(iii) This follows from (ii) and Corollary 2.3. O



LOCAL COMPUTABILITY AND CO-C.E. CONTINUA 9

ExXaMPLE 3.2. Let f : N — Q be a computable sequence which converges
to a noncomputable number b € R and such that f(0) = 0 and f(i) <
f(i+1) for each i € N ([8]). It is easy to construct a computable sequence of
rational numbers 3 such that S(N) = QN [0,b]. Then the tuple ([0, b],d’, 5)
is a computable metric space, where d’' is the Euclidean metric on [0,5]. On
the other hand, let @ : N — Q be any computable surjection and let d be
the Euclidean metric on R. Then f is a computable sequence in (R, d, a).
Therefore ([0,b],d’,5) is a subspace of (R,d,«). The set {b} is co-c.e. in
([0,], ', B) since

0.8\ {b} = [J00, (i + 1))
ieN
On the other hand, {b} is not co-c.e. in (R,d,a); if it were, it would be
computable, namely (R, d, «) has the effective covering property and compact
closed balls and in such computable metric space each co-c.e. singleton set
is computable ([5]), however {b} is not computable, the fact that {b} is c.e.
would imply that b is a computable number.

Let us note that = € [0,b] is a computable point in ([0,b],d’, ) if
and only if z is a computable number. Therefore b is not a computable
point in ([0, b],d’, 8) which implies that {b} is not c.e. (and consequently not
computable) in this computable metric space. Using the previous argument
we conclude that ([0,0],d’, 8) does not have the effective covering property.

PROPOSITION 3.3. Let (X, d, a) be a computable metric space and let K be
a nonempty compact set in (X, d). Then K is computable compact in (X, d, @)
if and only if there exist a metric d on K and a sequence 3 in K such that
(K,d,pB) is a subspace of (X,d,a) and (K,d',) has the effective covering
property.

PROOF. Suppose K is computable compact. First, we claim that there
exists a computable sequence in (X, d, ) dense in K. If (X,d) is complete,
this follows immediately from the fact that K is c.e.; otherwise we can take
its completion (X', d’), note that (X', d’,«) is a computable metric space in
which K is also c.e. (the fact that it is closed follows from its compactness)
and apply the fact that a computable sequence (z;) in (X’,d’, «) such that
x; € X for each ¢ € N is computable in (X, d, ).

So, let 8 be a computable sequence dense in K. With the restriction d’ :
K x K — R of the metric d : X x X — R, the triple (K, d’, §) is a computable
metric space. It remains to prove that this space has the effective covering
property. For ¢ € N let If = B(B),»4(),) and for j € N let JjB = Uie[j] If.
Let A be the set associated to the sequences (B, ), (o jy,), (@y.)s (q(),) as
in Lemma 2.4. Hence (j,i) € A implies I; C If. Let

A= {(m,n) € N*|Vj € [m] Ji € [n] such that (j,i) € A}.
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Then (m,n) € A implies J,, C JZ. It follows readily from Proposition 2.6(iii)
that A is c.e.

Suppose n € N is such that K C Jff. It is easy to conclude from Lemma
2.4(iii) and the fact that K is compact that then there exists m € N such
that K C J,, and (m,n) € A. Therefore, for n € N we have the following
equivalence:

K C Jg < 3m € N such that K C J,,, and (m,n) € A.

Therefore {n € N | K C JP} is a c.e. set. Proposition 2.9 now implies that
(K,d', B) has the effective covering property.

Conversely, suppose that (K, d’,3) is a subspace of (X,d,«) which has
the effective covering property. Using the same notation J? we can find in
the same way a c.e. subset B of N2 such that for m € N the equivalence

KClJ, & EnENsuchthatKng and (n,m) € B

holds, which implies computable enumerability of the set {m € N| K C J,,}.
On the other hand, K is c.e. in (X, d, ) since

KNI #0 < 3j € Nsuch that d(ag,,8;) < qs-
Therefore K is computable compact. 0

As a consequence of Proposition 3.1 and Proposition 3.3 we have the
following theorem.

THEOREM 3.4. Let (X,d, «) be a computable metric space which is locally
computable. Then the statements (a), (b) and (c) of Theorem 1.1 hold.

PROOF. Let S be a co-c.e. set in (X,d, ) and suppose S is compact.
Then S C K, where K is computable compact in (X, d, ). By Proposition
3.3 there exist d’ and f such that (K, d’, 8) is a subspace of (X, d, «) and such
that (K, d’, B) has the effective covering property. Note that the metric on S
induced by d is same as the metric on S induced by d’.

Now, if S is a circularly chainable, but not a chainable continuum, then
S is computable in (K, d’, 8) by Theorem 1.1. Therefore S is c.e. in (K, d’, 3)
which implies that S is c.e. in (X,d,«) (Proposition 3.1). This and the fact
that S is co-c.e. in (X, d, @) give that S is computable in (X, d, ).

In the same way we prove the statements (b) and (c). O

4. LOCAL COMPACTNESS AND THE EFFECTIVE COVERING PROPERTY

In this section we prove that each computable metric space which has the
effective covering property and which is locally compact is locally computable.
This would mean that Theorem 3.4 is a generalization of Theorem 1.1.

Let (X, d, &) be computable metric space which has the effective covering
property and which is locally compact. In order to prove that (X,d, «) is
locally computable, it would be enough to prove that for each x € X there
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exists a computable compact set K whose interior contain z. Namely, in
that case for each compact set A C X we can find finitely many computable
compact sets Ky, ..., K, such that A C K U...K,. It is easy to prove that
the union of finitely many computable compact sets is computable. Hence A
is contained in a computable compact set.

Since (X, d) is locally compact, each z € X is contained in some compact
ball B\(ai, r), where i € N, r € Q, » > 0. So it would be enough to prove that
each compact closed rational ball is computable compact. However, this does
not have to be true.

ExXAMPLE 4.1. Let (\;) be a computable sequence of real numbers such
that 0 < \; < 27 for each i € N and such that the set {i € N| \; = 0} is not
computable ([8]). Let A = (0,0) and for i € N let B; = (1 + X\;,27%). Let

X ={A}U{B;|ie N}U{(1,0)}
and let d be the metric on X defined by

(4.1) d((x1,91), (x2,92)) = max{lzy — xa, [y1 — yal}-

Let @ = (@);en be the sequence defined by ag = A, o; = B;—1, i > 1. Then
(X,d,a) is a computable metric space. This space is clearly compact and it
follows easily from Proposition 2.9 that this space has the effective covering
property.

Suppose that the set §(A, 1) is c.e. in (X,d, ). Then there exists a
computable sequence (z;) in (X, d, ) dense in B(A,1). Let (z;) and (y;) be
sequences of real numbers such that z; = (x;,y;) for each ¢ € N. Then (x;)
and (y;) are computable sequences in R. For i € N we have

Ai:O@BiEE(AJM:)HjENsuchthatzj:Bi@
< Jj € N such that y; = 2%,
Since y; € {277 | k € N} U{0} for each j € N, equality y; = 27" is equivalent
to ly; — 27| < 270+, Therefore
A\ = 0 < 35 € N such that |y; — 27 < 9—(i+1)

It follows (Proposition 2.2) that the set {¢ € N | \; = 0} is c.e. and since the
complement of this set is also c.e. by Proposition 2.2, we have that {i € N |
A; = 0} is a computable set, which is impossible.

So, B (A, 1) is not c.e. and therefore not computable compact.

On the other hand, in each computable metric space (X, d, @) the closure
of the open ball B(«;,r) is c.e. set for all ¢ € N, r € Q, » > 0, namely for
k € N we have

B(ai,r) NI, # 0 < 3j € N such that d(o;, o) <7 and d(aj, oy, ) < qry,-

Nevertheless, B(«a;,r) need not be computable compact.
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EXAMPLE 4.2. Let (X,d,«) be a computable metric space defined as in
Example 4.1 with the exception that we now take B; = (1 — \;,27%) for

each i € N. Let us suppose that B(A,1) is computable compact. Note that
B(A,1) = B(A,1) U {(1,0)}. By Proposition 3.3 and Proposition 2.9 there
exists a computable sequence (z;) in (X,d,a) and a computable function

f N — N such that z; € B(A,1) for each i € N and
B(A7 1) - B(ZOa 2716) U---u B(Zf(k)a 2716)

for each k € N. We have z; = (x;,9i), where (x;) and (y;) are computable
sequences in R. Since y; € {27 | ¢ € N} U {0} for each j € N, for j,i € N we
have

(yj =27y —27" < 27(”1)) and (yj A2 y; — 27 > 2*(”1)) :

This implies that the set S = {(j,i) € N? | y; = 27} is c.e. and that its
complement is also c.e. Therefore S is computable.

Let ¢t € Ny i > 1. If \; > 0, then B; € B(A,1) and therefore B; €
B(z0,27 04y U -+ U B(zf3i41),2~ V), which implies 277 = y; for some
j € {0,...,f(i + 1)}. On the other hand, if 27" = y; for some j € N,
then 2; = (1 — \;,27%) and the fact that z; # (1,0) gives, together with
zj € B(A,1), that z; € B(A,1) which implies A\; > 0. So we have the
following conclusion:

Ai>0 < 35€{0,..., f(i+1)} such that (j,7) € S.
It follows that {i € N | \; > 0} is a computable set which is impossible.

THEOREM 4.3. Let (X, d,«) be a computable metric space which has the
effective covering property and such that (X,d) is locally compact. Then
(X,d, a) is locally computable.

PROOF. Suppose a € N and r € Q, r > 0, are such that the closed ball
B(ag, 2r) is compact. Let S be the set of all (j,n) € N2 such that

(1) Blag,r+r-27") C J;;

(2) q((jye), < 27" for each k € {0, ... s

(3) d(ag, QYY) < T A 21277
As the intersection of c.e. sets, S is c.e. (the set determined by (1) is c.e. since
(X, d, a) has the effective covering property and that the sets determined by
(2) and (3) are c.e. we conclude similarly as in Example 2.8). For each n € N
the set E(aa, r—+7-27") is compact and therefore for each n € N there exists
j € N such that (j,n) € S. Proposition 2.2(iv) now implies that there exists
a computable function ¢ : N — N such that (¢(n),n) € S for each n € N. We
define the functions G : N> = N and ¢g: N — N by

G(n,k) = ((¢(n))k)o, g(n) = @(n),
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n,k € N. Tt follows that for all n € N and k € {0,...,g(n)} we have
(4.2) aGmk) € Blag,r+2r-27").
If n € N, then, for j = ¢(n), we have

~

Blag,r+1-27") € L), U Ul = Blagopos 4oy Y- -

U B(G))00 U))1) € Blagn,),27") U+ U Blag(n,gmy), 27");
hence

(43) E(aa, T+ 27n) - B(aG(n,O)a 2771) U---uy B(aG(n,g(n))a 27’”).

For n € N let

An = {ag(n’k) | ke {0, - ,g(n)}}

Let A=, ey An and for n € Nlet A<p, = U, o, Ans Asn = U, Anr

Computable functions A : N> — N and ¢ : N — N such that h(N) =
{(n,k) e N* | k < g(n)} and

{(',k) e N’ | n' <n,k < g(n')} Ch({0,...,0(n)})

are easily seen to exist. Let f : N — N be defined by f(m) = G(h(m)),
m € N. We have

(4.4) A< SHagm) | m < ¥(n)},
for each n € N. Let n € N. Now (4.3) implies that B(ag,r + 7 -27")
Uogmgw(n)B(O‘f(m)aQ_n)' On the other hand, by (4.2), we have A,
E(aa, r 4 r-27™). Therefore,
Asn S |J o Blagem,2™).
0<m<w(n)

This, together with (4.4), implies

AC U B(Oéf(m), 27M).

0<m<t(n)

If we take n + 1 instead of n, we get

.A Q U B(Oéf(m), 2—(n+1)) and .7‘ Q U B(Oéf(m), 27(n+1))’
0<m<ep(n+1) 0<m<(n+1)

which gives
(45) Ac U Blagm2™)

0<m<d(nt1)
The sequence (f(;,))men is clearly computable in (X,d, ) and it is dense
in A since A = {a() | m € N}. So, if d : Ax A — R is the restriction
of the metric d, then (A, d’, (@ f(m))men) is a computable metric space which,
by (4.5) and Proposition 2.9, has the effective covering property. Therefore,
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A is computable compact by Proposition 3.3 (note that compactness of A
follows from A C B(ag, 2r)). Finally, it follows from (4.3) that for each & > 0
and each € B(a,,r) there exists y € A such that d(z,y) < . Therefore
B(aa,r) C A
We have proved the following: if @ € N and r € Q, r > 0, are such that
B (e, 21) is compact, then B (ata, ) is contained in some computable compact
set. From this and the fact that (X, d) is locally compact we easily conclude
that each z € X is contained in the interior of some computable compact set.
As we have already noticed, this implies that (X, d, «) is locally computable.
0

The following example shows that the converse of the previous theorem
does not hold in general.

EXAMPLE 4.4. Let ([0,b],d’, ) be the computable metric space construc-
ted in Example 3.2. With the Euclidean metric d on [0,b), the triple
([0,b),d,3) is also a computable metric space. This space is locally
computable since each compact subset A of [0,b) is contained in some
[0,0], where ' € Q, ' < b, and this segment is computable compact
in [0,b); namely, it is easy to construct a computable sequence (z;) of
rational numbers in [0, d'] and a computable function g : N — N such that
[0,0'] C B(x,27 %) U+ U B(wyk), 27 %) for each k € N (here B(z,r) denotes
the open ball in R), which, by Proposition 2.9 and Proposition 3.3, implies
that [0,8] is computable compact.

Suppose that ([0,b),d, 8) has the effective covering property. Then, in
the same way as in Example 2.8, we get a computable function f : N — N
such that [0,b) C B(Bo,27%) U+ UB(By),2") for each k € N. It follows
[0,6] € B(Bo,2-27%)u---U BBk, 2 - 27F) for each k € N and therefore
[0,6] € B(Bo,27*)u---U B(ﬁf(k+1),2_k) for each k € N. Now Proposition
2.9 implies that ([0,b],d’, 8) has the effective covering property, which is
impossible (Example 3.2). Hence ([0,b),d, ) does not have the effective
covering property.

5. LocAL NON-COMPUTABILITY AND COMPUTABILITY OF CO-C.E. SETS

We have seen in Section 3 that the statements of Theorem 1.1 hold under
the assumption that (X,d,«) is locally computable. By Theorem 4.3 this
result is indeed a generalization of Theorem 1.1. Now we will show that the
statements of Theorem 1.1 does not have to be true if (X, d, «) is not locally
computable. In fact, we will show that neither of the two assumptions of
Theorem 1.1 can be omitted.

ExAMPLE 5.1. Let f, b and 8 be as in Example 3.2. We may assume
1 <b. Let X = [—b,b] x [-b,b], let d be the metric on X defined by (4.1) and
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let o = (v;) be the sequence in X defined by a;; = ((—1)25;),, (—1)P28;,),
i € N. Then o(N) = Q>N X and (X,d,a) is a computable metric space in
which computable points are exactly those computable points in R? which
belong to X.

We have

XN < o) = U B (5,070 + 5 )
€N
and it is easy to conclude from this that {b} x [—b,b] is co-c.e. in (X,d, a).
So we have a co-c.e. arc which does not contain any computable point.
We get similarly that the sets {—b} x [=b,b], [=b,b] x {—b}, [=b, b] x {b}
are co-c.e. and so

S = ([=0,0] x {=b,0}) U ({~b, b} x [=b,])

is a co-c.e. topological circle which does not contain any computable point
and which, in particular, is not computable.
Furthermore, it is not hard to check that

T = ({0}  [3,8) U ({0} x [0, 8) U([0,8] x {~b,b}) U ({0} x [~b, ~3))

is a co-c.e. arc (as the union of co-c.e. arcs) which serves as an example that
the statement c) of Theorem 1.1 does not hold for (X, d, «).

Note that the computable metric space constructed in the previous
example has compact closed balls, but it does not have the effective covering
property (which follows from Theorem 1.1). The rest of this section is devoted
to showing that the statements (a), (b) and (c) of Theorem 1.1 do not have
to be true if (X,d,«) is a computable metric space which has the effective
covering property, but which is not locally compact.

A function f :[0,1] — R is said to be sequentially computable if (f(x;))
is a computable sequence for each computable sequence (x;) in [0,1]. We
say that f is effectively uniformly continuous if there exists a computable
function ¢ : N — N such that for each k € N and z,y € [0, 1] the inequality
|z —y| < 279) implies |f(z) — f(y)| < 27%. We say that f is computable if
f is sequentially computable and effectively uniformly continuous ([8]).

A sequence of functions (f;), fi : [0,1] — R, is said to be computable ([8])
if the following two conditions are satisfied:

(1) the function N> — R, (i,5) — fi(x;), is computable for each
computable sequence (x;) in [0, 1];

(2) there exists a computable function ¢ : N> — N such that for each i, k €
N and z,y € [0, 1] the inequality |z —y| < 27°FF) implies | f;(x)— f: (y)| < 27*.

Let C[0,1] denote the set of all continuous functions [0,1] — R and let
do be the metric of uniform convergence on C[0, 1], defined by dw(f,g) =

sup{|f(z) — g(x)| | = € [0,1]}.
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The proof of the following proposition is straightforward (see [8]).

PROPOSITION 5.2. (i) If (f;) is a sequence of functions [0,1] — R which
satisfies condition (2) in the definition of computable sequence of functions
and such that the function N> — N, (i,5) — fi(x;), is computable for some
computable sequence (xz;) in [0,1] which is dense in [0,1], then (f;) is a
computable sequence.

(it) If (f;) and (g;) are computable sequences of functions [0,1] — R, then
the function N> = R, (i,7) — doo(fi, g;), is computable.

Recall that each finite sequence (ay, ..., a,) in N is of the form ((¢)o, ...,
(i);) for some i € N. For i € N let i =max{1,7} and let f; : [0,1] — R be the
function defined by

1) fi (%) = q(i)ps ke{0,...i};

2) f; is linear on [%, %}, ke{0,..i—1}.

It is straightforward to check that the sequence (f;) satisfies condition (2)
from the definition of a computable sequence and that the function N> — Q,
(¢,7) = fi(r;) is computable for each computable sequence (r;) of rational
numbers in [0,1]. Therefore, by Proposition 5.2(i), the sequence (f;) is
computable.

Clearly, the set {f; | ¢ € N} is dense in (C[0,1],ds) and therefore
(C[0,1], deo, (fi)) is a computable metric space (Proposition 5.2(ii)). We have
that g is a computable point in this computable metric space if and only if g
is a computable function [0, 1] — R.

PROPOSITION 5.3. Suppose g,h € C[0,1] are sequentially computable
functions such that h(z) # 0 for each x € [0,1]. Let

S={g+th|tel01]}.
Then S is c.e. in (C[0, 1], doo, (fi))-

PROOF. Let (r;) be some fixed computable sequence of rational numbers
such that {r; | j e N} =QnN[0,1]. Let T = {g+th |t € R}. Then f € T if

and only if
f(ri) —g(r;) _ f(0) —g(0)
h(r;) h(0)

for each j € N and this is equivalent to

f(ri)h(0) = f(0)h(r;) = g(r;)h(0) — g(0)h(r;)
for each j € N. Let M € N be such that |h(z)| < M for each = € [0, 1]. Let
A be the set of all (i,) € N? such that

|(Fiiyo (r)(0) = Fiiyo (0)R(r5)) — (g(r5)1(0) — g(0)(r;))| > 2M qyzy, -

Let (i,7) € A and suppose that there exists f' € I; N T. Then

f'(r)h(0) = f'(0)h(r;) = g(r;)h(0) — g(0)h(r;)
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and
|(ftiyo (r)R(0) = friyo (0)R(r5)) — (f'(r5)1(0) — f'(0)h(r)))| =
= |(f(iyo (1) — ' (rs)R(0) = (f1iyo (0) — f1(0)R(rs)] < 2doc(fiyes f')M.

Hence

[(F1iya (r)1(0) = Fiino (0)1(r5)) = (g(r5)P(0) — g(0)h(r;))] < 2q(, M,
which is impossible. Therefore, I; N T = () whenever ¢ € N is such that
(i,7) € A for some j € N. Let

B = {i € N|3j € N such that (i,j) € A}.

Since A is c.e. (Proposition 2.2(iv)), B is c.e. We have | ;.5 I; € C[0,1]\ T".
On the other hand, if f € C[0,1]\ T, then there exists j € N and A > 0 such
that

(£ (r)h(0) = f(0)h(r;)) — (g(r;)h(0) — g(0)A(r;))| > 4AM.
If we now take i € N such that de(f, fuiy,) < gy, < A, then we easily get
(i,j) € A. Hence i € B, f € I; and we conclude that

U ZL=co1\T.
i€B
So T is c.e.
Let a and b, a < b, be computable numbers such that [a,b] = {g(0) +
th(0) | t € [0,1]}. Similarly as above, we easily get that the set {f € C[0,1] |
f(0) € [a,bl]} is co-c.e. Now the fact that S is co-c.e. follows from

S=Tn{feC0,1]] f(0) € [a,b]}.
O

To see that the computable metric space (C[0,1],dw, (fi)) can serve
as a counter-example to Theorem 1.1, consider a sequentially computable
continuous function g : [0, 1] — R which is not computable; see [8].

Let h:[0,1] = R, h(z) =3, x € [0,1]. The set S ={g+th |t €[0,1]} is
c.e. by Proposition 5.3. It is clear that S is an arc. Suppose that f € S is a
computable function. Then g = f — th, where ¢t € [0, 1]. Using the fact that f
and h are effectively uniformly continuous functions, we conclude easily that
g also must be effectively uniformly continuous (see [8]), which is impossible
since g is not computable. Hence S is a co-c.e. arc in (C[0, 1], dso, (fi)) which
does not contain any computable point and which, in particular, does not
contain any computable nonempty set.

Let h1,he : [0,1] = R, hi(x) = 14z, ha(z) = 2 —x, z € [0,1]. We
conclude in the same way that S1 = {g+thy | t € [0,1]}, Se = {(g+h1)+ths |
t € [0,1]} are co-c.e. arcs which do not contain any computable point. Note
that SNS1 = {g}, SNSe ={g+h}, S1NS2 = {g+h1}. Therefore SUS;US,
is a co-c.e. topological circle and it does not contain any computable point.
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Finally, let 73 = {0+ tg | t € [0,1]}, To = {1 +t(g — 1) | t € [0,1]}
(here 0 denotes the constant function 2 — 0 and 1 the constant function
x + 1). Then T; and T are co-c.e. (we may assume here that g(z) > 1
for each x € [0,1], namely continuity of g implies that there exists M € N
such that g(z) + M > 1 for each x € [0,1] and the function g + M is also
sequentially computable, but not computable); the only computable point
in T3 is the constant function 0 and the only computable point in 7% is the
constant function 1. The union 77 U 75 is a co-c.e. arc whose endpoints are
only computable points in it. Consequently, 77 U T is not computable.

We conclude the paper with a somewhat technical verification that
(C[0,1], deo, (fi)) has the effective covering property.

LEMMA 5.4. Let f € C[0,1], let r >0, n € N, n > 1, and let z1,...,x,,
Y1y, Yn be such that 0 < a1 < -+ <, <1 and y; € [f(x;) — 7, fa;) + 7]
foreach i € {1,...,n}. Then there exists h € é(f, r) such that h(x;) =y, for
each i € {1,...,n}.

PROOF. Certainly there exists g € C[0, 1] such that g(z;) = y; for each
i €{1,...,n}. Now the function h : [0, 1] — R defined by h(z) = max{f(x)—
r,min{ f(x) 4+ r, g(x)}} has the desired property. O

If f e C[0,1] and m € N, m > 1, are such that f is linear on [#, %}
for each 7 € {0,...,m — 1}, then we will say that f is m—linear. A map
f € C[0,1] is said to be piece-wise linear if f is m—linear for some m € N.

Suppose that f,g1,...,9n € C[0, 1] are piece-wise linear and let r, sq, ...,
s € (0,00). Then f,¢1,...,9, are m—linear for some m € N. For i €
{0,...,m} let z; = L.

In order to determine whether

(5.1) B(f.r) € | Blge.si)
k=1

holds, it is enough to observe only those k € {1,...,n} for which (5.2), (5.3)
and (5.4) hold:

(5:2) ge(zi) — s < f(x;) —rand f(z;) + 7 < gr(zi) + s
for each i € {0,...,m},

(5.3) ge(zi) —s < f(x;) — 7 or gr(wit1) — s < f(mip1) — 7
and

(5.4) f(@i) +r <gu(z;) +sor f(ig1) +1 < gr(zit1) +5

for each i € {0,...,m —1}. Namely, if k£ € {1,...,n} is such that (5.2), (5.3)
or (5.4) does not hold, then there exist infinitely many x € [0, 1] such that

f(2) =1 < gula) — s or f(@)+7 = gulw) + 5.
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This implies B(f,r) C Uizr B(gis si), otherwise it would be possible (using
Lemma 5.4) to construct b € B(f,r) such that h ¢ Uik B(9i,8:) and h ¢

B(gka Sk)'
So let us suppose that for each k € {1,...,n} (5.2), (5.3) and (5.4) hold.

We claim that then (5.1) is equivalent to the following: for all ag,..., am €
{0, 1}, there exists k € {1,...,n} such that
(5.5) f@i) + (=1)" -1 € (gr(xi) — sk, g (i) + 81)

for each i € {0,...,m}. Indeed, if (5.1) holds and if ag,...,am € {0,1}, then
by Lemma 5.4 there exists h € B(f, r) such that h(z;) = f(;) + (—1)% - r for
each i € {0,...,m}. We have h € B(gx, sx) for some k € {1,...,n} and (5.5)
follows.

Conversely, suppose that for all ag,...,a, € {0,1} there exists k such
that (5.5) holds. Let h € B(f,r). Let ag,...,am € {0,1} be such that
h(z;) = f(z;) + (=1)% - r for those ¢ € {0,...,m} for which h(z;) € {f(z;) —
r, f(z;) + r}. Let k be such that (5.5) holds. It follows from (5.2) that
h e B(gk, Sk)

For functions f, g1,..., g, of the form f;, + € N, and for rational numbers
T, 81, ..., S, we can effectively check whether (5.2), (5.3) , (5.4) and (5.5) hold.
We conclude that the set {(i,j) € N2 | I; C J;} is computable. Hence the
computable metric space (C[0, 1], deo, (f;)) has the effective covering property.
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