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A NOTE ON THE SIMULTANEOUS PELL EQUATIONS
22 —ay?=1 AND 2% —by? =1

MaoHUA LE
Zhanjiang Normal College, P.R. China

ABSTRACT. Let m,n be positive integers with 1 < m < n. Let
§ be a positive number with % < 6 < 1. In this paper we prove that
if gcd(m,n) > n® and n > (8 x 106(log(10'6/63))3 /63)1/¢  where § =
min(1—4, 26—1), then the simultaneous Pell equations 22 — (m? —1)y? = 1
and 22 — (n? — 1)y2 = 1 have only one positive integer solution (z,y, z) =
(m,1,n).

1. INTRODUCTION

Let N be the set of all positive integers. Let a,b be distinct positive
integers. The simultaneous Pell equations

(1.1) 2 —ay’=1, 22—y’ =1, z,y,2€N

arise in connection with a variety of classical problems on number theory
and arithmetic algebraic geometry (see [7]). Let N(a,b) denote the number
of solutions (z,y,z) of (1.1). As early as the 1920s, using the diophantine
approximation method of A. Thue ([12]), C. L. Siegel ([11]) proved that
N(a,b) is always finite. However, his result is ineffective. An effective upper
bound for N(a,b) was given by H. P. Schlickewei ([9]). Using the Subspaces
Theorem of W. M. Schmidt ([10]), he proved that N(a,b) < 4 x 82", In
1996, using the Padé approximation method (see [8]), D.W. Masser and J.H.
Rickert ([6]) improved considerably the above mentioned upper bound; they
proved that N(a,b) < 16. One year later, M.A. Bennett ([2]) further proved
that N(a,b) < 3. Simultaneously, since there is no known pair (a,b) which
makes N (a,b) = 3, he proposed the following conjecture:
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CONJECTURE A. N(a,b) <2.

In 2001, P.-Z. Yuan ([13]) and the author ([4]) independently proved
that if max(a,b) > C, where C is an effectively computable constant, then
N(a,b) < 2. Recently, M. A. Bennett, M. Cipu, M. Mignotte and R. Okazaki
([3]) completely verified Conjecture A, namely, they unconditionally proved
that N(a,b) < 2.

By [2], if (1.1) has solutions and (z1,y1, 21) is the solution of (1.1) with
y1 < y, where y through over all solutions (z,y,z) of (1.1), then y; | y.
Therefore, if (1.1) has solutions, then it is equivalent to the equations

(1.2) X2 —(m?-1)Y?=1,22-(n*-1)Y?*=1, X,Y,ZcN,
where m and n are distinct positive integers with min(m,n) > 1. Obviously,

(1.2) has a solution (X,Y, Z) = (m,1,n). In this respect, M. A. Bennett ([1])
showed that if

2 z2
(1.3) n=2"% jeN,

where

(1.4) a=m+vm2—-1,a=m—-vm2-1,
then (1.2) has an other solution (X, Y, Z) = ((a? +a?")/2,2n,2n?—1). Thus,
P.-Z. Yuan ([14]) proposed a stronger conjecture as follows:

CONJECTURE B. If N(m? — 1,n? — 1) > 2, then n must satisfy (1.3).

The above mentioned conjecture has not been solved yet. In this paper, we
verify Conjecture B for m and n are sufficiently large and they have sufficiently
large common divisor, namely, we prove the following result:

THEOREM 1.1. Let § be a positive number with 3 < § < 1. Ifged(m,n) >

max(m®,n?) and

16 16
8 xeio (log 133 )3)1/9’ 0 = min(1 — 5, 25 — 1),

then (1.2) has only one solution (X,Y,Z) = (m,1,n).

(1.5) max(m,n) > (

2. PRELIMINARIES

LEMMA 2.1 ([5, Formula 1.76]). For any positive integer k and any
complex numbers o and &, we have
w2
e S|
i=0
where [k/2] is the integral part of k/2,
[k] C(k—i-D) 1k

; k
1 (k—2d) !d! GN,z:O,l,...,[_}
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Let m,n be positive integers with 1 < m < n. Let o, @, 3,3 be defined
as in (1.4) and

(2.1) B=n+Vn2—1,8=n—-n?2-1,
respectively. For any positive integer k, let
(22) Uk‘f”l)km:ak, U;€+U§€~/n2— :Bk

It is a well known fact that (u,v) = (ug,vx) (K = 1,2,...) and (v/,v") =
(u},vy,) (k=1,2,...) are all solutions of Pell equations

(2.3) u? — (m?* —1)v* =1, u,v €N
and

(2.4) W21 =1, v eN,
respectively.

LEMMA 2.2. For any positive integer k with k > 1, we have vy < vj,.

PROOF OF LEMMA 2.2. By (1.4), (2.1) and (2.2), {vr}p—, and {v}},—,
are increasing sequences satisfying v; = v{ = 1 and
(2.5) V1 = 2MUk — Ug—1, Upyq = 200 — Vp_y, k €N,
where vg = v = 0. We now assume that [ is the least positive integer such
that v; > v]. Since 1 < m < n, we get from (2.5) that [ > 1, v;_; < v]_; and
(2n—=2)v;_; > 2mu]_; > 2mu_1 > 2mui_1 —v_2 = Uy > V] = 2n0]_; —V]_4 >
(2n — 1)v]_,, a contradiction. Thus, the lemma is proved. O

LEMMA 2.3. Let r and s be positive integers with min(r,s) > 1. If
(2.6) v =0,

then we have:
(i) r>s.
(i) r=s (mod 2).
(ili) If2¢r, thenr =s (mod 4).

PROOF OF LEMMA 2.3. By Lemma 2.2, we have vy < v. Therefore, if
(2.6) holds, then r > s. We see from (1.4), (2.1) and (2.2) that vy = k (mod
2) and v, = k (mod 2). It implies that » = s (mod 2) by (2.6).

Since a — @ = 2v/m? — 1 and aa = 1, by Lemma 2.1, if 2 { r, then

P2

vy = v _ = Z [ } (a—a) " (aa)

. 1
=0

-z
(2.7) = > ("] (4(m? — 1))/,
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whence we get

(2.8) v, =7 (mod 4).

Similarly, since r = s (mod 2), we have

(2.9) vi=s (mod 4).

Therefore, if (2.6) holds, then from (2.8) and (2.9) we get r = s (mod 4).
Thus, the lemma is proved. O

Let d = ged(m,n). Then we have
(2.10) m=dmy , n=dny, my,n; €N, ged(mq,ny) = 1.

LEMMA 2.4. If d > n® and (2.6) holds, where § is a positive number with
% <6 <1, then r > n?, where

(2.11) 6 = min(l — 4, 26 —1).

ProOOF OF LEMMA 2.4. For 2 | r, we have

o —a” et r ; ;

(2.12) R s i ; <2i N 1) mr 2 (2 _ 11,
whence we get
(2.13) v, = rm(m? — 1)L = (=1)"27L rm (mod m?).
Similarly, since 2 | s, we have
(2.14) v = (=1)*2"1 sn (mod n®).
Therefore, by (2.6), (2.13) and (2.14), we obtain
(2.15) rmy = Asny  (mod d?),\ € {£1}.
We find from (2.15) that either
(2.16) rm; = sng
or
(2.17) rmy + snq > d>.
When (2.16) holds, since ged(my,n1) = 1, we get
(2.18) r=nqt, s=mqt, t € N.

It implies that 7 > ny = n/d > n'=° > nf by (2.11). When (2.17) holds, since
n1 > mq, we have r > (rmy +sn1)/2n; > d?/2n; > n?0"1/2 =n?"1.n%/2 >
n? . Thus, the lemma holds for 2 | r.

For 2 {r, we have

(r-1)/2

(2.19) —> (211 1) m" =2 (m? — 1),

=0
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whence we get

(2.20) vp = (=) (-1 4+ (P2 = 1)/2)m?)  (mod m*).
Further, by Lemma 2.3, we have 21 s and » = s (mod n*). Hence, we get
(2.21) vl = (1) (1 4 ((s2 = 1)/2)n?)  (mod n?).
Furthermore, by (2.6), (2.20) , and (2.21), we obtain

(2.22) (r* —1)m? = (s* — )n? (mod 2d?).

We find from (2.22) that either

(2.23) (r? —1)m?} = (s* — 1)n?

or

(2.24) max((r? — 1)m3, (s> — 1)n) > 2d>.

When (2.23) holds, we have

(2.25) (r? = 1) =n?t, (s> —1)=m?3t, t €N,

whence we get r > v/r2 — 1 > ny > n'=% > n? by (2.11). When (2.24) holds,
since r > s and n; > my, we get r > max(mivr2 — 1, nivs2 —1)/n; >
2d? /ny > 2n39~1 > 2n? . To sum up, the lemma is proved. O

LEMMA 2.5. Let ¢, ¢y, ca, c3 be positive numbers.

(i) If co > 261/ logey , then ¢ > ¢1 + o loge for ¢ > 2¢slog cs.
(ii) If c3 > 8(loges)? , then ¢ > c3(loge)? for ¢ > 8cs(loges)?.

PRrROOF OF LEMMA 2.5. Let
(2.26) flc) =c—(c1 + c2logc).

Since f'(c¢) = 1—ca/c, we have f'(c) > 0 for ¢ > cy. It implies that f(c) is an
increasing function for ¢ > ¢o. On the other hand, if f(2¢2logce) < 0, then
from (2.26) we get

(2.27) 2¢qlog ey < 1 + ca(log2 + log ca + loglog ca),

whence we obtain ¢ < 2e°/¢logcy, which contradicts the assumption.
Therefore, we have f(2calogce) > 0. Thus, by (2.26), the result (i) is proved.
Using the same method, we can deduce the result (ii). The lemma is proved.

O

LEMMA 2.6 ([3, Formula (11)]). If (2.6) holds, then
r < 4.26 x 10'3(log 8)? (log(er)).
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3. PROOF OF THEOREM 1.1

We may assume that 1 < m < n. If (1.2) has two solutions,then it has a
solution (X,Y,Z) with Y > 1. By (1.3), (2.2), (2.3) and (2.4), we have
(3.1) Y =v, =vl, r,s €N, min(r,s) > 1.
By Lemma 2.3, we have r > s. Since 8 = n + v/n2 — 1 < 2n, by Lemma 2.6,
we get
(3.2) r < 4.26 x 10" (logn)?(1 + logr).
Put ¢; = c3 = 4.26 x 10'3(logn)?. Since ¢1/ca = 1 and ¢z > 2e logca, by (i)
of Lemma 2.5, we see from (3.2) that
(3.3) 7 < 2calog ey < 8.52x10"3(log 2n)%(31.394-2loglog 2n) < 10'6(log n)3.

On the other hand, by Lemma 2.4, we have r > nf. Substitute it into (3.3),
we get
16

. 10 .
(3.4) n? < 10'%(logn)® = 0—3(logn9)3.
Put c3 = 10'6/63. Since c3 > 106, we have c3 > 8(logc3)3. Therefore, by (ii)
of Lemma 5, we see from (3.4) that

8 x 1016 1016

(3.5) n? < 8cz(loges)® <

It implies that if ged(m,n) > n° and (1.5) holds, then (1.2) has only one
solution (X,Y, Z) = (m,1,n). Thus, the theorem is proved.
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