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ABSTRACT. In the present paper a new family of Wiener amalgam
spaces W(Lp("),LZ,) is defined, with local component which is a variable
exponent Lebesgue space Lr(=) (R™) and the global component is a
weighted Lebesgue space L{, (R™). We proceed to show that these Wiener
amalgam spaces are Banach function spaces. We also present new Holder-
type inequalities and embeddings for these spaces. At the end of this
paper we show that under some conditions the Hardy-Littlewood maximal
function is not mapping the space W (LP(*) L) into itself.

1. INTRODUCTION

A number of authors worked on amalgam spaces or some special cases of
these spaces. The first appearance of amalgam spaces can be traced to N.
Wiener ([22]). But the first systematic study of these spaces was undertaken
by F. Holland ([17,18]). The amalgam of L and 17 on the real line is the
space (LP,1%) (R) (or shortly (LP,1?) ) consisting of functions f which are
locally in LP and have [? behavior at infinity in the sense that the norms
over [n,n + 1] form an 7 -sequence. For 1 < p, ¢ < oo the norm

1
q

1S

n+1

.= 3 /If(x)|”dx <o

makes (LP,19) into a Banach space. If p = ¢ then (LP,19) reduces to LP. A
generalization of Wiener’s definition was given by H. G. Feichtinger in [9],
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describing certain Banach spaces of functions (or measures, distributions) on
locally compact groups by global behaviour of certain local properties of their
elements. C. Heil in [16] gave a good summary of results concerning amalgam
spaces with global components being weighted L7 (R) spaces. For a historical
background of amalgams see [15].

Let p : R™ — [1, 00) be a measurable function (called the variable exponent
on R™). We put

P« = ess inf p(x), p* = ess sup p(z).
TERN cCR™
The variable exponent Lebesque space (or generalized Lebesgue space) LP(*) (R™)

is defined to be the space of measurable functions (equivalence classes) f such
that

(M) = / M @)@ dr < 0o
R‘n

for some A = A(f) > 0. The function p, is called modular of the space
LP(®)(R™). Then

[fllppe = mf{A >0 pp (f/A) <1}

defines a norm (Luzemburg norm). This makes LP(*)(R"™) a Banach space. If
p(x) = p is a constant function, then the variable exponent Lebesgue space
LP®)(R™) coincides with the classical Lebesgue space LP(R™), see [19]. Also
there are recent many interesting and important papers appeared in variable
exponent Lebesgue spaces (see [3-5,7,8]). In this paper we will assume that
p* < o0.

The space Li,, (R™) consists of all (classes of ) measurable functions f on
R™ such that fxx € L' (R™) for any compact subset K C R™, where is the
characteristic function of K. It is a topological vector space with the family
of seminorms f +— || fxkl/ ;.. A Banach function space (shortly BF-space) on
R™ is a Banach space (B, ||.|| 5) of measurable functions which is continuously
embedded into Lj,, (R™), that is for any compact subset K C R™ there exists
some constant Cx > 0 such that ||fxk|l ;. < Ck ||f||g for all f € B and two
functions equal almost everywhere are identified as usual. We denote it by
B < L}, (R™). Obviously LP@®) (R") — L} (R") and the space LP(®) (R")
is a solid space, that is , if f € LP(*)(R™) is given and g € L;, . (R™) satisfies
|51(:c)| < |f(z)| a.e., then g € LP@(R™) and ||g|| 1 pwy < || f]l Lo by [1, Lemma
1].

A positive, measurable and locally integrable function ¢ : R™ — (0, 00) is
called a weight function. We say that a weight function ¢ is submultiplicative
if

Iz +y) < 0(x)I(y).
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for any z,y € R". A weight function w is moderate with respect to a
submultiplicative function ¢ (or ¥-moderate) if

w(x +y) < w(x)d(y)

for any z,y € R™. If the weight w is moderate than 1/w is also moderate.
We say that w; < we if there exists a constant C' > 0 such that Cwy(z) <
wa(z) for all z € R™. Two weight functions are called equivalent and written
w1 & wa, if wy < we and wy < wy. The space LI (R™) (weighted L9 (R™)) is
the space of all complex-valued measurable functions on R™ for which fw €
L7 (R™). Obviously (L%, (R"), ””Lﬁu) is a Banach space with the norm

q

1£lls = el = / F@w@)|de s | 1<q <o,

w

or

[fllzee = Ifwll e = esssup|f(z)|w(z), q=o0.
w xERW

Also the dual of the space LY, (R™) is the space L? _, (R"), where 1 < ¢ < o0,
L4 L =1 (see [12,14,16)).

Given a discrete family X = (z;),.; in R™ and a weighted space LY, (R"),
the associated weighted sequence space over X is the appropriate weighted £ -
space £2 , the discrete w being given by w(i) = w(x;) for i € I (see [11, Lemma
3.5]).

2. THE WIENER AMALGAM SPACE W (LP(®) L1)

Let Cy (R™) be the the regular Banach algebra (with respect to pointwise
multiplication) of complex-valued bounded, continuous functions on R”. Also
let Cp (R™), C. (R™) be the spaces of complex-valued continuous function R™
vanishing at infinity and the space of complex-valued continuous functions
with compact support defined on R™ endowed with its natural inductive limit
topology respectively. It is known that (Co,||.||) < (Cs,|.||l.,) and the
dual space of C. (R™) (with respect to its natural inductive limit topology) is
M (R™), the space of regular Borel measures. For every h € C. (R™) we define
the semi-norm ¢, on M (R™) by gx (h') = h' (k). The locally convex topology
on M (R") defined by the family (gn);,cq. (rny Of seminorms is called the
topology o (M (R™), C. (R™)) or weak*-topology, also called vague topology.
We define
229 (R = {a € M (R") : ¢o € L@ (R™) for all ¢ € . (R”)} .

loc

Lf CE:) (R™) is a topological vector space with respect to the family of seminorms

given by ||U||¢ = ||¢U||Lp(w> , ¢ el (Rn)
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It is known by [1, Lemma 1] that LP(*) (R") is continuously embedded into

(R™). Hence it is easily shown that L] CE:) (R™) is continuously embedded
into L},.(R™). It is also obvious that L},.(R™) is continuously embedded
into M (R") with the weak*-topology. Therefore L éz) (R™) is continuously
embedded into M (R™).

Since the general hypotheses for the Wiener amalgam space denoted by
W (L@ (R™), LY, (R™)) (shortly W (LP(*), L1)) are satisfied, it is defined as
follows as in [9].

Let fix an open set Q C R™ with compact closure. The Wiener amalgam
space W (LP(®), L) consists of all elements f € @ (R™) such that Fy(z) =

loc

||f||Lp(w>(Z+Q) belongs to LI (R™); the norm of W (Lp(z)7 L?ﬂ) is

Ll

loc

1Al (zoter 28y = 1Frllgg, -

In this definition ||f||Lp(z)(Z+Q) denotes the restriction norm of f to z + @,
that is

T
—inf {|lg] g€ LP®) (R™), g coincides with f on z + Q, i.e.,
a Il : hf = hg for all h € Co (R™) with supp (h) Cz+Q | °

By the solidity of the BF-space the assumptions imply

I llerer 1) = X+l oo -
The following theorem, based on [9, Theorem 1], describes the basic
properties of W (Lp(m), LZ;)~
THEOREM 2.1.
i) W (LP®) L4 is a Banach space with norm ||.||W(Lp(z) L)
ii) W (LP(®), L) is continuously embedded into Lfs:) (R™).
iii) The space

Ay = {f e Lr®) (R™) : supp (f) is compact}

is continuously embedded into W (Lp(m), LZ;)-
iv) W(Lp(“'),LZ,) does mot depend on the particular choice of @, i.e.
different choices of @ define the same space with equivalent norms.

By iii) and [1, Lemma 4] it is easy to see that C.(R™) is continuously
embedded into W (Lp(a”)7 LY).
By using the techniques in [13], we prove the following proposition.

ProOPOSITION 2.2. W (Lp(“‘),LZU) s a solid BF-space on R™.
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PROOF. Let K C R™ be a compact subset. Since Cp (R™) is a regular
Banach algebra with respect to pointwise multiplication one may choose a
function hy € C. (R™) with 0 < ho(z) < 1 and ho(xz) =1 for all x € K. Let
supp(ho) = Ko. Then xx(z) < ho(x) and hence x(z) |f(@)] < ho(x) |f(2)|
for all 2 € R”™. Since LP(®) (R") < L} _(R"), there exists Dg, > 0 such that

loc
(2.1) / Iho() ()| dx < Dy I1ho 1l pocer -
Ko
Since K C Ky
(2.2) J1t@lds < [ ino@)s@) da.
K Ko

On the other hand by Theorem 2.1 ii), W (LP®), L) — Lfo(f) (R™). Hence
for this hy € C, (R™) there exists a constant number Dy, > 0 such that

(23) Pho (F) = 01l cer < Do 1l (oo 1)

w

for all f € W (L), Lg,). Combining (2.1), (2.2) and (2.3) we obtain

[1s@lds < [ ho(@)f@)]dz < D, ol
K Ko
< DioDno 1fllw (Lo 1) = O 1 fllw (Lo 13,) -
It is easy to show that W (Lp(m), LZJ) is solid. O

PROPOSITION 2.3. Let wy, we and ws be weight functions. Suppose that
there exist constants C1,Cy > 0 such that

vh € L (R™), Yk € L7 (R™), |17kl ogr < Ol oror 1Bl oo
and
Vu e LI (R™),Yv e L (R"), ||UU||L;2U33 <Oy ”“”L?}l ||1J||L3U22 .
Then there exists C > 0 such that for all f € W(Lpl(z),LZ}l) and g €
w (Lm(m)7 L% ) we have
||f9||W(Lp3<z>,L;{§3) <C ||f||W(Lp1<z>,L;{,1l) ||9||W(Lp2<z>,Lg;2) :

In other words

w (2@, pa ) w (1@, 1 ) c w (170, 1 )
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PROOF. Let f € W (LP(®) L4 ) and g € W (LP2(®), L% ). Then

||f9||W(Lp3<z>,Lq3 ) = H”ngerQ”Lpa(u:) HL?U33

w3

(2.4) = [[1(Fx=+0) (x4l oso | gz
< Cy I x4+l oo lgxz+all posee HLZEB .
If we put
Fy (2) = [lfxz4@llprer and Fy (2) = llgxz+@ll o »
by (2.4) we obtain
||f9||w(Lp3(w>7L§U33) <Gy ||Fng||L§’,,33 < C1Cy ||Ff||L$Ul1 ||Fg||L§’32
=010y ||f||W(Lm<x),L3U11) ||9||W(Lp2<w>,L§32)
=C ||f||W(Lp1<x),L;{,11) ||9||W(Lp2<x),L;{,22) .

O

COROLLARY 2.4. Define k(x) by le) + ﬁ = ﬁ < 1 and suppose
k* < o0, % + % = 1. Then there exists a constant C > 0 such that
HngVV(Lk(w),Ll) <C Hf”w(Lp(u:),L;’U) HgHW(U'(M,LfFI)
for all f € W (LP®) L) and g € W (L"), L3 _,). Thus
w (27, g ) W (1), 15, ) € w (L), 1Y)
PRrOOF. Let f € W (LP®), L%) and g € W (L"®), L3 _,). Then fx.4+q €
Lr@) (R™) and gx.+q € L@ (R™). Thus there exists C(z) > 0 such that

(25) Ifoxz+all e < CG@) x4l o l9xz+Qll pre
by [20, Lemma 2.18]. Also it is known by [20, Lemma 2.18] that C(z) < 2k* =
C < oo. Since L (R") is solid, then by (2.5)

79l

(Lk(”"),Ll) < 2k7 H”szJrQ”Lp(w) ”ng+@| Lr(w)| I

(2.6)
=C ||||sz+Q||Lp<x) ||9Xz+Q||Lr(w> ||L1 .

Finally since [|fxz4+qll o € LT (R™), [lgxz+@llpre € Ly—1 (R™), by the
Holder inequality and (2.6) we obtain

1 f9llw Le@) 1) < Cllfllw Lr() LY 9/l Lr@) Ls -
( ) ( ) ( 1)

PROPOSITION 2.5. a) If p1(x) < pa(x), g2 < ¢1 and w1 < wa, then

w (1@, pe ) e w (1@, La ).
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b) If pr(x) < p2(x), 2 < @1 and wy < wa, then
W (L”l(“') N LP2(@), LZ,22> cw (Lpl(“'), qull) .
c) If wy < wa, then
Li, (R") ¢ W (L"), L8)) and W (179, L2, ) © Li;, (R").
PROOF. a) Let f ¢ W (Lp2(z),LZJ2) be given. Since pi(x) < p2(x), then
LP2@) (2 + Q) — LP*@®) (2 + Q) and
x40l o < (0 (z+ Q) + 1) [[fXe+0ll pra

= (1 (Q) + D) If x=+ell oo

for all z € R™ by [19, Theorem 2.8], where p is the Lebesgue measure. Hence
by (2.7) and the solidity of L2 (R™) we have

2.7)

W (Lo, L) cw (L9, 1)
It is known by [11, Proposition 3.7], that
WL L) cw (.1,

if and only if {2 C £ , where ({2 and (]! are the associated sequence spaces

of L (R™) and L% (R™) respectively. Since g2 < ¢ and w; < ws, then
022 (3 ([13]). This completes the proof.

b) The proof of this part is easy by a).

¢) By using a) and [16, Proposition 11.5.2], we have

X (R") =W (Lp ,L{j&) cw (Lp<w>,LfU2) .
Since w; < wo, then 7, C (£ ([12]). Hence
¥ (R") C W (LW), Lgl) .
Similarly we can prove

w (17, i) © Lt (R™).

The following lemma follows directly from the closed graph theorem.

LEMMA 2.6. If p},p5 < oo, then LP*®) (R™) c LP2(®) (R™) if and only
if there exists a constant C' > 0 such that ||f| o < C|fllppr for all
f € L) (R™).

PROPOSITION 2.7. Let B be any solid space. If ¢ < q1 and wy < wo,
then we have

W (B,LE NLE)=W (B,L%).
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PROOF. It is easy to see that the associated sequence space of L% (R™)N
L (R™) is L3 NEE . Since g2 < g1 and wy < we, thus the associated sequence
space of LI} (R™)N L% (R™) is £72. Then by [11, Proposition 3.7]

W (B,LY NLE)=W (B,L%).
O

COROLLARY 2.8. a) If pi,ps < oo, LP1(®) (R") C LP2(®) (R"), g5 < gy,
qs < g3, 4 < g2, w1 < wa, w3 < wy and wy < wy, then

W (L”l(“'), L% N ng{l) =W (L’“(“'), L;ﬁ) cw (Lm(@, Lo N ijz)
=W (L@, L)
b) If p1(x) < pa(x), 1 < g2 and wy < w1, then
w (1@ pe@, L) cw (L, 1)

A general interpolation theorem in Wiener Amalgam space has been given
by H. Feichtinger (see [10, Theorem 2.2]). We will give a similar theorem for
w (Lp(z) Lq) next:

PROPOSITION 2.9. If po (z) and p1 (z) are variable exponents with 1 <

Pj+ S pj <00, j=0,1. Then, f07’9€1(0(,1), we have
{W (Lpo(az)’L‘ZO ) W (Lm L3 )} <|:LP0(93)’Lp1(93):| ’Lq9>
=W (Lpe(z)aLZf)
where P&m) - Plozg) T plﬁr)’ ng - 1(1;09 T q%’ w = wy~wf.

ProOOF. By [10, Theorem 2.2] the interpolation space

o (). (0. 13)],

for (W (Lpo(m)’LQO ) W (Lpl(m)’L’Z)ll)) isW ([L;DO(I)’LM(I)][ o [L La ][9])_

wo?

We know that [L;{%,qull][e] = L%, [2] and by [6, Corollary A.2] that
[Lpo(w)7Lp1(x)} o = po(x) O

3. THE HARDY-LITTLEWOOD MAXIMAL FUNCTION ON W (LP(I),L?H) (R™)

We use the notation B,(z) to denote the open ball centered at x of radius
r. For a locally integrable function f on R, we define the (centered) Hardy-
Littlewood maximal function M f of f by

1
(3.1) M(x) = W { | () dy.
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where the supremum is taken over all balls B, (z) and u (B,(z)) denotes the
Lebesgue measure of B,(x).

Although the local Hardy-Littlewood maximal function has been shown
to be a bounded mapping on LP(*) over a bounded domain, it is not bounded
on many of the amalgam spaces. We have the following result.

PROPOSITION 3.1. Let p: R — [1,00), 1 < ¢ < 00 and w is a weight
function. If % € L*(R) and % + % = 1 then the Hardy-Littlewood mazimal

function M is not bounded on W (LP™®) (R), L%, (R)) .

PROOF. Since ; € L* (R) and § + { = 1 then LY, (R) C L' (R). Hence
(3.2) W (LW) (R), LY (R)) cw (LM (R), L} (R)) cL'(R).

Take the indicator function x[_; ). It obvious by Theorem 2.1 iii) that
X-1,1] € W (LP®) (R), LY, (R)). By [21, Theorem 1] the Hardy-Littlewood
maximal function f — M (f) is not bounded on L' (R). Also if f € L' (R)
is not identically zero then M (f) is never integrable on R. This implies that
the Hardy-Littlewood maximal function M (x(_1,1)) is not in L' (R). Hence

M (x-1,1) € W (P (R), L% (R)) . This completes the proof. 0
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