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THE SPECIAL HYPERSURFACES OF MINKOWSKI SPACE
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ABSTRACT. Let z : (M™,F) — (V™1 F) be a simply connected
hypersurface in a Minkowski space (V”‘H,F). In this paper, using the
Gauss formula of Chern connection on Finsler submanifolds, we shall prove
that if z(p) is normal to T, (M)(Vp € M), then M with the induced metric
is isometric to the standard Euclidean sphere.

1. INTRODUCTION

Let M be an n-dimensional smooth manifold and 7= : TM — M be the
natural projection from the tangent bundle. Let (x,Y) be a point of TM
with z € M,Y € T, M and let (2%, Y?) be the local coordinates on TM with
Y=Y' 821' . A Finsler metric on M is a function F : TM — [0, +00) satisfying
the following properties:

(i) Regularity: F(z,Y) is smooth in TM\0;

(ii) Positive homogeneity: F(z,A\Y) = AF(z,Y) for A > 0;
(iii) Strong convexity: The fundamental quadratic form g = g;;(z,Y)dz’ @

dz’ is positively definite, where g;; = [%FQ]yq,yj = 8Y8—;Y(%F2).
10X

The simplest Finsler manifolds are Minkowski spaces. Let V1! be a real
vector space. A Finsler metric F : TV — [0,00) is called Minkowski if F
is a function of Y € V"1 only and (V"*! F) is called Minkowski space.

Let x : M™ — R™*! be a simply connected Riemannian hypersurface of
the Euclidean spaces. It is well-known that if the position vector z, is normal
to Tp(M)(Vp € M), then M is an Euclidean sphere. The main purpose of
this paper is to generalize the result from the Riemannian hypersurfaces of
the Euclidean spaces to the Finsler hypersurfaces of the Minkowski space. To
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the author’s knowledge, there is no one using the induced Chern conection in
studying Finsler submanifolds. In this paper, by the Gauss formula of Chern
connection on Finsler submanifolds, we shall prove the following

MAIN THEOREM. Let x : (M™, F) «— (V"1 F) be a simply connected
hypersurface in a Minkowski space (V"1 F). If x(p) is normal to T,(M)(Vp €
M), then M with the induced metric is isometric to the standard Fuclidean
sphere.

2. THE GAUSS FORMULA

Let (M™, F) be an n-dimensional Finsler manifold. F inherits the Hilbert
form and the Cartan tensor as follows:
- OF Fé)gij
g 20Y+"

Let o : (M™ F) — (Mnﬂ),F) be an isometric immersion from a Finsler
manifold to a Finsler manifold. We havel®!
(2 1) gY(Ua V) = g(p*(Y) (@*(U)a @*(V))a

' Ay (U, VW) = Ay () (@:(U), 0 (V), 0 (W),

where Y, U, V,W € TM,g and A are the fundamental tensor and the Cartan
tensor of M, respectively.

It can be seen from (2.1) that ¢* (@) = w, where @ is the Hilbert form of
M.

We shall make use of the following convention:

e(U):=U, YU eTM,

w dz’, A= Aijkdxi ® dr? @ d, Aiji =

and
1<4,j,---<n, n+l<apf - <n+p,
1<a,b,---<n+p, 1< \u,---<n-—1.

Take a g-orthonormal frame form {e,} for 7*TM and {w®} to be its
local dual coframe, such that {e;} is a frame field of 7*T'M and w™ is the
Hilbert form. Let 67 and w§ denote the Chern connection 1-form of F and F,
respectively, i.e., Ve, = Ggeb and Ve; = wfej, where V and V are the Chern
connection of M and M, respectively. We obtain

3 Yi 9
(2.2) Ales, e5,€n) = A(eq, ep,€n) =0, €, = F 01t

Vi, j,a,b.

The structure equations of M are given by

dw® = -0y /\gb7

08 + 05 = —2A,p.05,

02 +67 =0, 6% =0,

oy = —09 N 05 + LR, e Aw? + Py 0 A GL.

(2.3)
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By w® =0 on M and the structure equations of M, we have
(2.4) 0S Aw’ = 0.

It follows from (2.4) that
(2.5) 07 = hiw', hi; = h3;

We havel4

THEOREM 2.1 (The Gauss formula). Let ¢ : (M™, F) — (Mnﬂ;,F) be an
isometric immersion from a Finsler manifold to a Finsler manifold and V be
the Chern connection of M. If

vV:VV—i—B(V,ei)wi—i—Z{ (V,ej, B(eiyen)) — Alej, ei, B(V, en))

— A(V,ei, Blej, en)) Z (ej, Viex)A(enr, ei, Blen, €n))
A

+ ZZ(ej, eisex)A(ex, V, B(en,en))
A

+ ZZ(M €4, BA)Z(BA, €5, B(en; en))}w] ® €i,
A

(2.6)

where V. = v'e; € T(m*TM), B(V,e;) = 05(V)ea = v/hijeq, then V is the
Chern connection of M.

It can be seen from (2.6) that
(2.7) wf = 93 — \I/jikwk,

where
(2 8) \I/]zk = h Akza - (]:ania — h?nzkja —_ hgnzikszsja
. + h8 Aijs Aska + P Ajks Asia.

From (2.8), we get that
(2.9) 0, = w) — hgpAjnaw™, 07 = wi + he, Ajraw™.

By (2.9) and the almost g-compatibility , we have
(2.10) 0], = (—hg; — 205 Ajop + 202 Ajra Aing)w’ — 24 00w,
In particular,

(2.11) 0" = —ho,w'.
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3. THE HYPERSURFACE IN MINKOWSKI SPACE
Let (V"*+1,F) be a Minkowski space and 2 = T* 2. be the position vector
field of V™! with respect to the origin. By a direct simple computation, we
get
LEMMA 3.1. For any vector field Z = 22 on V"1,

oz
(3.1) Vynr =27,

b .
where ZH = z“ﬁ% = Za(aga — Na%) denotes the horizontal part of Z.

For the Minkowski space (V"*1 F), we have that the formal Christoffel
symbols 73, of the second kind for g, must vanish and so NZC = W‘gc?c -

%chidede = 0, then the horizontal part e/ of e; = uf 8—2, can be written
as
i 0 i, 0  —a O ;0
H _ ,J — o) — o) — 0
(3.2) e = Uiz =ui(m5 - jﬁ)_ui@_el'

DEFINITION 3.2. Let x : M" < (V"L F) be a simply connected
hypersurface in o Minkowski space. If x, satisfies (xp, X)g = 0,VX € T,M
at p € M, we call that x, is normal to T,(M).

Now we can prove the following

MAIN THEOREM. Let x : M"™ c—>_(V"+1,F) be a simply connected
hypersurface in a Minkowski space (V" F). If x(p) is normal to T,(M)(Vp €
M), then M with the induced metric is isometric to the standard Fuclidean
sphere.

PrOOF. That the z, is normal to T,(M),Vp € M means ¢ = fepi1, f €

C*°(M). We have that the vertical covariant differentials f. of f with respect
to the Chern connection satisfies f, = 0 and

(83) () = el (w.a) = 2(V,n2,0) + 2A(2,2,V,e,) = 0.

3
Then f =constant. Let f = ¢, i.e., z = cep+1. We have

1 1 .
(3.4) depy1 = —dx = —w'e;.
c c

On the other hand, it is easy to see that

(3.5) deny1 =04, ei+ 00T en .

By (3.4) and (3.5), we get

(3.6) 0! 1 = %w ot = 0.

It can be seen from (2.10) that

(3.7) 081 = (—hij — 2hnj Ainsint1 + 2hnn Aixnt1 Ajant1)w? — 24;5n 41w
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It follows from (3.6) and (3.7) that

{ . Ajjns1 = 0,
—hij = 2hnjAinyingr =  £645
Substituting (3.8) into (2.8), we get

(3.8)

(3'9) Wik = 0.
It is easy to see from (2.7) and (3.9) that
(3.10) 0] = .

By (2.9), (3.6), (3.10) and 077 = — A, 1041000 — Apging1n41027, we have

(311) Z”JFanrliw:fz + hniZnJranranrlwi =0.

Then we obtain immediately

(3.12) Antint1i =0, hniApiinging = 0.
It follows from (3.8) and (3.12) that
A =0
3.13 n+lab )
(8.13) { —hi; = Lo,
and hence we have ]! = —6! | = —1w’ Exterior differentiate (3.6), by
using (3.2) and (3.10), we obtain
(3.14) dw' = —w} Awj.

Exterior differentiate (3.10), we get

(3.15) dw; = —wj, A wf + C—Qw’ Aw.

(3.14) and (3.15) are the structure equations of M™.
(3.15) is equivalent to

L i Lo j
(316) §Rjklwk A wl + ij/\wk AN w,i; = C—QWIL A W‘].
It can be seen from (3.16) that

P, = 0
3.17 e 7
(3.17) { Ry = 5 (6ir0j1 — 6ubjk).

From (3.17), we obtain immediately that M is a Berwald space with

constant flag curvature K = c%, then M is a Riemannian with constant
curvature K = C%, so we obtain the main theorem immediately. O
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