
GLASNIK MATEMATIČKI
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Abstract. Let x : (Mn, F ) →֒ (V n+1, F ) be a simply connected

hypersurface in a Minkowski space (V n+1, F ). In this paper, using the
Gauss formula of Chern connection on Finsler submanifolds, we shall prove

that if x(p) is normal to Tp(M)(∀p ∈ M), then M with the induced metric
is isometric to the standard Euclidean sphere.

1. Introduction

Let M be an n-dimensional smooth manifold and π : TM → M be the
natural projection from the tangent bundle. Let (x, Y ) be a point of TM
with x ∈ M,Y ∈ TxM and let (xi, Y i) be the local coordinates on TM with
Y = Y i ∂

∂xi . A Finsler metric onM is a function F : TM → [0,+∞) satisfying
the following properties:

(i) Regularity: F (x, Y ) is smooth in TM\0;
(ii) Positive homogeneity: F (x, λY ) = λF (x, Y ) for λ > 0;
(iii) Strong convexity: The fundamental quadratic form g = gij(x, Y )dxi⊗

dxj is positively definite, where gij = [ 12F
2]Y iY j = ∂2

∂Yi∂Yj
(12F

2).

The simplest Finsler manifolds are Minkowski spaces. Let V n+1 be a real
vector space. A Finsler metric F : TV n+1 → [0,∞) is called Minkowski if F
is a function of Y ∈ V n+1 only and (V n+1, F ) is called Minkowski space.

Let x : Mn →֒ Rn+1 be a simply connected Riemannian hypersurface of
the Euclidean spaces. It is well-known that if the position vector xp is normal
to Tp(M)(∀p ∈ M), then M is an Euclidean sphere. The main purpose of
this paper is to generalize the result from the Riemannian hypersurfaces of
the Euclidean spaces to the Finsler hypersurfaces of the Minkowski space. To
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the author’s knowledge, there is no one using the induced Chern conection in
studying Finsler submanifolds. In this paper, by the Gauss formula of Chern
connection on Finsler submanifolds, we shall prove the following

Main theorem. Let x : (Mn, F ) →֒ (V n+1, F ) be a simply connected
hypersurface in a Minkowski space (V n+1, F ). If x(p) is normal to Tp(M)(∀p ∈
M), then M with the induced metric is isometric to the standard Euclidean
sphere.

2. The Gauss formula

Let (Mn, F ) be an n-dimensional Finsler manifold. F inherits the Hilbert

form and the Cartan tensor as follows:

ω =
∂F

∂Y i
dxi, A = Aijkdx

i ⊗ dxj ⊗ dxk, Aijk :=
F∂gij

2∂Y k
.

Let ϕ : (Mn, F ) → (M
n+p

, F ) be an isometric immersion from a Finsler
manifold to a Finsler manifold. We have[5]

(2.1)
gY (U, V ) = gϕ∗(Y )(ϕ∗(U), ϕ∗(V )),

AY (U, V,W ) = Aϕ∗(Y )(ϕ∗(U), ϕ∗(V ), ϕ∗(W )),

where Y, U, V,W ∈ TM, g and A are the fundamental tensor and the Cartan

tensor of M , respectively.
It can be seen from (2.1) that ϕ∗(ω) = ω, where ω is the Hilbert form of

M .
We shall make use of the following convention:

ϕ∗(U) := U, ∀U ∈ TM,

and
1 ≤ i, j, · · · ≤ n, n+ 1 ≤ α, β, · · · ≤ n+ p,

1 ≤ a, b, · · · ≤ n+ p, 1 ≤ λ, µ, · · · ≤ n− 1.

Take a g-orthonormal frame form {ea} for π∗TM and {ωa} to be its
local dual coframe, such that {ei} is a frame field of π∗TM and ωn is the
Hilbert form. Let θab and ωi

j denote the Chern connection 1-form of F and F ,

respectively, i.e., ∇ea = θbaeb and ∇ei = ω
j
i ej , where ∇ and ∇ are the Chern

connection of M and M , respectively. We obtain

(2.2) A(ei, ej , en) = A(ea, eb, en) = 0, en =
Y i

F

∂

∂xi
∀i, j, a, b.

The structure equations of M are given by

(2.3)















dωa = −θab ∧ ωb,

θab + θba = −2Aabcθ
c
n,

θan + θna = 0, θnn = 0,

dθab = −θac ∧ θcb +
1
2R

a

bcdω
c ∧ ωd + P

a

bcdω
c ∧ θdn.
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By ωα = 0 on M and the structure equations of M , we have

(2.4) θαj ∧ ωj = 0.

It follows from (2.4) that

(2.5) θαj = hα
ijω

i, hα
ij = hα

ji

We have[4]

Theorem 2.1 (The Gauss formula). Let ϕ : (Mn, F ) → (M
n+p

, F ) be an
isometric immersion from a Finsler manifold to a Finsler manifold and ∇ be
the Chern connection of M . If

(2.6)

∇V = ∇V +B(V, ei)ω
i +

∑

i

{

A(V, ej , B(ei, en))−A(ej , ei, B(V, en))

−A(V, ei, B(ej , en))−
∑

λ

A(ej , V, eλ)A(eλ, ei, B(en, en))

+
∑

λ

A(ej , ei, eλ)A(eλ, V, B(en, en))

+
∑

λ

A(V, ei, eλ)A(eλ, ej, B(en, en))
}

ωj ⊗ ei,

where V = viei ∈ Γ(π∗TM), B(V, ei) = θαi (V )eα = vjhα
ijeα, then ∇ is the

Chern connection of M .

It can be seen from (2.6) that

(2.7) ω
j
i = θ

j
i −Ψjikω

k,

where

(2.8)
Ψjik = hα

jnAkiα − hα
knAjiα − hα

inAkjα − hα
nnAiksAsjα

+ hα
nnAijsAskα + hα

nnAjksAsiα.

From (2.8), we get that

(2.9) θjn = ωj
n − hα

nnAjλαω
λ, θnj = ωn

j + hα
nnAjλαω

λ.

By (2.9) and the almost g-compatibility , we have

(2.10) θjα = (−hα
ij − 2hβ

niAjαβ + 2hβ
nnAjλαAiλβ)ω

i − 2Ajαλω
λ
n.

In particular,

(2.11) θnα = −hα
niω

i.
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3. The hypersurface in Minkowski space

Let (V n+1, F ) be a Minkowski space and x = xa ∂
∂xa be the position vector

field of V n+1 with respect to the origin. By a direct simple computation, we
get

Lemma 3.1. For any vector field Z = za ∂
∂xa on V n+1,

(3.1) ∇ZHx = Z,

where ZH = za δ
δxa = za( ∂

∂xa −N
b

a
∂

∂Y
b ) denotes the horizontal part of Z.

For the Minkowski space (V n+1, F ), we have that the formal Christoffel

symbols γa
bc of the second kind for gab must vanish and so N

a

bc = γa
bcY

c
−

1
F
A

a

bcγ
c
dfY

d
Y

f
= 0, then the horizontal part eHi of ei = u

j
i

∂
∂xj can be written

as

(3.2) eHi = u
j
i

δ

δxj
= u

j
i (

∂

∂xj
−N

a

j

∂

∂Y
a ) = u

j
i

∂

∂xj
= ei.

Definition 3.2. Let x : Mn →֒ (V n+1, F ) be a simply connected
hypersurface in a Minkowski space. If xp satisfies 〈xp, X〉g = 0, ∀X ∈ TpM

at p ∈ M , we call that xp is normal to Tp(M).

Now we can prove the following

Main theorem. Let x : Mn →֒ (V n+1, F ) be a simply connected
hypersurface in a Minkowski space (V n+1, F ). If x(p) is normal to Tp(M)(∀p ∈
M), then M with the induced metric is isometric to the standard Euclidean
sphere.

Proof. That the xp is normal to Tp(M), ∀p ∈ M means x = fen+1, f ∈

C∞(M). We have that the vertical covariant differentials f; of f with respect
to the Chern connection satisfies f; = 0 and

(3.3) eHi (f2) = eHi 〈x, x〉 = 2〈∇eH
i
x, x〉+ 2A(x, x,∇eH

i
en) = 0.

Then f =constant. Let f = c, i.e., x = cen+1. We have

(3.4) den+1 =
1

c
dx =

1

c
ωiei.

On the other hand, it is easy to see that

(3.5) den+1 = θin+1ei + θn+1
n+1en+1.

By (3.4) and (3.5), we get

(3.6) θin+1 =
1

c
ωi, θn+1

n+1 = 0.

It can be seen from (2.10) that

(3.7) θin+1 = (−hij − 2hnjAin+1n+1 + 2hnnAiλn+1Ajλn+1)ω
j − 2Aiλn+1ω

λ
n.
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It follows from (3.6) and (3.7) that

(3.8)

{

Aijn+1 = 0,

−hij − 2hnjAin+1n+1 = 1
c
δij .

Substituting (3.8) into (2.8), we get

(3.9) Ψijk = 0.

It is easy to see from (2.7) and (3.9) that

(3.10) θ
j
i = ω

j
i .

By (2.9), (3.6), (3.10) and θn+1
n+1 = −An+1n+1λθ

λ
n −An+1n+1n+1θ

n+1
n , we have

(3.11) An+1n+1iω
i
n + hniAn+1n+1n+1ω

i = 0.

Then we obtain immediately

(3.12) An+1n+1i = 0, hniAn+1n+1n+1 = 0.

It follows from (3.8) and (3.12) that

(3.13)

{

An+1ab = 0,
−hij =

1
c
δij .

and hence we have θn+1
i = −θin+1 = − 1

c
ωi. Exterior differentiate (3.6), by

using (3.2) and (3.10), we obtain

(3.14) dωi = −ωi
j ∧ ωj.

Exterior differentiate (3.10), we get

(3.15) dωi
j = −ωi

k ∧ ωk
j +

1

c2
ωi ∧ ωj.

(3.14) and (3.15) are the structure equations of Mn.
(3.15) is equivalent to

(3.16)
1

2
Ri

jklω
k ∧ ωl + P i

jkλω
k ∧ ωλ

n =
1

c2
ωi ∧ ωj .

It can be seen from (3.16) that

(3.17)

{

P i
jkl = 0,

Ri
jkl =

1
c2
(δikδjl − δilδjk).

From (3.17), we obtain immediately that M is a Berwald space with
constant flag curvature K = 1

c2
, then M is a Riemannian with constant

curvature K = 1
c2
, so we obtain the main theorem immediately.
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