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Repdigits as sums of three Fibonacci numbers
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1. The main result and its proof

It has been shown by Senge and Straus [8] that if @ and b are multiplicatively
independent positive integers, then every large positive integer N has either many
nonzero digits in base a, or many nonzero digits in base b. This was made effective
by Stewart [9] using Baker’s theory of lower bounds for linear forms in logarithms
of algebraic numbers (see also [4]). There are also variants of these results involving
for example either the Zeckendorf representation instead of just representations in
integer bases, or asking that the digits of a number N in a fixed integer base b to
be distinct from a fixed given one, instead of only asking that they be distinct from
0 (see, for example, [4] and [9]). Recall that the Zeckendorf representation [10] of a
positive integer N is the representation

N=F, +F,,+ - +F,, with mi—m;y; >2 for ¢=1,...,t—1,

where {F), },,>1 is the Fibonacci sequence Fy = Fy =1 and Fy, 12 = Fipq1 + F, for
all m > 1. We also set Fy := 0. In particular, large repdigits in a base b, that is
numbers with identical digits in base b, must have many terms in their Zeckendorf
representation. In [5], it was shown in an elementary way that the largest repdigit
in base 10 which is a Fibonacci number is 55.

Here, we find all repdigits in base 10 which are the sums of at most three Fi-
bonacci numbers. Similar problems were recently investigated. For example, Fi-
bonaceci numbers which are sums of three factorials were found in [1], while factorials
which are sums of at most three Fibonacci numbers were found in [6].

We follow the general method described in [4].
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Theorem 1. All nonnegative integer solutions (my,ma, ms,n) of the equation

10™ -1
9

Nle+Fm2+Fm3d( ), with d € {1,...,9} (1)

have
N €{0,1,2,3,4,5,6,7,8,9,11,22,44,55,66,77,99, 111, 555,666, 11111}.

Proof. To fix ideas, we assume that mi > ms > ms3. A brute force search with
Mathematica in the range 0 < m; < 50 turned up only the solutions shown in the
statement of Theorem 1. This took a few minutes. When my > 51, we have that
N > F,,, > Fs51 > 10'% 5o all solutions of equation (1) must have

1010 — 1

Fm1—|—Fm2—|—FmSEd( 9

) (mod 10'%),  with some d € {1,...,9}.

We generated the list of residues
F :={F,, (mod 10%):51 <m; < 1000}.

Then we tested, again with Mathematica, whether for some ms, ms € [0, 1000] and
de{l,...,9}, we can have

1010 -1 10
d (9) — Fy, — Fiy  (mod 10°7) € F.
This took a few minutes and no new solution turned up.

A faster and more clever way of testing this range was pointed out to me by Juan
José Alba Gonzalez. Namely, one first shows by using only elementary manipulations
with the recurrence defining the Fibonacci numbers that if a number N is a sum of at
most three Fibonacci numbers, then its Zeckendorf representation contains at most
three terms. Next, if m; < 1000, then 10"~ < (10" — 1)/9 < 3F,,, < 3Fi000, SO
n < 210. For each d € {1,...,9} and each n € [1,210], we generated the Zeckendorf
representations of N = d(10™ —1)/9, and selected only the instances for which such
representation has at most three terms. This computation took a few seconds and
returned only the numbers N appearing in the statement of the theorem.

So, from now on, we may assume that m; > 1001, therefore n > 208. We use
the fact that

a™ — Bm
Fp="""
m \/5
We rewrite equation (1) in three different ways as
a™  dx10™ d pgm oM pgm2 o™ pgms

V59 0B BB VBB

for m >0, where (o,f):= <1+\/5 1_\/5>.

2 72

Q™ B d x 10" d pm pgm2 q™Ms pgms
— (1 + am2 mLy — = ——+ + - + ) 2
75 e Tt st e @
om - o d x 10" d pmpm pgms
1+ am2—m + QMs—miy _ = —— + + + .
75 e T T ET AT
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We take absolute values in each one of the three equations (2) obtaining

a™  dx 10”’ |B|™ 8]
— - < -+ + 54 (3)
V5 9 \f \f V5
|ﬁ‘m‘5 2amg
+2 <44
\f V5 V5
o Hame amato
VS Vi
am _ dx10"| _d g™ |BI™2 o™ BT
L4a™ 7™M — < o+ + +—=+
75 )" ‘ sV st AT AT
<4s a™s - 10a™s - amsto
= f \/S \/5 )
a™ _ - dx 10" _d  |gI™ 18" 8™
(I4am2™™ 4 o™ ml)—’g +
V5 9 57V VB B

cqc L@
< = \/5
Dividing the left-hand sides of the three inequalities (3) by
o™ ™ o™

(I1+a™™™) and (14 am27" 4 gma™m™)

AR

respectively, we get

V5

9 aml—mg—{’)

mi1—mza mo2—miq —1
1—a~™10" <9d\/50‘ ) Lo ) !

(am1—m2 + 1) qmi—ms—>5 < ami—mz=5"
) —_— d\/gamlfmz (1 4L aMz—mi 4 am37m1)71
- 9(am1—’rn3 + qm2—m3 4 1) < 047”1_5
1
< am1*5’ (4)

respectively.

We use a result of Matveev (see [7], or Theorem 9.4 in [2]), which asserts that if
a1, aio, ag are positive real algebraic numbers in an algebraic number field of degree
D and by, bg, bz are rational integers, then

11— afrabzal?| > exp (—1.4 x 30% x 3%°D%(1 + log D)(1 + log B)A; A2 A3)  (5)
(assuming that the left—-hand side above is nonzero), where
B = max{|by|, [b2], [bs]},
and

A; > max{Dh(«;),|log a;[,0.16}, for i=1,2,3.
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Here, for an algebraic number n we write h(n) for its logarithmic height whose
formula is

d
h(n) = é <1og ao+ Y _log (maX{In“)I, 1})> :

i=1

with d being the degree of 1 over Q and

d
0 = ao [[(X — ) € Z[X]
i=1

being the minimal polynomial over the integers having n as a root.

We shall apply this to the left-hand sides of (4). In all three cases, we take
a1 =, ag =10, by := —my, by :=mn, b3 := 1. Only the number a3 is different in
each of the three instances, namely it is

dv5  dy/Bamime dy/Bam s

, and ,
9 9(am—m2 4+ 1) 9(ami—ms 4 qma—ms 4 1)

respectively, according to whether we work with the first, second, or third of the
inequalities (4). In all cases, the three numbers oy, ag, ag are real, positive and
belong to Q(v/5), so we can take D := 2.

We next justify that the amounts on the left-hand sides of (4) are not zero.

Indeed, if the left-hand side of the first of inequalities (4) is zero, we then get
a™ =10"dv/5/9, so o™ € Q which is false.

If the left—hand side of the second of inequalities (4) is zero, we then get that

anll—mz _|_ 1 — 10n <d\/§> a—mg7
9
or
d
a™ 4™ = 10" <\/‘?’> :
9
Conjugating the above relation in Q(v/5), we get

B+ M2 = —10" (T) :

Hence,
a™ <™ 4™ =[BT 4 g < [BI™ 4+ B < 2,

which is impossible for m; > 1001. A similar argument deals with the situation
when the left-hand side of the third of inequalities (4) were zero. Indeed, if this
were so, we would then get that

amlfms + O[’n’Lgfmg + 1 — 1On <d\9/g> a,m3’
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or
a™ 4+ a™ 4 o™ = 10" (d;)/ﬁ) .

Conjugation in Q(v/5) above replaces a by 3 on the left-hand side but only changes
the sign of the right—hand side. Thus, we get

aTYL1 < am1 + a?TLQ + a?’)’L(; — |/Bm1 + /B'I’VLQ + 577L3| S 3’

which is false for m; > 1001.
Hence, indeed the left—hand sides of all three inequalities (4) are nonzero.
Next observe that

10" -1

10”_1<10”‘1+10"‘2+-~~+1<d< )sz1+Fm2+Fm3

—1 2
< 3F,, <3a™ ™t <™t

therefore

log 10
log

m1+2>< )(n—1)>4.78(n—1).

Hence, m; > 4.78n — 6.78 > n since n > 208. So, with the notation B :=
max{|by|, |bz], |b3]}, we definitely have B = m;. We can choose 4; := 0.5 > 2h(a1),
Ay :=4.7 > 2log az. We now put

Cp:=3x10"2 > 1.4 x30° x 3%5 x D? x (1+1log D) x Ay x As. (6)

We have C; > 2.27889 x 10*2. We apply inequality (5) iteratively on the left-hand
sides of inequalities (4). For the first one, we can take

Az := 6.1 > (log 81 + 2log V/5) > 2h(as3),

and get that

exp (—6.1C1 (1 +logmq)) <

1—a™™10" (d\/f))’ < !

implying
74 (m1 —ma)loga < (74 5loga) +6.1C1(1 4+ logmy) < 7C1(1 +logmq). (7)

We now apply inequality (5) to the second of inequalities (4). We need some
statistics for the corresponding a3. Observe first that in this case

dv/5am—me VB o 9(@™~™m2 1) 18

= —— = — L —
a3 g(am1*m2 +1) = \/57

% = dv/Barmi—m2
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so that |log as| < 2.1. Next, observe that
ap | 9%(a™ ™2 £ 1)(™ ™2 4 1);  hence, ag < 324a™ ™2,

The conjugate of ag is in absolute value at most

L R W Y

9(Bm=ma 1) T 1B 14+ V5

Hence, we can take

2v/5
Az = T4 (my —my)loga > log(324)+(m; — my)log a+log(v/5)+log (1—1—65>

> max{2h(as),|log as|,0.16}.
We then get, by applying inequality (5) to the second inequality (4),
1

aml—m3—5 ’

exp (—(7+ (m1 — mz)log @)C1(1 4 logmy)) <
S0
114 (mq —mg)loga < (114 5log o) + (7 + (m1 — mg) log a)Cy (1 + log my).
Using also inequality (7), we get that
11+ (my —ma)loga < (11 4+ 5loga) + 7CE(1 +logm;)? < 8CZ(1 +logmy)?. (8)

We now move to the third inequality (4). We need some statistics on the current
as. Observe that

d\/5am1—ms < VB a-lo 9(a™ M3 4 gM2ms 4 1) - ﬂ
g(aml—mg 4 qm2—ms | 1) — ) 3 d\/gamlfmg - \/g’

3 —

so that |log as| < 2.5. Next, observe that
ag | 9% (o™ M3 £ M2 ™ L 1)(B™ TS 4 gM2 M3 4 1): hence, ag < 72913,

The conjugate of as is in absolute value at most

dVB|gmm V5
9|ﬁm1—m3 _|_ﬁm2—M3 + 1‘ - |ﬁm1—m3 + BmZ_m3 ¥ 1| .

We need a lower bound for |gm1=™s 4 gm2=m3 4 1| We distinguish a few cases.
If mo — ms = 0, then

|8 4 T 1 =[BT 42l 22 -1 = 1
Assume next that mgo —mg =1. If m; —mg =1, we get

|gmimma o gmaTme | =264+ 1| = V5 — 2.
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If mg — ms =1 and m; — m3 = 2, then
|7 4 BT 1] = |2+ B+ 1] =3 - VB
If mo — m3 =1 and m; — mg > 3, then

mi—m mo—m 7_3\/5
BT TS 4 1] 2 1= |B] - B =

Finally, if mo — m3 > 2, then
BT 4 g 1] > 1 - 267 = V5 2.

The above calculations show that [8™1~™s 4 gm2=™s 4 1| > (7 — 31/5) /2, therefore
the conjugate of a3 has absolute value at most

NG 2V/5

(7-3V5)/2 7-3V5

Hence, we can take

2v/5
Az := 11+ (my — my)loga > log(729)+ (m1 —ms3) log a+log(v/5)+log L
7-3V5
> max{2h(as), |log as|,0.16}.
We then get, by applying inequality (5) to the third inequality (4),

1

am175 ’

exp (—(11 + (m1 — m3)log @)C1(1 4 logmy)) <
S0
miloga < 5loga + (11 + (m1 — ms)log a)Cy (1 4 logmy).
Combining this with inequality (8), we get
myloga < 5loga+8C3 (1+logmi)® < 9C3 (1+logmi)® < 9(3 x 10'2)3(1+logm1)?,

so my < 6 x 10%.
Now we only need to lower the bound.
Let

Ay := —my log o + nlog 10 + log(dv/'5/9).

Observe that the first equation (2) is

m1 d 1n mi d m
o dx 10T _a (1—am110"<\/5>>=a (1—eM)

V5 9 V5 9 V5
d Bml 1 ‘B|1001
= -3 7_Fm _Fm < —= <07
9+\/5 2 s 9" V5
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where the last inequality holds because m; > 1001. This implies that A; > 0.

Hence,
dv'b 1
1—04_““10"( \f>|< =,
9 qM1—mz2—95

by the first of inequalities (4). Thus, we get that

0<A<eM—1=

1

amlfmsz) )

0 < Ay =nlog 10 — my loga + log(dv/5/9) <
giving

0<n<10g10) . <log(d\/5/9 1 1

< < .
log log o ) (log a)ami—ma2=5 = gmi—m2—7

We put 7 := (log 10)/(log ), v := (log(dv/5/9))/(log o). We also put M := 6 x 10*+.
Thus, we have the inequality

O<n’y—m1+u<W, (9)

where n < my; < M. By the standard Baker-Davenport reduction lemma (see
Lemma 5 in [3]), it follows that

1
s — g < T+ og(q/s)7
log v
where ¢ > 4 x 10% > 6M is the denominator of a convergent to v and € := ||uq|| —
M]|yq|| > 0. We let [ag,aq,...] =1[0,4,1,3,1,1,1,...] be the continued fraction of

and py /gy the kth convergent to « for all k£ > 0.
We took g := ¢108, which is a number with 52 base 10 digits. Then ¢ > 6M and
g > 0.08 for all choices d € {1,...,9}, giving

log(g/0.08)

my —mg <7+
log v

< 263,
so that mi; — mo < 262. In particular, my > 739.

Now we go back to the second equation (2) and use the same argument as the
one we used for the first equation (2). Namely, we fix m; — mg < 262, and we put

d\/gaml—mg )

A2 = —mq lOgOé + nlOg 10 + IOg (9(047”17”‘24»]_)

By an argument similar to the previous one, the second equation (2) is

d 6m1 B?’VLQ 1 |6|1001 ‘B|739
A

?)=—=+ + —Fpy, <—=+ +

") =-3 V5 B 9 V5 5

™t

V5

(L4am ™) (1- <0,
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since my > 1001 and mo > 739. So, as before, we get that Ao > 0. We get, as
before, that

log 10 1 dv/Ba e 1
— — 1 . 1
0 <n ( loga ) mi + <loga> og <9(a7n1—’m2 i 1)) < aml—mg—? ( 0)

We keep the value of v and of ¢, replace u by

(1), (VB

o= <loga> ©8 9(ami—mz 41) |’
and recognize that inequality (10) is of the same type as inequality (9), except that
the exponent m; — mg on « in the right—-hand side has been replaced by m; — mg.
We next compute the lower bound £ > 107* valid for all choices d € {1,...,9} and
0 < my —mg < 262, except for the pair (d, m; —ms) = (9,2) for which actually one
gets that p = 0, so the amount ||ug|| — M||qy|| = —M||g7]| is negative. So, except
for this pair, we have

log(10%q)

mi—mg <7+
log o

< 275,
therefore m; — mg < 274. When (d, m; — ms) = (9,2), we then have that

1
The largest partial quotient ay for 0 < k < 109 is ag; = 106. We now use the fact
that if ¢ is a positive irrational number with continued fraction [bg, b1, ..., bg,...],
partial quotients Py/Qr = [bo,-..,bx] for kK > 0, and we put (i := [bg, br+1,...] for
k > 0, then whenever x and y are integers with |y| < Q, we have

1 1 1
Qr(Cer1Qr + Qr—1) = Q3 (Cey1+1) ” Qi(bpy1+2)°

Applying the above inequality with ¢ := - and k := 108, we conclude, from the fact
that m1 < ¢ = quos,

1 1 1
< < — < — <
108¢ = (a109 + 2)q lq108Y — Pros| < ny —my

|z — Cyl > |Pr — CQr| =

ami—ms—T7 :
Hence,

log(108¢)

< 266,
log o

miy—msg <7+
so we get the same conclusion as before, namely that m; — mg < 274. Thus,
mg > 737.
Next, we fix d € {1,...,9}, m1 — may < 262, and m; — ma < m; — mg < 274.
The same argument as the one we did before ensures that

m1—7’

O<ny—mi+p<
«
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L 1 lo d\/gam:’.*ml
o= log & 9(0/”1—””3 + qmi—m2 4 1) ’

We computed that e > 10~7 for all the above instances except when (d, m{—ma, m;—
ms) = (9,0,1), (9,3,3), (9,4, 1) for which we have that p = 0 for the first two triples
and p = 1 for the last triple. In fact, except for these three triples, the minimum
value of ¢ is > 7 x 1077 and it is achieved in the triple (d,m; — ma,m; — m3) =
(3,168,2). Therefore, except for the above three triples, we have

where

log(107¢)

my < 7+
log v

< 300,

which is false since m; > 1000. However, in the case of the three exceptional
triples, the previous argument based solely on the continued fraction of v shows, as
previously, that

log(108¢)

my <7+
log v

< 266,

which is impossible again. This finishes the proof. O

2. Comments

A few words about the computations. They were carried out with Mathematica, and
the largest loop, which consisted of computing a lower bound for € over all triples
(d,mg — mga,m; —mg) with components in [1,9] x [0,262] x [0,274] with the three
exceptions (9,0,1), (9,3,3), (9,4,1) took a few minutes. It is not unreasonable to
conjecture that the same method may be applied to compute all solutions of the
equation

107L_1
d( 5 )sz1+Fm2+Fm3+Fm4 with  my > mg > mg > my > 0.

We leave this as a problem for other researchers.
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