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Abstract. In this paper, we consider a modified projective algorithm for finding com-
mon elements of the set of common fixed points of a finite family of quasi-¢-nonexpansive
mappings and the set of solutions of an equilibrium problem in uniformly smooth and
strictly convex Banach spaces with the property(K). Our results improve and extend the
corresponding results announced by many others.
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1. Introduction

Throughout this paper, we assume that E is a real Banach space, E* the dual space
of E. Let C be a nonempty closed convex subset of F and f a bifunction from C' x C
to R, where R denotes the set of numbers. The equilibrium problem is to find p € C
such that

f(p,y) 20, VyedC. (1)

The set of solutions of (1) is denoted by EP(f). Given a mapping T : C — E*, let

f(z,y) = (Tx,y —x) for all z,y € C. Then p € EP(f) if and only if (Tp,y —p) >0

for all y € C, i.e., p is a solution of the variational inequality. Numerous problems in

physics, optimization, and economics reduce to find a solution of (1). Some methods

have been proposed to solve the equilibrium problem. See, for instance, [3, 8, 12].
Recall that T is nonexpansive if

[Te =Tyl <l —yll, Va,yeC.

A point z € C is a fixed point of T provided Tax = x. Denote by F(T) the set of
fixed points of T; that is, F(T) ={x € C : Tx = z}.
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Recently, many authors studied the problems of finding a common element of
the set of fixed points of a nonexpansive mapping and the set of solutions of an
equilibrium problem in the framework of Hilbert spaces and uniformly smooth and
uniformly convex Banach spaces, respectively. See, for instance, [16, 18, 19] and the
references therein.

Motivated and inspired by the research going on in this direction, we introduce
a modified projective algorithm for finding common elements of the set of common
fixed points of finite quasi-¢-nonexpansive mappings and the set of solutions of an
equilibrium problem in uniformly smooth and strictly convex Banach spaces with
the property(K).

2. Preliminaries

Let E be a real Banach space with norm || - || and let J be the normalized duality
mapping from E into 27" given by

Jo={a" € B : (x,2%) = [l|| =7, [J«] = [J«"][}

for all 2 € E, where E* denotes the dual space of E and (-, ) the generalized duality
pairing between E and E*. It is well-known that E is uniformly smooth if and only
if £* is uniformly convex.

As we all know, if C' is a nonempty closed convex subset of a Hilbert space H
and Po : H — C is the metric projection of H onto C, then Pg is nonexpansive.
This fact actually characterizes Hilbert spaces and consequently, it is not available
in more general Banach spaces. In this connection, Alber [2] recently introduced a
generalized projection operator Il in a Banach space E which is an analogue of the
metric projection in Hilbert spaces.

Consider the functional defined by

$(a,y) = |l2|* = 2(z, Jy) + |ly||* for z,y € E. (2)

Observe that in a Hilbert space H (2) reduces to ¢(z,y) = ||z — y||?, =,y € H.
The generalized projection Il : E — C' is a map that assigns to an arbitrary point
x € E the minimum point of the functional ¢(z,y), that is, [Icx = &, where Z is the
solution to the minimization problem

T,x) = inf . 3
0(2,2) = inf 0(y.) 3)
The existence and uniqueness of the operator Il follow from the properties of
the functional ¢(z,y) and strict monotonicity of the mapping J (see, for example,
[1,2,7,17]). In Hilbert spaces, IIc = Pc. It is obvious from the definition of function
¢ that

(lyll = =1)* < ¢y, z) < (lyll + l2[1)*,  Va,y € E. (4)

Remark 1. If E is a reflexive, strictly convex and smooth Banach space, then for
x,y € E, ¢(x,y) =0 if and only if x = y. It is sufficient to show that if ¢(x,y) =0
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then x = y. From (4), we have ||z|| = ||y|. This implies (x, Jy) = ||z||* = || Jy|*.
From the definition of J, one has Jx = Jy. Therefore, we have x = y; see [7, 17]
for more details.

Let C be a closed convex subset of E, and let T" be a mapping from C' into
itself. A point p in C is said to be an asymptotic fixed point of T' [15] if C' contains
a sequence {z,} which converges weakly to p such that lim,_, ||z, — Tzy| = 0.
The set of asymptotic fixed points of T' will be denoted by F(T). A mapping T
from C into itself is said to be relatively nonexpansive [4, 5, 11] if F(T) = F(T)
and ¢(p, Tx) < ¢(p,z) for all € C and p € F(T). The asymptotic behavior of a
relatively nonexpansive mapping was studied in [4, 5, 11].

T is said to be ¢-nonexpansive, if ¢(Tx, Ty) < ¢(x,y) for x,y € C. T is said to be
quasi-¢-nonexpansive if F(T') # 0 and ¢(p, Tz) < ¢(p,z) for x € C and p € F(T).

Remark 2. The class of quasi-¢p-nonexpansive mappings is more general than the
class of relatively nonexpansive mappings [4, 5, 13, 14] which requires the strong

restriction: F(T) = F(T).

Next, we give some examples that are closed quasi-¢-nonexpansive which are due
to Zhou [20].

Example 1. Let E be a uniformly smooth and strictly convex Banach space and
A C E x E* a mazimal monotone mapping such that its zero set A~10 is nonempty.
Then, J, = (J +1A)"1J is a closed quasi-¢-nonexpansive mapping from E onto
D(A) and F(J,) = A710.

Example 2. Let Il be the generalized projection from a smooth, strictly conver,
and reflexive Banach space E onto a nonempty closed convex subset C of E. Then,
I is a closed and quasi-¢-nonexpansive mapping from E onto C with F(Ilg) = C.

A Banach space E is said to be strictly convex if | 5| < 1 for all 2,y € E with
lz]| = |ly]l = 1 and = # y. Tt is said to be uniformly convex if lim, o ||Zn — ynll =
0 for any two sequences {z,} and {y,} in E such that ||z,| = ||lyn|]| = 1 and
lim, oo || 22322 = 1. Let U = {x € E : ||z|| = 1} be the unit sphere of E. Then
the Banach space E is said to be smooth provided

tull —
ety — ]
t—0 t

exists for each x,y € U. It is also said to be uniformly smooth if the limit is attained
uniformly for z,y € E. It is well-known that if E is uniformly smooth, then .J
is uniformly norm-to-norm continuous on each bounded subset of E. Recall that
a Banach space F has the Kade¢-Klee property (property(K) for brevity) if for
any sequence {z,} C E and x € E, if z,, — = weakly and ||z,| — |z||, then
|z — x| — 0. For more information concerning the property(K) the reader is
referred to [9] and references cited there in. It is well-known that if E is a uniformly
convex Banach space, then E has the property(K); Banach space E is uniformly
smooth if and only if E* is uniformly convex.

In order to establish our main results, we need the following lemmas.
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Lemma 1 (See [2]). Let C be a nonempty closed convex subset of a smooth Banach
space E, x € E and xg € C. Then, o = lHcx if and only if

(ko —y,Jor — Jxg) >0 VyeC.

Lemma 2 (See [2]). Let E be a reflexive, strictly convex and smooth Banach space,
let C' be a nonempty closed convex subset of E and let x € E. Then

o(y, Hex) + ooz, x) < d(y,z) Yy e C.

Lemma 3. Let E be a reflexive, strictly convex and smooth Banach space, C' a closed
convex subset of E, and T a quasi-¢-nonexpansive mapping from C' into itself. Then
F(T) is a closed convex subset of C.

Proof. Let {p,} be a sequence in F(T) with p, — p as n — oo, we prove that p €
F(T). From the definition of quasi—¢—nonexpansive mappings, one has ¢(p,, Tp) <
&(pn,p), which implies that ¢(p,,Tp) — 0 as n — co. Noticing that

&(pn, Tp) = |Pull® — 2(pn. J(Tp)) + | Tp|*.

Taking the limit as n — oo yields
Jim (py, Tp) = [IplI* = 2(p, J(Tp)) + | Tp]|* = é(p, Tp).

Hence ¢(p,Tp) = 0. It implies that p = Tp. We next show that F(T) is convex.
To this end, for arbitrary pi,ps € F(T),t € (0, 1), putting ps = tp1 + (1 — t)pa, we
prove that T'p3 = ps. Indeed, by using the definition of ¢(z,y), we have
¢(p3,Tps) = |Ipsl® — 2{ps, J(Tps)) + | Tps]®

= |lps[* — 2{tp1 + (1 — t)p2, J(Tp3)) + || Tps |

= |lps)|* = 2t(p1, J(Tps)) — 2(1 — t)(pa, J(Tp3)) + | Tps|?

= Ips|l* + t¢(p1, Tps) + (1 — t)d(p2, Tps) — tlpa[|* — (1 — t)l|p2||®

< psll® + to(pr,ps) + (1 = )p(p2, p3) — tlpal* — (1 = )|p2|?

= [lpsll* — 2(pa, Jp3) + |ps]> = 0.
This implies that T'ps = p3. O
Lemma 4 (See [6]). Let E be a uniformly convex Banach space, v a fixed positive

real number and B,.(0) a dosed ball of E. Then there exists a continuous strictly
increasing convez function g : [0,00) — [0, 00) with g(0) =0 such that

X + py + 521 < Al2ll* + pllyl® + 11207 = Aug(llz = 1)
for all z,y,z € B.(0) and A\, p,7y € [0,1] with A+ pu+~v = 1.

Remark 3. Let E, B,-(0) and g : [0,00) — [0,00) be the same as in Lemma 4. By
a simple induction we have the following more general inequality:

13" Al < 37 A2 = Mgl — )
=1 =1

for all \; € [0,1] with > 1 A\; =1 and all x; € B, (0)(i =1,2,---,n,Yn > 1).
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In order to solve the equilibrium problem for a bifunction from C' x C to R, we
assume that f satisfies the following conditions:

(A1) f(z,z) =0 for all x € C;

(A2) f is monotone, i.e., f(z,y) + f(y,z) <0 for all z,y € C;

(As) for each z,y,z € C, limy)o f(tz+ (1 — t)x,y) < f(z,y);

(A4q) for each z € C, y — f(x,y) is convex and lower semi-continuous.

Lemma 5 (See [3]). Let C be a closed convex subset of a smooth, strictly convexr and

reflexive Banach space. Let f be a bifunction from C'x C to R satisfying (A1) — (Ayg).
Letr >0 and x € E. Then there exists z € C' such that

1
f(Z,y)+;<y*Z,JZ*J.’£>20, VyGC

Lemma 6 (See [3]). Let C be a closed convex subset of a uniformly smooth, strictly
convex Banach space E. Let f be a bifunction from CxC to R satisfying (A1)—(A4).
Forr >0 and x € E. Define the mapping T, : E — C as follows:

T (x)={z€C: f(z,y) + %(y —z,Jz—Jx) >0, VYyeC}.
Then the following hold:
(1) T, is single-valued;
(2) T, is a firmly nonexpansive-type mapping, i.e., for all z,y € E,

(T(x) = T (y), JTr(z) = JT(y)) < (Tr(x) — To(y), Jo = Jy);

(3) F(T,) = EP(f);
(4) EP(f) is closed and convex.

Proof. (1)-(3) are due to Takahashi and Zembayashi [19]. We just show (4). From
the proof of Lemma 2.8 of [25], one sees that T, is a quasi-¢-nonexpansive mapping.
It follows from Lemma 3 that F(T}) is closed and convex. This implies that EP(f)
is closed and convex. O

Lemma 7 (See [19]). Let C be a closed convex subset of a smooth, strictly convex
and reflexive Banach space E. Let f be a bifunction from C' x C to R satisfying
(A1) — (Ay), and let v > 0. Then for x € E and q € F(T,),

¢(q, Tr(2)) + ¢(Tr(z), ) < ¢(g, ).
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3. Main results

Theorem 1. Let E be a uniformly smooth and strictly convex Banach space with
the property(K), and C a nonempty closed convex subset of E. Let N be a fized
positive integer, {T;}N., : C — C a finite family of closed quasi-p-nonezpansive
mappings and f a bifunction from C x C to R satisfying (A1) — (A4) such that
F := NN F(T;) N EP(f) is nonempty. Let {x,} be a sequence generated in the
following manner:

xg € E  chosen arbitrarily,

C,=C,
z1 = g, xo,
Yn = J_l(an,ojxn + Ez]\;1 an,iJTixn)7 (5)

u, € C  such that f(un,y)Jr%(yfun,Juanyn)ZO, Yy € C,

Cn+1 = {Z S Cn : (b(Z,Un) < ¢(van)}a

xn+1 = HC,L+1$07

where J is the duality mapping on E, {a, .} are N +1 sequences in [0,1] such that

() Ziloomi=1;

(b) liminf,, o ap o0n,: > 0;

(c) {rn} Cla,00) for some a>0.
Then {x,} converges strongly to llpxg.
Proof. First of all, we show that C,, is closed and convex for every n > 0. It is
obvious that C; = C is closed and convex. Suppose that C}, is closed and convex for

some k € N, where N denotes the set of natural numbers. For z € Cy41, one obtains
that

o(z,u) < B(z,zx)
is equivalent to
2z, Jop — Jug) < |lzg)® — [lug ]

It is easy to see that Ckq is closed and convex. Then, for all n > 0, C,, are closed
and convex.

Noting that w, = T, yn for all n > 0. From Lemma 6, one has 7, is a quasi-
¢-nonexpansive mapping. Next, we prove F' C C)p, foralln > 1. F Cc C; = C is
obvious. Suppose F' C Cy, for some k. Then, for Vw € F C Cf, noting the fact that



MODIFIED PROJECTIVE ALGORITHM 41

| - ||? is convex, one has

¢(wvuk) = ¢(’LU,Trkyk)

(W, Yk)

= ¢(w, J apJop + BeJ Tk + i Sai)
N

= w|? = 2(w, axow, + Y ariJTizk)

i=1

IA

N
+lok, 0z + Zak,iJTika2

i=1
N

< [lwl® = 200 (w, Jok) =2 api(w, JTiag)) (6)
i=1
N
+auollze)? + Zak,iHTikaQ

i=1
N

= apod(w,zx) + Y apid(w, Ty)
=1
N

< ak’0¢(w, xk) + Z ak,i¢(w7 fEk)
i=1

= ¢(w, xp),

which shows that w € Cg41. This implies that FF C C,, for all n > 1. By the
assumption that F' is nonempty, we have that C),, are nonempty closed and convex
subsets of E/, which in turn shows that Il¢, ,zg is well defined.

Now we shall show that {x,} is bounded. From x,, = Il 2, one sees

(X —u,Jxg — Jxp) >0, Yu € C,. (M)
Since F' C C, for all n > 1, we arrive at

(xp —w,Jzg — Ja,) >0, Yw € F. (8)
From Lemma 2, one has

¢($n,$0) = ¢(HC’"$O7l‘O) < ¢(w,x0) - (z)(w’xn) < (b(’w,.]?o),

for each w € F C C,,. Therefore, the sequence {¢(x,, z¢)} is bounded. On the other

hand, noticing that x, = ll¢, 2o and z, 1 = Il¢, 70 € Cpy1 C Cy, one has

O (xn, 20) < d(Tnt1,%0)

for all n > 1. Therefore, {¢(zn,x0)} is nondecreasing. It follows that the limit of
{d(n,x0)} exists.
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By the construction of C,, one has that C,, C C,, and z,, = Il 29 € C, for
any positive integer m > n. It follows that

(T, Tn) = ¢(xm, e, z0)

< ¢(@m, x0) — ¢(Ilc, o, zo) (9)
- d)(xmaxo) - ¢($n7$0)
Letting m,n — oo in (9), one has ¢(x.,,z,) — 0. Hence |||y, || — ||zn]]| — 0. This

implies that {z,} is bounded.

At this point, we are in a position to prove that x,, — p as n — co. Since X is
reflexive, without loss of generality, we can assume that x,, — p weakly as n — oc.
Since C; C Cy, for j > n, we have z; € C, for j > n. Since C), is closed and
convex, one has p € C,, for all n > 1. Hence p € (),—, C, = D. Noticing that
O (T, 20) < d(Tnt1,20) < d(p, o), we have

¢(p, wo) < liminf ¢(an, 20) < limsup ¢(zn, x0) < ¢(p, 7o),
n—00 n— 00
which implies that ¢(z,,z0) — @(p,79) as n — oco. Hence ||z, — ||p||. By the

property (K) of X, we have x, — p as n — co.
Next, we show p € NN, F(T;). By taking m = n + 1 in (9), one arrives at

Jim (241, 20) = 0. (10)
Since x,, — p, one has
1im [J2s1 — 2] = 0. (11)

Noting that x,1 € Cp+1, we obtain

O (Tnt1,un) < ¢(Tn1, Tn). (12)

It follows from (10) that
nh_}rrgo O (Tnt1,Un) =0. (13)
Noting that 0 < (|zps1] — lunl)? < ¢(zni1,un). Hence |lu,| — ||p|| and conse-

quently ||Ju, || — ||Jp||. This implies that {J(u,)} is bounded. Since F is reflexive,
E* is also reflexive. So we can assume that

J(un) —)f() eX”

weakly. On the other hand, in view of the reflexivity of E, one has J(E) = E*,
which means that for fo € E*, there exists x € F, such that Jx = fy. By using
(13), 2, — p and the weak lower semi-continuity of the norm || - ||, we have that

0= 1im ¢(nsr,mn) = it 12— 201, Jun) + [Jun?
= i nf{[ 12 — 2001, Jun) + || T

> [Ipll* = 2(p, fo) + || fol?
= |Ipl* - 2(p, Jz) + || Jz|?
= ¢(p,x) >0,
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which gives that ¢(p,z) = 0 and hence p = x, which implies that fo = Jp. Conse-
quently,

Ju, — Jp € E¥
weakly. Since ||Ju,| — [|Jp|| and E* has the property(K), we have
| Ju, — Jp|| — 0.

Noting that J~! : E* — E is demi-continuous, we have u,, — p weakly. Since
|lun|l = llp|]| and E has the property(K), we obtain that

Up =P as N — 00, (14)
Hence
nl;ngo |z — un|| = 0. (15)

Since J is uniformly norm-to-norm continuous on bounded sets, one has

lim ||Jz, — Ju,| =0. (16)
n—oo
Since E is a uniformly smooth Banach space, one knows that E* is a uniformly
convex Banach space. Let r = sup,,>o{ ||z, |, max{||Tiz,|| : i = 1,2,---,N}}. By
using Remark 3, we have
¢(waun) = (rb(waTrnyn)
< ¢(w, yn)
N
= ¢(w, J HanoJr, + Z o i JTixy,)

=1
N
= ||w||2 - 2<w7a’n,0<]xn + Zan,lelxn+>
=1

N
—|—Han70an + Z Oén,iJTi.’EnHQ
i=1
N
< wlf® = 2am,0(w, Jan) = 2 i (w, JTiz,) (17)
i=1
N
+an,0||mn||2 + ZO‘TLJ”TiCEn”2 — an,00n,ig(|[Jxn — JTixs]|)
i=1

N
= an,0¢(w7 In) + Z a7z,i¢(w; Tixn) - an,Oan,iQ(”an - JTixn”)

=1
< an¢(waxn) + ﬁnd)(waxn) + 'Yn(b(wvxn) - an,Oan,ig(Han - JsznH)
= d(w, Tpn) — an 0o ig(||Jzn — JTizy|)).
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It follows that

00,9 (|| J2n — JTizn ) < G(w, ) — G(w, un). (18)
On the other hand, one has

$(w,zn) = S(w, un) = ||[nll* = llun]|* = 2(w, Jzn — Juy)
< lzn = unl[(znll + l[unll) + 2llwll[[Jzn — Jun |-

It follows from (15) and (16) that
dp(w,zn) — dp(w,up) -0 as n— oo. (19)
In view of the assumption (b)liminf, oo n 00n,; > 0, (3.13) and (3.14), we have
g(|Jxy — JTizs|)) = 0 as n— oo.
It follows from the property of g that
|Jx, — JT;zn]| = 0 as n — oco. (20)

Since ||z, —p|| = 0 as n — oo, noting that J : E — E* is demi-continuous, we
have

Jr, = Jpe X*
weakly. Noting that
1722l = 191 = llall = 2] < llzn — pll - 0,

which implies that ||Jz,|| — ||Jp||. By using the property(K) of X*, we have

|Jz, — Jp|| =0 as n— oo.
In view of (20), one has

Tz, — Jpll =0 as n— oo.
Noting that J~! : E* — E is demi-continuous, we have
Tixn = p
weakly as n — oo for all ¢ = 1,2,- - -, N. Noting that
I Tiznll = llpll = [T Tsznll = [[Tpl] < [|JTizn — Jp|| = 0,

which implies that ||T;2,| — ||p||. By using the property(K) of E, we have

ITixn —pll =0 as n— oco.

It follows from z,, — p and the closedness of T; that T;p = p, which means that
peNN F(T;).
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Then we prove p € EF(f). From (6), we arrive at

d(w, yn) < d(w, zn). (21)
From u,, =T, vy, and Lemma 7, one has
A(Un,yn) = &( mymyn)
< d(w,yn) — d(w, T}, yn)
< ¢(w .%‘n) - (w7Trnyn)
= ¢(w, zn) — O(w, up) (22)
It follows from (19) that
d(Un,yn) >0 as n— oco. (23)

Noting that 0 < (||un|| — ||ynl)? < é(tn,yn). It follows from (14) that ||y, || — ||p||
and consequently ||Jy, | — ||Jp|. This implies that {J(y,)} is bounded. Since FE is
reflexive, E* is also reflexive. So we can assume that

J(yn) — hg cX*

weakly. On the other hand, in view of the reflexivity of E, one has J(E) = E*,
which means that for hy € E*, there exists x € E, such that Jr = hg. By using
(23), u, — p and the weak lower semi-continuity of the norm || - ||, we have that

0= lim (un,yn) = Hminf[|ju, |* — 2(un, Jyn) + [|yn|’]
n—oo

= lim inf[||un||* = 2(un, Jyn) + 1 7yal

> [lplI* = 2(p, ho) + [|hol|?
= |Ipl* = 2(p, Jx) + || Jz||?
= ¢(p,x) >0

which gives that ¢(p,z) = 0 and hence p = x, which implies that hg = Jp. Conse-
quently,

Jy, — Jp € E*
weakly. Since ||Jy, | — ||Jp|| and E* has the property(K), we have
ITyn — Jpl| — 0.

Noting that J~! : E* — E is demi-continuous, we have y,, — p weakly. Since
llyn|l = |lp|l and E has the property(K), we obtain that

Yn — D as n — oo. (24)
From (14), one can obtain

Jim jun = ya| = 0. (25)
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Since J is uniformly norm-to-norm continuous on bounded sets, one has

HILH;O | Jun — Jyn| = 0. (26)
In view of the assumption (¢)r, > a, one sees

L W = Tyl

n—00 Tn

0. (27)
Noting that u,, = T} y., one obtains

1
f(UmZ/)JF*(y*UmJUn*JyH207 vV yeC.

n

From(As), one arrives at

Jup — Jyn 1
Wt = Tonll s Lty s~ ) > ) > fm), e

n n

ly — un|

By taking the limit as n — oo in above inequality and from (A4s) and (3.9), one has

fly,p) <0, VyeC.

From 0 < t < 1 and y € C, define y; = ty + (1 — t)p. Noting that y,p € C, one
obtains y; € C, which yields that f(y;,p) < 0. It follows from (A;) and (A4) that

0= f(ye,ye) <tf(ye,y) + (1 =) f(ye,p) < tf(ye,y)-

That is,

fys,y) > 0.

Let t | 0, from (As), we obtain f(p,y) > 0, Vy € C. This implies that p € EP(f).
This shows that p € F.

Finally, we shows that p = llpxg.

By the assumption on F, F' # (). In view of Lemma 3 and Lemma 6, we know
that F' is a nonempty closed and convex subset of F/, and hence Ilgx is well defined
for every zp € E. By taking the limit in (8), one has

(p—w,Jwg— Jp) >0, YweEF.

At this point, in view of Lemma 1, one sees that p = IIpxzg. This completes the
proof. O

If T; = S in Theorem 1, then we immediately obtain the following result.

Corollary 1. Let E be a uniformly smooth and strictly conver Banach space with
the property(K), C a nonempty closed convex subset of E. Let S : C — C be a
closed quasi-¢-nonexpansive mapping and f a bifunction from C x C to R satisfying
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(A1) — (Ay) such that F := F(S) N EP(f) is nonempty. Let {x,} be a sequence
generated in the following manner:

xg € E  chosen arbitrarily,

Cy =C,

x1 = e, xo,

Yn = J HapnJr, + (1 — ay)JSx,),

up, € C such that f(up,y)+ %(y — Up, Juy — Jyn) >0, VyeC,

Cn+1 = {Z cCy: (b(zaun) < ¢(Zﬂxn)}a

Tpt+1 = HC77,+1'I0?

where J is the duality mapping on E, {ay,} is sequence in [0,1] such that liminf,, o ay,
(1 —ay) >0 and {r,} C [a,00) for some a > 0. Then {x,} converges strongly to
HF.TQ,

Remark 4. Corollary 1 improves and extends Theorem 3.1 of Takahashi and Zem-
bayashi [19] in the following senses:

(i) from uniformly conver and uniformly smooth Banach spaces extend to uni-
formly smooth and strictly convex Banach spaces with the property(K).

(i) from relatively nonexpansive mappings extend to more general quasi—d—mnon-

expansive mappings, that is, the very strict restriction that F(T) = F(T) has
been removed.

(11i) our algorithm is simpler than the one given by Takahashi and Zembayashi [19].

Remark 5. We do not know whether the uniform smoothness of Banach space E
can be weakened to smoothness in Theorem 1.
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