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Abstract. In this paper, we introduce a new type of a projective algorithm for a pair
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1. Introduction

Throughout this paper, we assume that F is a Banach space, C' is a nonempty closed
convex subset of £ and T : C' — C' is a nonlinear mapping. We use F(T') to denote
the set of fixed points of T. Recall that T is nonexpansive if

[Tz =Tyl < [lo —yll, Vz,yeC. (1)

A point z € C is a fixed point of T provided Tx = x. Denote by F(T) the set of
fixed points of T; that is, F(T) = {x € C : Tz = x}.

One classical way to study nonexpansive mappings is to use contractions to
approximate a nonexpansive mapping, see [3]. More precisely, take ¢t € (0,1) and
define a contraction T; : C' — C by

Tix=tu+ (1—1t)Tz, ze€C, (2)

where u € C is a fixed point. Banach’s Contraction Mapping Principle guarantees
that T} has a unique fixed point z; in C. It is unclear, in general, what is the behavior
of x; as t — 0, even if T has a fixed point. However, in the case of T" having a fixed
point, Browder [3] proved the following well-known strong convergence theorem.
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Theorem 1. Let K be a bounded closed convex subset of a Hilbert space H and letT
be a nonexpansive mapping on K. Fizu € K and define z; € K as z; = tu+(1—t)Tz
fort e (0,1), {z} converges strongly to an element of F(T) nearest to u.

As motivated by Theorem 1, Halpern [6] considered the following explicit itera-
tion:

20 €K, zpy1=apu+(1—ay)Te,, n>0, (3)
and proved the following theorem.

Theorem 2. Let K be a bounded closed convex subset of a Hilbert space H and
let T be a nonexpansive mapping on K. Define a real sequence {ay,} in [0,1] by
a, =n"% 0<0 < 1. Define a sequence {x,} by (3). Then {x,} converges strongly
to the element of F(T') nearest to u.

In 1977, Lions [10] improved the result of Halpern [8], still in Hilbert spaces, by
proving the strong convergence of {z,,} to a fixed point of 7' when the real sequence
{a, } satisfies the following conditions:

(C1) lim,— oo vy = 0;
(C2) Z:io:l Qp = O0;

(C3) Tim,, o 22— — ),
‘n+1

It was observed that both Halpern’s and Lion’s conditions on the real sequence

{an} excluded the canonical choice o, = n%H This was overcome in 1992 by
Wittmann [16], who proved, still in Hilbert spaces, the strong convergence of {x,}

to a fixed point of T if {a,} satisfies the following conditions:
(C1) lim,— o0 vy = 0;

(C2) Y0 ay = o0

(C4) D07 |amsr — ap| < .

In 2002, Xu [17] improved the result of Lion twofold. First, he weakened condition
(C3) by removing the square in the denominator so that the canonical choice of
{an} = % is possible. Secondly, he proved the strong convergence of the scheme (3)
in the framework of real uniformly smooth Banach spaces. Xu also remarked ([18],
Remark 3.2) that Halpern [8] observed that conditions (C1) and (C2) are necessary
for the strong convergence of algorithm (3) for all nonexpansive mappings. It is well
known that (3) is widely believed to have slow convergence because of the restriction
of condition (C2). Thus to improve the rate of convergence of the iterative process
(3), one cannot rely only on the process itself. Martinez-Yanes and Xu [11] proposed
the following modification of the Halpern iteration for a single nonexpansive mapping
T in a Hilbert space. To be more precise, they proved the following theorem.
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Theorem 3. Let H be a real Hilbert space, C' a closed convexr subset of H and
T :C — C a nonezpansive mapping such that F(T) # (. Assume that {a,,} C (0,1)
is such that lim, . ay, = 0. Then the sequence {x,} defined by

xg € C  chosen arbitrarily,
Yn = an®o + (1 — )Ty,
Cp={2€C:|lyn — 2> < lzn — 2lI> + anlllzoll® + 2(xn — 20,2))},  (4)
Qn={z€C:{xg—xpn,xn, —2) >0},
Tpt+1 = PCannl’O

converges strongly to Pp(ryo.

Recently, Qin and Su [14] extended the main result of Martinez-Yanes and Xu
[12] from Hilbert spaces to Banach spaces. To be more precise, they proved the
following theorem.

Theorem 4. Let E be a uniformly conver and uniformly smooth Banach space,
let C be a nonempty closed convex subset of E and let T : C — C be a relatively
nonezpansive mapping. Assume that {a,}52, is a sequence in (0, 1) such that
lim,, oo &, = 0. Define a sequence {x,} in C by the following algorithm

xg € C' chosen arbitrarily,

Yn = J N anJzo + (1 — ) JTxy),

Cn ={veC:¢(v,yn) < and(v,z0) + (1 — an)d(v, zn)}, (5)

Qn ={vel:{x, —v,Jaxg— Jz,) >0},

Tn+1l = chﬂanm

where J is the single-valued duality mapping on E. If F(T) is nonempty, then {x,}
converges to I pr)xo.

Very recently, Plubtieng and Ungchittrakool [13], still in the framework of uni-
formly smooth and uniformly convex Banach spaces, introduced the following hybrid
projection algorithm for a pair of relatively nonexpansive mappings

x9 =x € C chosen arbitrarily,

Yn = J HanJzo + (1 — an)J2,),

2 = JYBW Tz, + B2 IT2, + 8P TS2,),

Cn ={2€C:¢(2,yn) < b(2,1) + an(||z]|* + 2(2, Ja, — J)),
Qn={2€C:(xy— 2z Jx— Jzr,) >0},

Tn41 = chanl‘;

(6)

where T, S are relatively nonexpansive mappings and J is the single-valued duality
mapping on E. They proved the sequence {z,} generated by (6) converges strongly
to a common fixed point of T" and S.

In this paper, motivated and inspired by the above works, we introduce a new
type of a modified projective algorithm for a pair of quasi-¢-nonexpansive mappings
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which more general than relatively nonexpansive mappings to have a strong con-
vergence theorem in uniformly smooth and strictly convex Banach spaces with the
property(K). The main novelty of our results lies in the facts that we extend not
only the spaces but also the mappings to a more general setting; in part, we extend
Martinez-Yanes and Xu [11], Plubtieng and Ungchittrakool [13], Qin and Su [14]
and some others.

2. Preliminaries

Let E be a real Banach space with norm || - || and let J be the normalized duality
mapping from F into 2 given by

Jo=A{z" € B" i (x,2") = [lz|[[l2”], [l=]] = [l="[|} (7)

for all z € E, where E* denotes the dual space of E and (-, -) the generalized duality
pairing between E and E*. It is well known that E' is uniformly smooth if and only
if E* is uniformly convex.

It is well known that if C' is a nonempty closed convex subset of a Hilbert space
H and P¢ : H — C'is the metric projection of H onto C, then P¢ is nonexpansive.
This fact actually characterizes Hilbert spaces and consequently, it is not available
in more general Banach spaces. In this connection, Alber [2] recently introduced a
generalized projection operator Il in a Banach space E which is an analogue of the
metric projection in Hilbert spaces.

Consider the functional defined by

¢(x,y) = ||z||* = 2(z, Jy) + |y|* forz,y € E. (8)

Observe that, in a Hilbert space H, (8) reduces to ¢(z,y) = ||z — y|?, =,y € H.
The generalized projection Il : F — C' is a map that assigns to an arbitrary point
x € E the minimum point of the functional ¢(z,y), that is, [Icx = &, where Z is the
solution to the minimization problem

gf)(f,iﬂ) = inf ¢(y,$), (9)

yeC

the existence and uniqueness of the operator Il follows from properties of the
functional ¢(z,y) and strict monotonicity of the mapping J (see, for example, [1, 2,
7, 15]). In Hilbert spaces, Il = Po. It is obvious from the definition of function ¢
that

(lyll = l=1)* < ¢(y. 2) < (lyll + ll=I)?, Va,y € E. (10)

Remark 1. If E is a reflexive, strictly convex and smooth Banach space, then for
x,y € E, ¢(z,y) =0 if and only if x = y. It is sufficient to show that if p(x,y) =0,
then x = y. From (10), we have ||z|| = ||y||. This implies (z, Jy) = ||z||* = ||Jy||>.
From the definition of J, one has Jx = Jy. Therefore, we have x = y; see [7, 15]
for more details.
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Let C be a closed convex subset of E, and let T" be a mapping from C' into
itself. A point p in C is said to be an asymptotic fixed point of T' [15] if C' contains
a sequence {z,} which converges weakly to p such that lim,_, ||z, — Tzy| = 0.
The set of asymptotic fixed points of T will be denoted by F(T). A mapping T
from C into itself is said to be relatively nonexpansive [4, 5, 7, 12] if F(T) = F(T)
and ¢(p, Tx) < ¢(p,z) for all x € C and p € F(T). The asymptotic behavior of a
relatively nonexpansive mapping was studied in [4, 5].

T is said to be ¢-nonexpansive, if ¢(Tx,Ty) < ¢(z,y) for z,y € C. T is said to
be quasi-¢-nonexpansive if F(T') # 0 and ¢(p, Tx) < ¢(p,x) for x € C and p € F(T).

Remark 2. The class of quasi-p-nonexpansive mappings is more general than the
class of relatively nonexpansive mappings [4, 5, 12, 13, 14] which requires a strong

restriction: F(T) = F(T).

Next, we give some examples which are closed quasi-¢-nonexpansive due to Zhou
et al. [18].

Example 1. Let E be a uniformly smooth and strictly conver Banach space and
A C ExE* is a mazimal monotone mapping such that its zero set A~0 is nonempty.
Then, J, = (J +rA)~1J is a closed quasi-¢p-nonexpansive mapping from E onto
D(A) and F(J,) = A~10.

Example 2. Let 1o be a generalized projection from a smooth, strictly convex, and
reflexive Banach space E onto a nonempty closed convex subset C' of E. Then, llg
is a closed and quasi-¢- nonexpansive mapping from E onto C with F(Il¢) = C.

A Banach space E is said to be strictly convex if | £ < 1 for all z,y € E with
lz]| = |lyll = 1 and = # y. Tt is said to be uniformly convex if lim, . || T — ynll =
0 for any two sequences {x,} and {y,} in E such that ||z,| = |lyn|]| = 1 and
limy, oo || 22522 = 1. Let U = {z € E : ||z|| = 1} be a unit sphere of E. Then the
Banach space E is said to be smooth provided

et tyl

t—0 t
exists for each z,y € U. It is said to be uniformly smooth if the limit is attained
uniformly for xz,y € E. It is well known that if E is uniformly smooth, then J is
uniformly norm-to-norm continuous on each bounded subset of FE.

Recall that a Banach space E has the Kadeé¢-Klee property (property(K) for
brevity) if for any sequence {z,,} C E and = € E, if z, — = weakly and ||z, || — ||z,
then ||, — z|| — 0. For more information concerning property(K) the reader is
referred to [9] and references cited there in. It is well known that if E is a uniformly
convex Banach space, then E has the property(K); Banach space E is uniformly
smooth if and only if E* is uniformly convex.

In order to prove our main results, we need the following lemmas.

Lemma 1 (See [2]). Let C be a nonempty closed convex subset of a smooth Banach
space E, x € E and xg € C. Then, o = lcx if and only if

(ko —y,Joz —Jzg) >0 VyeC.
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Lemma 2 (See [2]). Let E be a reflexive, strictly convex and smooth Banach space,
let C' be a nonempty closed convex subset of E and let x € E. Then

o(y, Heox) + ¢z, x) < p(y,x) Vye C.

Lemma 3. Let E be a reflexive, strictly convex and smooth Banach space, let C be
a closed convex subset of E, and let T be a quasi-¢-nonexpansive mapping from C
into itself. Then F(T) is a closed convex subset of C.

Proof. Let {p,} be a sequence in F(T) with p, — p as n — oo, we prove that p €
F(T). From the definition of quasi—¢—nonexpansive mappings, one has ¢(p,, Tp) <
@(pn,p), which implies that ¢(p,,Tp) — 0 as n — oo. Noticing that

&P, Tp) = |Ipall® = 2(pn, J(Tp)) + | Tp|*.

Taking the limit as n — oo yields
i ¢(pn, Tp) = [plI* = 2(p, J(Tp)) + | TP]* = ¢(p, Tp).

Hence ¢(p,Tp) = 0. It implies that p = Tp. We next show that F(T') is convex.
To end this, for arbitrary p,p2 € F(T),t € (0,1), putting p3 = tp1 + (1 — t)p2, we
prove that T'p3 = ps. Indeed, by using the definition of ¢(z,y), we have

d(ps, Tps) = |Ipsll> — 2(ps, J(Tps)) + | T'ps]|?
= |lpsll* = 2{tpr + (1 — t)p2, J (Tps)) + | Tpsll®
= |Ipsl|®* = 2t(p1, J(Tps)) — 2(1 — t)(pa, J(Tps)) + || Tps|?
= |lps|* + té(p1, Tps) + (1 — t)d(p2, Tps) — tllp[|* — (1 —t)|p2|1?
< lpsll® + té(p1, ps) + (1 — t)p(p2, p3) — tlpa]]> — (1 — t)[|p2|?
= |Ipsl* = 2(ps, Jps) + |lpsl|* = 0.

This implies that T'psz = p3. O
Lemma 4 (See [6]). Let X be a uniformly convexr Banach space, r a fixed positive
number and B-(0) be a dosed ball of X. Then there exists a continuous strictly
increasing convez function g : [0,00) — [0,00) with g(0) =0 such that

A + py + 521> < Al2ll® + pllyl® +~12)* = Aug(llz = )

for all z,y,z € B.(0) and A\, u,y € [0,1] with A+ u+~v=1.

3. Main results

Theorem 5. Let E be a uniformly smooth and strictly convex Banach space with
the property(K), C a nonempty closed convex subset of E. Let T,S : C — C
be two closed quasi-¢-nonerpansive mappings such that the common fized point set
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F := F(T)NF(S) is nonempty. Let {x,} be a sequence generated in the following
manner:

xg € B chosen arbitrarily,

C, =C,
Tl = HClx(h
Y = J Nz + (1 — )T 2), (11)

2 = J LB Txn + B2 IT, + B TS,),
Cn+1 = {U € Cn : ¢(uayﬂ) < ¢(U7In) + Otn(H$1H2 + 2<U, J‘Tn - J1‘1>)},

xn—i—l = ch+1xl7

where J is the duality mapping on E, {a,}, {Bﬁf)} (i = 1,2,3) are sequences in
(0,1) such that

(a) B + 82 + B = 1;
(b) limy— 00 yy = 0;

(¢) liminf, o A28 > 0 and lim, - 85 = 0.

Then {x,} converges strongly to Ilpx;.

Proof. First, we show that C, is closed and convex for every n > 0. It is obvious
that C'; = C' is closed and convex. Suppose that C} is closed and convex for some
k € N, where N denotes the natural number set. For v € Cy,1, one obtains that

¢, yx) < d(u,ax) + ax (||| + 2(u, Jop — Ja1))
is equivalent to
2(u, Jax) — 2(u, Jyu) — 20 (u, Ty, — Jar) < [|lael® = [yell® + a1 [

It is easy to see that Cy41 is closed and convex. Then, for all n > 1, C), are closed
and convex. This shows that Ilg,  x; is well defined. Next, we prove F' C C,
for alln > 1. F C C; = C is obvious. Suppose F C C}, for some k. Then, for
Yw € F C Cy, one has
(w, 2) = p(w, T (B Jay + B T Ty + B TSy
= |lw|® = 2(w, B Ty, + B ITay + B TSxy)
181 Ty, + B IT s, + B T Sa|?
< JJw|? = 28 (w, Jag) — 282 (w, JTxy) — 285 (w, JSxy)
+B k1 + B Tl + B |17 S |2
= B o(w, 2x) + B p(w, Tay,) + B p(w, S
< B ow, k) + B dw, i) + B d(w, )
= ¢(w7xk)
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and then

d(w,yr) = ¢p(w, J HagJrr + (1 — ag)Jz1])
= |w|® = 2{w, . Jx1 + (1 — ag)Jz) + |l Jz1 + (1 — ag)J 2|
[w]|* = 20 (w, Ja1) = 2(1 — ag) (w, Jzx) + agllea]|* + (1 — a2
ard(w, x1) + (1 — ag)p(w, 2x)
< agd(w, z1) + (1 — ag)p(w, zx)
o(w, zy) + o [p(w, z1) — d(w, zx)]
< o(w, 1) + ap(||lz1]|? + 2(w, Jay, — Jx1)).

N

This shows w € C41. That is, ' C C), for all n > 1. From z,, = I, 21, one sees
(xn —u,Jxy — Jay,) >0, Yue C,. (12)
Since F' C C,, for all n > 0, we arrive at
(p —w,Jz1 — Ja,) >0, Yw € F. (13)
From Lemma 2, one has

P(@n, 21) = (Mg, 21, 21) < P(w, 1) = P(w, Tn) < d(w, 21),

for each w € F C C,,. Therefore, the sequence {¢(x,,z1)} is bounded, it follows
from (10) that {z,} is bounded. On the other hand, noticing that z,, = II¢, 1 and
Tpyr =g, 21 € Cpqq C Cy, one has

¢((En,$1) S ¢(mn+17$1)

for all n > 1. Therefore, {¢(zn,x1)} is nondecreasing. It follows that the limit of
{¢(xn,x1)} exists. By the construction of C,,, one has that C,, C C, and z,, =
Il¢,, x1 € C), for any positive integer m > n. It follows that

d)(l'm, xn) - ¢(xm7 HCnxl)

< ¢(zm, 1) — ¢(Ilc, 21, 71) (14)
= ¢(xmv‘r1) - ¢(xn7xl>'
Letting m,n — oo in (14), one has ¢(xy,x,) — 0. Hence |||xm| — ||zn||| — O.

This implies that {z,} is bounded. Since X is reflexive, without loss of generality,
we can assume that z, — p weakly as n — oo. Since C; C C), for j > n, we
have z; € C,, for j > n. Since C), is closed and convex, one has p € C,, for all
n > 1. Hence p € (., C,, = D. Noticing that ¢(z,,z0) < ¢(zp41,20) < ¢(p, 20),
T, — p weakly as n — oo and by using the fact that the norm is weakly lower
semi-continuous, we have

¢(p; xo) < liminf ¢z, o) < limsup ¢(xn, x0) < ¢(p, xo),

n—oo

which implies that ¢(z,,x0) — ¢(p,z9) as n — oo. Hence |z,|| — ||p||. By the
property(K) of X, we have z,, — p € C as n — co.
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Finally, we show that p = IIpx;. To show this, we first show p € F. By taking
m =mn-+1in (14), one arrives at

lim (b(anrlaxn) =0. (15)
Since x,, — p, one has
lim ||@pe1 —zn] =0. (16)

Noticing that x,,41 € C),4+1, we obtain

A(Tnt1,Yn) < A(Tng1, ) + an(llxIHQ + 2(Tng1, Jopn — J11)).

It follows from (15) and lim,— . o, = 0 that

lim ¢<xn+1ayn) = 0. (17>
n—oo
Noting that 0 < (||zps1ll — l|ynl)? < é(xni1,yn). Hence |lyn|| — ||lp|| and conse-

quently ||Jyn| — ||Jpl|. This implies that {J(y,)} is bounded. Since E is reflexive,
E* is also reflexive. So we can assume that

J(yn) - fO S X*

weakly. On the other hand, in view of the reflexivity of E, one has J(E) = E*,
which means that for fy € E*, there exists x € F, such that Jx = fy. In view of
(17) and the weak lower semi-continuity of the norm, we have that

0 = liminf ¢(an1,yn) = Hminf{[lzn 1 ]|* = 2(zns1, Tyn) + |lynll*}
= 1inrg{gf{||$n+1ll2 = 2@pi1, Jyn) + | Tyal*}

> |Ipll* = 2{p, fo) + [ fol|?
= |Ipll* - 2(p, Jx) + || Jz||?
= ¢(p,x) > 0.

It follows that ¢(p,z) = 0 and then p = z, which implies that f, = Jp. Hence
Jy, — Jp e E*
weakly. Since ||Jy, | — ||Jp|| and E* has the property(K), we have
| Jyn — Jpl| — 0. (18)

Noting that J~! : E* — E is demi-continuous, we have y, — p weakly. Since
llynll — |lp|l and E has the property(K), we obtain

Yo — P as n — o0. (19)
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Noticing that

¢(vayn) = ||ZnH2 - 2<Zn7aan1 + (]- - an)JZn> + ||an=]$1 + (]— - an)JZnH2
||ZnH2 = 20, (2n, J1) = 2(1 — @) {20, J2n) + O‘n”le2 + (1 - O‘n)HanQ
= O‘H(HZnH2 — 2(zn, Jz1) + Hx1H2)

= an¢(zn7x1)'

IN

Since {z,} is bounded, from (10) and the definition of T" and S, we can prove that
{T'z,} and {Sz,} are all bounded, and hence {JT'z,} and {JSz,} are all bounded.
At this point, by using the definition of {z,}, we know that {z,} is bounded. It
follows from (10) that {¢(z,,21)} is bounded, consequently, by condition (b) we
have

n—oo

Noting that 0 < ([|zn]l — |lynl)? < é(2n,yn). It follows from (19) and (20) that
llznll — |Ip|l- Since E is reflexive, {z,} is bounded, we can assume that

Zn — go € X*

weakly. By using (18), (19), (20) and the weak lower semi-continuity of the norm,
we have

0 = liminf ¢(2p, yn) = 117Lfgggf{||zn||2 — 2(2n, Jyn> + Hyn||2}

> [lgoll*> — 2(go, Jp) + |Ip||?
= ¢(907p) > 07

It follows that ¢(go,p) = 0. Hence p = go and consequently
Zn — P

weakly. Since ||z, || — ||p|| and E has the property (K), we have

Zn — P as n— 00. (21)
From z,, — p, we have
lim ||z, — z,|| = 0. (22)

Since J is also uniformly norm-to-norm continuous on bounded sets, one sees

lim ||Jz, — Jz,| = 0. (23)

Let r = sup,>i{l|lzall; |Szsl, [|[Tz,][}. From Lemma 4, for any w € F, one
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arrives at

d(w, 2,) = d(w, J BV Ty, + BP ITz, + ) T S2])
= |w|]? = 2(w, B Tz, + P ITx,, + P JSx,,)
+180 Tz, + BD ITx,, + BB TSz, ||
< lwll? = 285w, Jay) =288 (w, JTx,) =28 (w, JSan) + B |2 |*
+BPN Tz |? + B[ Sxnl|> = B2 BY g (| T T 20 — TS0 )
=B d(w, 2n)+BY d(w, T)+BY) d(w, Szn) — B B g (| T Ty —T S )
< B p(w, 2n)+ B d(w, 1)+ B d(w, ) — B B g (| T T2 — T S ])
= ¢(w,z,) — BOBP (| T Sz, — JTn])).

This implies that
BEBD g1 I Ty = JSzn|) < dlw,x4) = d(w, 20). (24)
On the other hand, one has

$(w, 2n) = d(w, 20) = 21> = l|2all® — 2(w, Tz — J2)
< lzn = zall(lzall + [[z0l]) + 2/lwll| J2n — J2n]|-

It follows from (22) and (23) that
d(w, zn) — d(w, z,) — 0, asn — oo. (25)
Observing that assumption lim inf,,_.. 885 > 0, (24) and (25), one has

g(|J Tz, — JSz,||) — 0, asn — oc.

It follows from the property of g that

|JTz, — JSx,|| = 0, asn — oco. (26)
Noticing that |||Tx,|| — [|Szelll = |TT2nll — [|JSzRll| < |JT2n — JSzy||. Tt follows
from (26) that

ITxn| — [|Szn]| — 0, asn — occ. (27)

Observe that

AT, Szn) = |T2n|]? — 2(Txy, JSz,) + || S2p ||?
= ||Txn||* = 2(Txpn, JTxy) + 2{Txp, JTx, — JS2) + || S ||
< NSaall® = | Tzall? + 2l|Sznlll| JT2s — JS2al|

It follows from (26) and (27) that

lim ¢(Txy, Sx,) = 0. (28)

n—oo
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On the other hand, one has

O(Txp, zn) = ¢(Txn, J BV Ty + BV ITx, + 3 JS2,])
= || Tz, |? = 2(Tan, BV Tz, + B2 JTx,, + 5 JS2,,)
+180 Tz, + BDITx,, + BB TSz, ||?
<N Tzl = 26Ty, J2) — 22Ty, JT,) — 263 (T, JS,,)
+B0 anll? + BDNTzn|? + B[Sz
< 57(11)¢(Txmxn) + /8513)¢(T‘r”7 Sxy,). (29)

Noticing that B — 0asn — oo, (28) and (29), one arrives at

lim ¢(Txp, z,) = 0. (30)

n—o0

Since J : X — X* is demi-continuous, from (21), we have

Jzn — Jp
weakly. Noticing that ||| Jz, || — [|Jpll| = |l|znll — lIPll] < ||2n —p|] — 0. Since X* has
the property(K), we have
Jzy — Jp as n— oo. (31)

On the other hand, noting that 0 < (|7, — [|2n]])? < ¢(Tzn, 2,). It follows from
(21) that ||Tx,|| — ||p|l- Since E is reflexive, {Tx, } is bounded, we can assume that

Tx, — go € X*

weakly. By using (21), (30), (31) and the weak lower semi-continuity of the norm,
we have

0 = liminf ¢(Txn, 2,) = iminf{|| Tz, ||* — 2(T2n, Jzn) + ||2a]|*}

> [lgoll* — 2(go, Jp) + [Ip||?
= ¢(go,p) > 0.

It follows that ¢(go,p) = 0. Hence p = go and consequently
Tx, —p
weakly. Since ||Tz,| — ||p|| and E has the property(K), we have
Tz, —p as n— oo. (32)

In view of x,, — p and the closedness of T, one gets p € F(T). In a similar way, we
can obtain p € F'(S). Hence p € F(T)N F(S) = F.
Finally, we show that p = Ipz. By taking the limit as n — oo in (13), we obtain

(p—w,Jz; — Jp) >0, YwEF,

and hence p = IIpz; by Lemma 1. This completes the proof. O
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Remark 3. Theorem 5 improves Theorem 3.5 of Plubtieng and Ungchittrakool [13]
in the following senses:

(1) from uniformly convex and uniformly smooth Banach spaces to uniformly smooth
and strictly convex Banach spaces with the property(K).

(2) from relatively nonexpansive mappings to more general quasi-¢p-nonerpansive
mappings, that is, we remove the strict restriction: F(T) = F(T);

(3) from computation point of view, algorithm (11) is also more simple and con-

venient to compute than the one given by [13]. To be more precise, we remove
the set "W, ” in [13].

As consequence of Theorem 5, we immediately obtain the following results.
If ﬂ,(f) =0 foralln>0and T = S in Theorem 5, then Theorem 5 reduces to
the following.

Corollary 1. Let E be a uniformly smooth and strictly convex Banach space, and
let C' be a nonempty closed convex subset of E. Let T : C — C be a closed quasi-
¢-nonexpansive mapping. Assume the fized point set F(T) of T is nonempty. Let
{zn} be a sequence generated in the following manner:

xo € B chosen arbitrarily,

C, =C,

T = Hclx(b

yn = J HanJzr + (1 — ) J Ty,
Cny1 = {u € Cp 2 d(u,yn) < ¢(u, ) + an(llz1||* + 2(u, Jon, — Jz1))},

Tny1 = g, 71,

where J is the duality mapping on E and {an} is a sequence in (0,1) such that
limsup,, o, an = 0. Then {x,} converges strongly to ppyzy.

Remark 4. Corollary 1 mainly improves the analogue of Qin and Su [14].
In the framework of Hilbert spaces, Corollary 1 reduces to the following result.

Corollary 2. Let H be a real Hilbert space, and let C be a nonempty closed conver
subset of H. Let T : C — C be a quasi-nonexpansive mapping. Assume the fixed
point set F(T) of T is nonempty. Let {x,} be a sequence generated in the following
manner:

x9 € H chosen arbitrarily,
G =C,
z1 = Po, o,
Yn = apz1 + (1 — ap) Ty,
Crt1 = {u € Cn t [lu—ynl® < [lu = znl* + o (21 ]* + 2(u, 2 — 1))},

Tnt+1 = PCn+1$17

where {a,} is a sequence in (0,1) such that limsup,,_, . o, = 0. Then {x,} con-
verges strongly to Pp(ryz1.
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Remark 5. Corollary 2 extends the corresponding result announced by Martinez-
Yanes and Xu [11] from nonezpansive mappings to quasi-nonexpansive mappings.
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