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Umbilical hypersurfaces of Minkowski spaces ∗
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Abstract. In this paper, by the Gauss equation of the induced Chern connection for
Finsler submanifolds, we prove that if M is an umbilical hypersurface of a Minkowski space
(V n+1, F ), then either M is a Riemannian space form or a locally Minkowski space.
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1. Introduction

Let M be an n-dimensional smooth manifold and π : TM → M the natural projec-
tion from the tangent bundle. Let (x, Y ) be a point of TM with x ∈ M,Y ∈ TxM
and let (xi, Y i) be the local coordinates on TM with Y = Y i ∂

∂xi . A Finsler metric
on M is a function F : TM → [0,+∞) satisfying the following properties:

(i) Regularity: F (x, Y ) is smooth in TM\0;

(ii) Positive homogeneity: F (x, λY ) = λF (x, Y ) for λ > 0;

(iii) Strong convexity: The fundamental quadratic form g = gij(x, Y )dxi ⊗ dxj is

positive definite, where gij =
∂2(F 2)

2∂Y i∂Y j .

The simplest class of Finsler manifolds are Minkowski spaces. Let V n+1 be a real
vector space. A Finsler metric F : TV n+1 → [0,∞) is called Minkowski if F is a
function of Y ∈ V n+1 only and (V n+1, F ) is called a Minkowski space.

Finsler manifolds are just Riemannian manifolds with metrics without the quadra-
tic restriction. The geometry of Finsler submanifolds has been developed in the
recent years. In 1990s, Z. Shen ([4]) studied the geometry of Finsler submanifolds by
using the volume form. It is well known that the Gauss equation plays an important
role in studying the Riemannian submanifolds. On the other hand, to the best of
author’s knowledge, no one has so far used the induced Chern connection in stud-
ies on Finsler submanifolds and isometric immersions. In this paper, by the Gauss
and Codazzi equations of Finsler submanifolds on the induced Chern connection, we
study the umbilical hypersurfaces of a Minkowski space (V n+1, F ) and obtain the
following classification theorem on the umbilical hypersurfaces of a Minkowski space
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Theorem 1 (Main theorem). If M is an umbilical hypersurface of a Minkowski
space (V n+1, F ), then either M is a Riemannian space form or a locally Minkowski
space.

2. The Gauss formula

Let (Mn, F ) be an n-dimensional Finsler manifold. F inherits the Hilbert form and
the Cartan tensor as follows:

ω =
∂F

∂Y i
dxi, A = Aijkdx

i ⊗ dxj ⊗ dxk, Aijk :=
F∂gij
2∂Y k

.

It is well known that there exists uniquely the Chern connection ∇ on π∗TM
with ∇ ∂

∂xi = ωj
i

∂
∂xj and ωj

i = Γj
ikdx

k satisfying that{
Torsion freeness: d(dxi)− dxj ∧ ωi

j = −dxj ∧ ωi
j = 0,

Almost g compatibility: dgij − gikω
k
j − gjkω

k
i = 2Aijk

δY k

F ,

where δY i = dY i + N i
jdx

j , N i
j = γi

jkY
k − 1

F Ai
jkγ

k
stY

sY t and γi
jk are the formal

Christoffel symbols of the second kind for gij .
The curvature 2-forms of the Chern connection ∇ are

ωi
j − ωk

j ∧ ωi
k = Ωi

j =
1

2
Ri

jkldx
k ∧ dxl +

1

F
P i
jkldx

k ∧ δY l,

where Ri
jkl and P i

jkl are the components of the hh-curvature tensor and hv-curvature
tensor of the Chern connection, respectively.

Let φ : (Mn, F ) → (M
n+p

, F ) be a smooth map from a Finsler manifold to a
Finsler manifold. φ is called an isometric immersion if F (Y ) = F (φ∗(Y )). We have
that [3]

gY (U, V ) = gφ∗(Y )(φ∗(U), φ∗(V )),

AY (U, V,W ) = Aφ∗(Y )(φ∗(U), φ∗(V ), φ∗(W )), (1)

where Y, U, V,W ∈ TM, g and A are the fundamental tensor and the Cartan tensor
of M , respectively.

It can be seen from (1) that φ∗(ω) = ω, where ω is the Hilbert form of M .
In the following, any vector U ∈ TM will be identified with the corresponding

vector φ∗(U) ∈ TM and we will use the following convention:

1≤ i, j, · · · ≤ n; n+ 1≤ α, β, · · · ≤ n+ p; 1≤ a, b, · · · ≤ n+ p; 1≤ λ, µ, · · · ≤ n− 1.

Let φ : (Mn, F ) → (M
n+p

, F ) be an isometric immersion from a Finsler manifold to
a Finsler manifold. Take a g-orthonormal frame form {ea} for each fibre of π∗TM
and let {ωa} be its local dual coframe, such that {ei} is a frame field for each fibre
of π∗TM and ωn is the Hilbert form. Let θab and ωi

j denote the Chern connection

1-form of F and F , respectively, i.e., ∇ea = θbaeb and ∇ei = ωj
i ej , where ∇ and ∇

are the Chern connection of M and M , respectively. We obtain

A(ei, ej , en) = 0, A(ea, eb, en) = 0, ∀i, j, a, b. (2)
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The structure equations of M are given by
dωa = −θab ∧ ωb,

dθab = −θac ∧ θcb +
1
2R

a

bcdω
c ∧ ωd + P

a

bcdω
c ∧ θdn,

θab + θba = −2Aabcθ
c
n,

θan + θna = 0, θnn = 0.

(3)

For any ξ ∈ Γ(π∗TM)⊥ and X ∈ Γ(π∗TM), we decompose ∇Xξ into a sum of
the form

∇Xξ = −Aξ(X) +∇⊥
Xξ,

where Aξ(X) ∈ Γ(π∗TM) and ∇⊥
Xξ ∈ Γ(π∗TM)⊥.

By ωα = 0 and the structure equations of M , we have that

θαj ∧ ωj = 0. (4)

It follows from (4) that

θαj = hα
ijω

i, hα
ij = hα

ji. (5)

We now establish the following

Theorem 2 (The Gauss formula). Let φ : (Mn, F ) → (M
n+p

, F ) be an isometric
immersion from a Finsler manifold to a Finsler manifold and let θab denote the Chern
connection ∇ 1-form of M . If

ωj
i = θji −Ψjikω

k, (6)

where

Ψjik=hα
jnAkiα−hα

knAjiα−hα
inAkjα−hα

nnAiksAsjα+hα
nnAijsAskα+hα

nnAjksAsiα, (7)

then ωj
i are the 1-forms of the Chern connection ∇ of M .

Proof. (i) (Affine connection) LetB(•, V ) = ∇⊥
V = viθαi eα, ∀V = viei ∈ Γ(π∗TM).

By (6) we have that B(•, V ) = vihα
ijω

j ⊗ eα. Now, from (6) it follows that

∇V = ∇V +B(•, V ) +
∑
i

vjΨijkω
k ⊗ ei. (8)

Because ∇ is an affine connection of M , B and A are linear, by (8) we obtain that
∇ is an affine connection of M .

(ii) (Torsion freeness) Because of the torsion freeness of M , using (6), we have
that

dωi = −ωi
j ∧ ωj −Ψijkω

k ∧ ωj . (9)
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It can be seen from (7) that

Ψijk = Ψikj . (10)

It follows from (9) and (10) that

dωi = −ωi
j ∧ ωj . (11)

(iii) (Almost g-compatibility) It is easy to see from (7) that

Ψijk +Ψjik = −2hα
knAijα + 2hα

nnAijsAskα. (12)

By (5), (12) and the third formula of (3), we obtain that

ωi
j + ωj

i = (θij −Ψijkω
k) + (θji −Ψjikω

k)

= −2Aijλθ
λ
n − 2Aijαθ

α
n + (2hα

knAijα − 2hα
nnAijsAskα)ω

k

= −2Aijλω
λ
n. (13)

Combining (i), (ii) and (iii) completes the proof of Theorem 2.

From (7, we get that

θjn = ωj
n − hα

nnAjλαω
λ, θnj = ωn

j + hα
nnAjλαω

λ. (14)

By (5), (14) and the almost g-compatibility, we have that

θjα = −θαj − 2Ajαaθ
a
n

= (−hα
ij − 2hβ

niAjαβ + 2hβ
nnAjλαAiλβ)ω

i − 2Ajαλω
λ
n. (15)

In particular,

θnα = −hα
niω

i. (16)

3. The Gauss and Codazzi equations

By the structure equations, we have that

dθji = θki ∧ θjk + θαi ∧ θjα +
1

2
R

j

iklω
k ∧ ωl + P

j

ikλω
k ∧ θλn + P

j

ikαω
k ∧ θαn

= ωk
i ∧ ωj

k +Ψkilω
l ∧ ωj

k +Ψjklω
k
i ∧ ωl +

{
ΨsikΨjsl − hα

ikh
α
jl

−2hα
ikh

β
nlAjαβ + 2hα

ikh
β
nnAjsαAlsβ +

1

2
R

j

ikl

−hα
nnAlsαP

j

iks + hα
nlP

j

ikα

}
ωk ∧ ωl −

{
2hα

ikAjαλ − P
j

ikλ

}
ωk ∧ ωλ

n. (17)

On the other hand,

dωj
i = ωk

i ∧ ωj
k +

1

2
Rj

iklω
k ∧ ωl + P j

ikλω
k ∧ ωλ

n, (18)
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and

d(Ψjikω
k) = dΨjik ∧ ωk +Ψjikω

l ∧ ωk
l

= Ψjik|lω
l ∧ ωk +Ψjik;λω

λ
n ∧ ωk

+Ψkilω
l ∧ ωj

k + 2ΨkilAjksω
l ∧ ωs

n +Ψjklω
k
i ∧ ωl. (19)

where “|” and “; ” denote the horizontal and the vertical covariant differentials with
respect to the Chern connection, respectively.

Substituting (17), (18) and (19) into (6), we obtain that

(−2hα
ikAjλα + P

j

ikλ)ω
k ∧ ωλ

n + (ΨsikΨjsl − hα
ikh

α
jl − 2hα

ikh
β
nlAjαβ

+2hα
ikh

β
nnAjsαAlsβ +

1

2
R

j

ikl − hα
nnP

j

iksAslα + hα
nlP

j

ikα)ω
k ∧ ωl

= (P j
ikλ −Ψjik;λ + 2ΨsikAjsλ)ω

k ∧ ωλ
n + (

1

2
Rj

ikl −Ψjik|l)ω
k ∧ ωl. (20)

Then we have the following result

Theorem 3 (The Gauss equations). Let φ : (Mn, F ) → (M
n+p

, F ) be an isometric
immersion from a Finsler manifold to a Finsler manifold, then we have that

P j
ikλ = P

j

ikλ +Ψjik;λ − 2ΨsikAjsλ − 2hα
ikAjλα,

Rj
ikl = R

j

ikl − hα
ikh

α
jl + hα

ilh
α
jk +Ψjik|l −Ψjil|k

+ΨsikΨjsl −ΨsilΨjsk − 2hα
ikh

β
nlAjαβ + 2hα

ilh
β
nkAjαβ

+2hα
ikh

β
nnAjsαAlsβ − 2hα

ilh
β
nnAjsαAksβ − hα

nnAslαP
j

iks

+hα
nnAskαP

j

ils + hα
nlP

j

ikα − hα
nkP

j

ilα.

(21)

We now establish the Codazzi equations. The exterior derivative of the left-hand
side term of (5) yields that

dθαi = θki ∧ θαk + θβi ∧ θαβ +
1

2
R

α

iklω
k ∧ ωl + P

α

ikλω
k ∧ θλn + P

α

ikβω
k ∧ θβn

= (ωk
i +Ψkilω

l) ∧ hα
kjω

j + hβ
ikω

k ∧ θαβ +
1

2
R

α

iklω
k ∧ ωl

+P
α

ikλω
k ∧ (ωλ

n − hβ
nnAλsβω

s) + hβ
nlP

α

ikβω
k ∧ ωl

=
{
hα
slΨsik +

1

2
R

α

ikl − hβ
nnAslβP

α

iks + hβ
nlP

α

ikβ

}
ωk ∧ ωl

+P
α

ikλω
k ∧ ωλ

n + hα
kjω

k
i ∧ ωj + hβ

ikω
k ∧ θαβ . (22)

Moreover, the right-hand side term of (5) gives that

d(hα
ijω

j) = hα
ij|kω

k ∧ ωj + hα
ij;λω

λ
n ∧ ωj + hα

kjω
k
i ∧ ωj − hβ

ijθ
α
β ∧ ωj . (23)

It follows from (22) and (23) that{
hα
slΨsik +

1

2
R

α

ikl − hβ
nnAslβP

α

iks + hβ
nlP

α

ikβ

}
ωk ∧ ωl + P

α

ikλω
k ∧ ωλ

n

= hα
il|kω

k ∧ ωl + hα
ij;λω

λ
n ∧ ωj . (24)
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From (24), we may state the following theorem

Theorem 4 (The Codazzi equations). Let φ : (Mn, F ) → (M
n+p

, F ) be an isomet-
ric immersion from a Finsler manifold to a Finsler manifold, then we have that

hα
ij;λ = −P

α

ijλ,

hα
ij|k − hα

ik|j = −R
α

ijk + hβ
njP

α

ikβ − hβ
nkP

α

ijβ

−hα
lkΨlij + hα

ljΨlik − hβ
nnAljβP

α

ikl + hβ
nnAlkβP

α

ijl.

(25)

4. Umbilical hypersurfaces of Minkowski space

Let (Mn, F ) be a hypersurface of a Minkowski space (V n+1, F ). For ξ = en+1, the
Weingarten transformation Aξ : Γ(π∗TM) → Γ(π∗TM) is defined by

⟨Aξ(X), Y ⟩ = ⟨B(X,Y ), ξ⟩, (26)

where X,Y ∈ Γ(π∗TM).

Definition 1. A point p ∈ M is called umbilical if all eigenvalues of the Weingarten
transformation Aξ are equal one to another. M is called an umbilical hypersurface
if all points are umbilical points.

Thus the hypothesis that M is an umbilical hypersurface means

hn+1
ij = ⟨B(ei, ej), ξ⟩ = ⟨Aξ(ei), ej⟩ = τδij , (27)

where τ is the eigenvalue of the Weingarten transformation Aξ.

Now we can prove the following

Theorem 5. If M is an umbilical hypersurface of a Minkowski space (V n+1, F ),
then either M is a Riemannian space form or a locally Minkowski space.

Proof. It can be seen from hn+1
nn = hn+1

ii that

hn+1
nn|jω

j + hn+1
nn;λω

λ
n + 2hn+1

nλ ωλ
n − hn+1

nn θn+1
n+1 (28)

= hn+1
ii|j ωj + hn+1

ii;λ ωλ
n + 2hn+1

ij ωj
i − hn+1

ii θn+1
n+1. (29)

It follows from (27), (28) and ωi
i = −Aiiλω

λ
n that

hn+1
nn|jω

j + hn+1
nn;λω

λ
n = hn+1

ii|j ωj + (hn+1
ii;λ − 2τAiiλ)ω

λ
n, (30)

which associated with the first formula of (25) implies that{
hn+1
nn|j = hn+1

ii|j ,

τAiiλ = 0.
(∀i, j) (31)
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On the other hand, it can be seen from hn+1
ij = 0 (i ̸= j) that

0 = hn+1
ij|k ω

k + hn+1
ij;λ ω

λ
n + hn+1

kj ωk
i + hn+1

ik ωk
j

= hn+1
ij|k ω

k + τ(ωj
i + ωi

j) (32)

= hn+1
ij|k ω

k − 2τAijλω
λ
n.

Then we have that {
hn+1
ij|k = 0,

τAijλ = 0.
(∀i ̸= j) (33)

Substituting R
j

ikl = P
j

ikλ = 0,Ψlnn = 0 and the first formula of (33) into the
second formula of (25) yields that

hn+1
nn|λ = hn+1

nλ|n − hn+1
lλ Ψlnn + hn+1

ln Ψlnλ = 0. (34)

On the other hand, we also have that

hn+1
nn|n = hn+1

λλ|n

= hn+1
λn|λ − hn+1

ln Ψlλλ + hn+1
lλ Ψlλn

= −hn+1
nn Ψnλλ + hn+1

λλ Ψλλn

= −2τ2Aλλn+1. (35)

It follows from the second formulas of (31) and (33) that

0 = d(τAijk) = (τ|lω
l + τ;λω

λ
n)Aijk + τ(Aijk|lω

l +Aijk;λω
λ
n), (36)

which together with τAijk = 0 implies that{
τAijk|l = 0, i.e., τP i

jkλ = 0,

τAijk;λ = 0.
(37)

It can be seen from (7), (37) and the first formula of (25) that

Ψµνξ;λ = 0. (38)

Substituting (37) and (38) into the first formula of (21), we get that

τhn+1
µν Aξλn+1 = 0. (39)

Substituting (39) into (35), we have that hn+1
nn|n = 0, which, together with (34) and

the first formula of (25), yields that hn+1
nn is constant, i.e., τ is constant, which

associated with the second formulas of (31) and (33) implies that τ = 0 or Aijk = 0.

(1) The first case. When τ = 0, we have that hn+1
ij = 0 and Ψijk = 0. By (3.5)

we obtain that P j
ikλ = 0 and Rj

ikl = 0, i.e., M is a locally Minkowski space.

(2) The second case. When Aijk = 0, i.e., M is Riemannian. Substituting (39)
into (8), we get Ψijk = 0. Then the second formula of (21) implies that

Rj
ikl = −hn+1

ik hn+1
jl + hn+1

il hn+1
jk = τ2(δilδjk − δikδjl). (40)

This completes the proof of Main theorem.
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