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Abstract. We propose a new decomposition of hyperbolic block-unitary matrices into a
product of a hyperbolic block-rotation and a block-diagonal hyperbolic unitary matrix. A
similar result is known in the real space equipped with the Euclidean scalar product, but
we generalize it to the complex spaces equipped with hyperbolic scalar products.

We shall also present an example how such a decomposition might be used to calculate
other decompositions with block-operations.
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1. Introduction

Among the most important tools in linear algebra are unitary (U*U =1) or, in the
real case, orthogonal (UTU = I) matrices. Their importance lies in the fact that
they preserve the scalar product and their inverse is calculated trivially.

Two classes of elementary unitary matrices are widely used: rotations and reflec-
tors. Rotations are usually used in some two-dimensional subspace for the annihila-
tion of a single element. Reflectors, on the other hand, are used for the annihilation
of the whole matrix column. For details, see [6, Section 5.1].

It is easy to show that every 2 x 2 unitary matrix can be decomposed into the
product of one rotation and one unitary diagonal matrix.

Zakrajsek and Vidav have shown in [14] that every block-orthogonal matrix of
an arbitrary order can be decomposed into the product of one block-rotation and
one block-diagonal orthogonal matrix, with the complex case being a trivial gener-
alization of that result. We shall call such a decomposition the ZV decomposition.

In [13], Veseli¢ has proposed more general block-rotations, with regard to an
arbitrary scalar product [z, y]; := y*Jx induced by any symmetric orthogonal block-
diagonal matrix J.

Some well researched elementary classes of matrices, resembling those from the
Euclidean scalar products, also exist with regard to the hyperbolic ones. For a given
hyperbolic J (i.e., J = diag(+1)), a matrix U is J-unitary if and only if U*JU = J,
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which is equivalent to UJU* = J and Ul = U~ where U := JU*J is J-adjoint
of U. If a matrix A is such that A = AP it is called J-Hermitian. More on the
indefinite scalar products and matrices with the special structure with regard to
such products can be found in [5].

We shall also use J-positive and J-nonnegative matrices, which are the hyperbolic
counterparts of positive definite and positive semidefinite matrices, respectively. We
say that a matrix A is J-positive (J-nonnegative) if A is J-Hermitian and JA is
positive (semi-)definite. More on these matrices can be found in [4], where the
semidefinite J-polar decomposition, a direct generalization of the traditional polar
decomposition, was proposed.

In this paper, we shall focus on using these block-rotations proposed by Veseli¢
to generalize the ZV decomposition to the hyperbolic scalar products, i.e., for J =
diag(£1). A special case of the hyperbolic ZV decomposition, for J = diag(I,, —1,),
with p and ¢ corresponding to the partitions of U, was proposed in [1, Theorem 2.4].

As we shall see, the original result of Zakrajsek and Vidav can be proven via
the CS decomposition. But, since the hyperbolic CS decomposition is known only
for a very limited case J = diag(I,, —I;), we shall mimic the actual proof done by
Zakrajsek and Vidav which is based on an SVD. For that reason, we shall need
SVD’s hyperbolic counterpart, the two-sided hyperbolic singular value decomposi-
tion (2HSVD) from [12] which decomposes a given matrix A into A = UXV ¥ where
U and V are J-unitary and ¥ is real diagonal. Unlike the traditional SVD, not all
matrices have the 2HSVD and the diagonal elements of ¥ usually cannot be ordered
in some specific (i.e., descending) order.

Another decomposition we shall need is an aforementioned semidefinite .J-polar
decomposition which states that if somewhat complex conditions are met, a matrix
A can be decomposed as A = WX, where W is J-unitary and X is J-nonnegative.
As shown in [12], every matrix that has the 2HSVD also has the semidefinite J-polar
decomposition, so those “somewhat complex conditions” will not be a concern.

We shall also use the principal matrix roots, which Veselié¢ defines in [13, Formula
(6)] as

o0
: 1/p
VX = X -1 1
vx=y () - )
k=0
for all matrices X with no negative eigenvalues, such that zero is their at most non-

defective eigenvalue. In Sections 2 and 3, we shall need the following simple result
which follows trivially from (1):

Lemma 1. If VI + XY exists, then 1+ Y X exists as well and
YVIEXY = VILYXY.

The following trivial, yet not very obvious fact shall be used in the proof of
Lemma 2: the principal square root of X2 does not always exists. For example, if
X = J,(0) is a Jordan block of order n > 2 corresponding to the eigenvalue 0, then
X2 doesn’t have a principal square root, as 0 is its defective eigenvalue.

More on matrix roots can be found in [8, Chapter 6]. Principal root is particularly
nice as it preserves the group of J-unitary matrices (sometimes referred to as an
automorphism group G). For more on this subject, see [9].
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In Section 2, we state Zakrajsek and Vidav’s theorem and prove it via the CS
decomposition. In Section 3, we present our main result: the hyperbolic ZV de-
composition, along with some of its consequences (among which are the ZV and the
hyperbolic CS decomposition). In Section 4, we consider how such a decomposition
might be used to improve algorithms for the computation of other decompositions
by making them work on blocks instead of single elements.

2. The Euclidean case

In this section, we provide Zakrajsek and Vidav’s theorem (naturally generalized
to complex matrices), along with its simple proof based on the CS decomposition.
The CS decomposition is a standard tool when dealing with unitary matrices and is
discussed in many books and papers, like [11, Section 5.1] and [6, Sections 2.6 and
12.4].

Theorem 1 (Zakrajsek-Vidav). Fvery block-unitary matriz

Ui Uiz
Us1 Uz

U:

can be decomposed into U = RA such that A = diag(Aq1,A2s) is block-diagonal
unitary and

Ri1 Rio
Ro1 Rao

where RH = \/I — R12RT2, Rgl = —RT2, R22 = \/I — RTleg.

Proof. Let us assume that Uy € CP*P Uy € C1%9 p+4 g =n, p < ¢q. Then there
exists a CS decomposition of U:

)

Vi | rls o Wiy
U= - . |, TP4x2=1,
010 I op

where I' = diag(vy1,...,7p) > 0 and ¥ = diag(o1,...,0p) > 0. Using Lemma 1, we
easily see that

Vil = Vi VI = 52 = Vi /T = Vi Vi 22V Vi = /T — Vi X2V} Vi,
Vool = Voo /1= 578 = Vao /T — Vi VoS SV Vis = (/1 Voo 55V Vi,

where T' = diag(T, I,_2p) and 3 = [2 0] denote the bottom-right and the top-right
blocks of the CS factor of U, respectively. Finally, let R := V112V55. Then:

Riy=+/T—ViiX2Vjy, Roi=-VaaXVjy, Raz=1\/1—VaaX*SV5.

Furthermore, let A = VW*, where V = diag(V11, Vas) and W = diag(Wi1, Was). Tt
is now easy to see that U = RA.
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The case when p > ¢ is proved in a similar manner, using the CS decomposition

Vi r o |2 Wi, , ,
U= 0 I,.94/0 , P 4+¥4 =1,
V| [-® 0 T W3,
where I' = diag(v1,...,74) > 0 and ¥ = diag(o1,...,04) > 0. O

The original proof of Theorem 1 by Zakrasjek and Vidav uses the SVD instead
of the CS decomposition and is much longer, but it will prove quite useful for the
hyperbolic case in which we shall mimic it.

3. The hyperbolic case

In this section, we show how certain J-unitary matrices can be decomposed into the
product of a block J-rotation and a block-diagonal J-unitary matrix. We assume
that given hyperbolic J and J-unitary U are partitioned into 2 x 2 blocks:

Ui Uro
Us1 U

U= , J=I1®Jy, Ji,Jo= diag(il), (2)

where Uy; and J; are square matrices of the same order, as well as Uss and Js.

Hyperbolic decompositions are often done for a special case J = diag({, —1I;).
Good examples of this are the hyperbolic CS decomposition [7] and the early version
of the hyperbolic QR [3]. Even our main result was investigated for this special case
and proven via the hyperbolic CS decomposition in [1, Theorem 2.4].

However, our aim is to make an accessory to other decompositions, especially
a more general hyperbolic QR from [10]. Such applications usually allow a simple
J = diag(Ix, —1I;) to be used (along with appropriate permutations), but the sizes k
and [ need not be the same as partitioning of U, which makes these previous results
unfitting.

For example, a general hyperbolic QR usually annihilates the first one or two rows
in each pass, which means that, in order to use the existing results, the appropriate k
would have to be 1 or 2, thus imposing a strong limit on the inertia of J and so greatly
limiting the application. We could, of course, partition J = diag(Is,Ix—2, —1I;), or
similarly, but this would lead to almost the same hardness of the problem. As
we shall see, the only gain of such partitioning of J would be a somewhat simpler
Lemma 4, which is only a matter of a small technical convenience.

For these reasons, throughout this section we shall use the most general form of
J, as introduced in (2).

A class of elementary J-unitary matrices, a block-generalization of plane rota-
tions, was proposed by Veseli¢ in [13] for real matrices. His results also apply to
complex matrices of the following form:

vI+ BC B
C vI+CB

Now we state the main result of this paper:

R= . C=—J,B"J,.
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Theorem 2. Let J and U be given by (2). If U is a J-unitary matriz such that
both U1 € C™*™ agnd Uy € C™2%™2 have the 2HSVD with regard to J, and Js,
respectively, it can be written in the form

Rll R12

U=RA, R=
Ro1 Roo

) A=

= AJ , (3)

where Ay and As are Jy- and Jo-unitary (respectively) and

Ri1 =1+ RiaRo1, Ro1 = _JQRT2J1, Ry = \/1+ Ro1R1o. (4)

For better clarity, we prove Theorem 2 through a series of lemmas, somewhat
mimicking the proof of Zakrajsek and Vidav, although the switch to the hyperbolic
case introduces quite a few concerns which are non-existent in the case of the Eu-
clidean scalar product. In the end, the ZV decomposition will be a simple corollary
of Theorem 2. The outline of the proof is as follows:

1. Lemma 2 gives all of the properties except the relation Ry; = —JoR}5J1. The
rest of the proof aims at proving that particular relation.

2. Corollary 1 introduces the missing relation providing that an additional con-
dition is met (Uy; or Usy nonsingular).

3. Lemma 3 shows that the missing relation holds if Uy, and Usy are diagonal,
with the zeroes in Uy; grouped in the bottom right corner.

4. Lemma 4 makes up for the grouping of zeroes needed by the previous lemma
(but not provided by the 2HSVD we are using).

5. Proof of Theorem 2 on page 276 summarizes these results.

Before we start with the proof itself, note that because J is diagonal, unitary
and Hermitian, so are J; and Jo and the following holds:

Lh=J7Y =1 JL=J7', Ji=L

These properties will be used often throughout the remainder of this paper.
The first step in proving Theorem 2 will be to show some basic relations between
the blocks of R in (3).

Lemma 2. Let J and U be given by (2). If U is a J-unitary matriz such that
both Uy € C™" X"t and Usy € C"2*"2 have the 2HSVD with regard to Jy and Ja,
respectively, it can be written in the form (8), where Ay and Ay are Ji- and Jo-
unitary polar factors of blocks U1y and Uss, respectively, and

Ri1 = \/1— RiaJoRiyJy = /1= J1 RS, JoRox,
0 = Ri1(J1R3, + Ri2J2) = (J1R3, + Ri2J2)R3,,
Ros = /1= JaR{yJiRi2 = \/T— Ro1J1 R, Jo.
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Proof. Since we have assumed that Up; has the J1-2HSVD and Uss has the Js-
2HSVD, then according to [12, Theorem 5.4], U1y and Usy have the Ji- and the
Ja-polar decomposition, respectively. This means that there exist a J;-nonnegative
matrix A, a Jy-nonnegative matrix D (note that both are Hermitian with regard to
Jy1 and Ja, respectively), a Ji-unitary matrix P and a Jo-unitary matrix @ such that

Uy = AP, U = DQ. (5)
If we define
B :=UpQM = U oQ* Ja, C = Uy P = Uy Jy P,
then the following applies:

AB
C D

Ui1 Uiz P

U21 U22

AP BQ
CP DQ

ol

From (5) and J-unitarity of U (i.e., U*JU = J and UJU* = J) we have:

A" JTA+ C*JLC = Jy,

A*hB+C*J,D =0,

B*J1B+ D*JyD = Js,

AJ1A* + BJoB* = Jy, (6)
AJ1C* + BJyD* =0, (7)
CJ,C* + DJyD* = Jy,

From (6), we see that J; — BJoB* = AJ; A* and since A is Ji-nonnegative,
I— BJ,B*J, = AT A*J; = AAF = A% = (AJ)) (], A).

The obvious question now is the existence of /I — BJyB*J; and whether it is
equal to A or not. This is not as trivial as it may seem because, as explained in
Section 1, X2 need not have a square root for some matrices X.

Note that A% = (AJy)(J1 A) is the product of two positive semidefinite matrices.
Unfortunately, A? need not be positive semidefinite as it may be non-Hermitian.
But, by [2, Fact 8.13.9], it is R-diagonalizable with nonnegative eigenvalues and,
since it is diagonalizable, zero is at most its non-defective eigenvalue. As said in the
introduction, this means that A2 has a square root, so v/IT — BJyB*J; exists.

Unfortunately, +/I — BJoB*J; is rarely equal to A, unlike the traditional case,
handled by Zakrajsek and Vidav, where A was positive definite and always equal to
v1I—BJyB*J;.

To resolve this problem, we need to note that the existence of the 2HSVD of the
matrix Uy; and J-unitarity of P (from (5)) imply the existence of the 2HSVD for A
as well. If Uy = USV¥ is the 2HSVD of Uyy, then

A=U, PH = v pH = Un(pyV)H,
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where U , V and P are Ji-unitary, which shows that A has the 2HSVD. Since A is
Ji-nonnegative, by [12, Theorem 5.2] A has the 2HSVD A = VE.J, VI where ¥ is
nonnegative diagonal and V' is Ji-unitary. In other words:

vevH — (v v vy = 42 = 1- BJ,B* ;.

Since V¥ = V1, we see that VIV = /A2 = \/T= BJ,B*J;. Let us examine
how A relates to /1 — BJyB*J;:

A=venvH —vevHy v = Vazy v = /1 - BLB VIV (8)

ie.,
VI—BhLB*J, = AV VY = Ay v,

We can now define
Ry := AV VEDY, Ay = (VR VE)P (9)
Since V is Jy-unitary, Uy; = AP = R;1A1. Analogously,
Roy := DWW Ay := (WI,WIMNQ, RypAs = DQ = Uss, (10)

where W is the Js-unitary matrix from the 2HSVD of D (with the same argumen-
tation as with A). The relations between B and Ry, as well as between C and Ra1,
should now be obvious:

Ris := BW. LW, Rop = CV. VI, (11)
Since W.J,W and V.J; V¥ are involutory, it follows from (11) that
B =R oWhLWH,  C=RyvsvH, (12)
From (12) it follows that

1— BJ,B*Jy (VL V) = \/T= Ryy o R, J1 (VI V)
Riy = AV LV = /T—R3JR T, (13)

Analogously, we get:

Ry = /1—J1R5,J2Ra1,

Roy = /T— Ryt 1 Ry, Jo = \/T— JoRiyJ1 Ry (14)

Let us now find the relation between Ris and Rg;. By substituting A and C
from (8) and (12) and using involutority of V.J; V¥, we see that

AJL1C* = R11J1 R, (15)
Reasoning in the same way, by using (10), (12) and involutority of W.J,W*, we get

BJyD* = RyyJo R (16)
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Finally, using (7), (13)—(16) and Lemma 1 we get

0= AJ,C" + BJ,D* = R11J1R;1 + RiaJo/1 — RT2J1R12J2

= Ri1JiR3; + /1= RiaJoRiyJ1 Ry J2 = Rin(J1R5y + RizJa). (17)

Analogously:
0= (J1R3; + Ri2J2) Ry, (18)

which completes the proof. O
The remainder of this section will be dedicated to solving
0= R11(J1R;1 + R12J2) or 0= (Jlel + R12J2)R;2,

which is a much more difficult problem than it may seem. This part is quite trouble-
some in the positive definite case (i.e., in the Zakrajsek and Vidav’s proof) as well,
but it introduces even more problems in the hyperbolic case.

Theorem 2 trivially holds if either Uy; or Uss is nonsingular:

Corollary 1. Let J and U be given by (2). If U is a J-unitary matriz such that
both Uyp € C™M*™ gnd Uy € C™2%™2 have the 2HSVD with regard to J, and Jo,

respectively, and either Uyy or Usg is nonsingular, U can be written in the form (3),
such that (4) holds.

Proof. From (5), (9) and (10), it is obvious that Ry and/or Ras are nonsingular if
and only if Uy; and/or Usg are non-singular, respectively.

If Ry1 is non-singular, then from it (17) follows that J; R, + Ri2J2 = 0. Since
J1 is unitary, Ro; = —JoR}5J1. An analogous result follows from (18) if Ray is
nonsingular. O

Now, we need to generalize the obtained results to matrices U with singular
submatrices U1 and Uss. We shall do this by using the 2HSVD, which will lead us
to the case of the real diagonal matrices on the block-diagonals of U (presented in
the next two lemmas).

Unlike the Euclidian case of the SVD, the 2HSVD does not provide a “sorted”
diagonal (which we assume to have in the following lemma). This is discussed in
[12].

Fortunately, this problem can be corrected with a simple permutation, as de-
scribed later, in Lemma 4. So, first we shall assume that the upper-left diagonal
block is partly “sorted”, i.e., it has all the diagonal zeroes grouped in the bottom
right block (middle block in the matrix U).

Lemma 3. If J = diag(+1) and U is J-unitary,

Ui 0 Uis
U= 0 0 U23 5 J:cjl@JQ@J&
Us1 Usz Uss

such that Uyy is nonsingular real diagonal, Usz is (possibly, but not necessarily,
singular) real diagonal and orders of the blocks of J match those of U, then U can
be written in the form (3), such that (4) holds.
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IA’roof.AOlqviously, diagonal matrices Uy; and Usz always have trivial 2HSVD and
U11 = U11A11, where

10

0Xx|’

@\nd X is an arbitrg\ry matrix of the same order as Uy and Jy. We need 311 to be
Ji-unitary, where J; := J; @ Jo. For Ay to be Ji-unitary, the following must hold:
A%, J1A11 = Ji, which yields that X has to be Jy-unitary.

We can divide U into four blocks:

U1 0
00

Ui = , 11 :=

Un U
_ |Un Uiz (19)
Ua1 Uz
where
~ Uiz ~ ~
Uiz = , U = [U31 U32} , Uz =Uss. (20)
Uas

We shall also define J, := J3. All this, along with Lemma 2, yields the following:

U = RA, (21)
Agy =1,
Ry = Uy = /1= RiaaRiyJy = /1= Ji R}, J2Ro,

0 = Ry (J1Ry, + RiaJo) = (J1RS, + RiaJo) Ry,
Ry = Usy = Usg = \/1— JyR}yJ1 Ria = \/T— Ro 1R, Ja,

where I;; are blocks of R and ﬁkk are diagonal jk—unitary blocks of A, as described
in Lemma 2. R R
We want to prove that we can choose X such that Ry = —JaRj5J1. Let

1
R}

Rio = 5
R

; Ro1= [Réll) Réﬁ)} :

where the dimensions of R§12)7 Rg), Réll) and Rézl) are such that

Ry 0 RY
0 0 RY
REY R Ras
is a block matrix with the block sizes matching those in (19) and (20). From (21),
it easily follows that

Us 0 U Ry 0 RY
0 0 Usl=|0 o R¥|,
Uz Usp Uss Réll) Rézl)X R33
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ie.,
Uis=RY, Uy =RY, Uz =RY, Us=RPX. (22)

Since X is an arbitrary Je-unitary matrix, we see that
R Jy = RYX J,X* = Usp Jo X*
or, in a more appropriate form,
Ja(RgY)" = X JoUs,. (23)

From A(J,C* + BJy) = 0 in Lemma 2 it follows that Uy (J1(RSY)* + R J3) = 0.
Since Ui: is nonsingular, we see that J; (Réll))* + Rﬁlz) J3 =0, ie,

JlUékl + Uy3J3 = 0. (24)

Note that from (24) we easily get the following relations which shall be used later
in this proof:

U31J1U§1 = _JBUf3U§17 (25)
—Ui3J1 = J3Us;. (26)

We still need to show that
J(R)* + R g5 =o0. (27)

From J-unitarity of U, i.e., U*JU = UJU* = J, follows that

0 = Uzy J3Us1, (28)
Jy = U3y J3Usg, (29)
0 = U3y J3Uss, (30)
Jg = U3 J1U1s + Uss JoUas + UsqJ3Uss, (31)
0 = Us3J3Us35, (33)
J3 = U1 1U3y + UsoJoUsy + Uss J3Uss, (34)
Jo = UzzJ3Us;. (35)

We now construct a Je-unitary X that satisfies (27), by using (22) and (23). Since
0= Jo(RS))* + RG) Js = X JoUsy + Uns Js = X Jo(Usy + X* JoUss J3),
and X J is non-singular, we want X*.JoUs3J3 = —Us3,, which, using (35), leads to
—UsoUss = X*JoUss Uy = X ™.

Therefore, we define:
X = —U23U32. (36)
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Note that this was just a construction of a good candidate X to satisfy (27). Since
Uss can be singular (even non-square!), we have to check that the obtained X satisfies
(27) and that it is Jp-unitary. Using (34), let us first show that X defined by (36),
satisfies (27):

J2(Ré21 )"+ R§22)J3 = X JoU3y 4 Uz J3 = —Uz3Usa JoUszy + Usz J3
= Up3(Us1 J1Uz, + UszJ3Uss). (37)

Since we have assumed that Usz and J3 are real diagonal, they are Hermitian and
their product commutes, so

UssJs = UssJs = J3Uss. (38)
Finally, from (37), using (25), (32), (33) and (38), we get:
Ta(RE))" + RE3) Js = Usa(=JsUUsy + JsUssUss)
= *UQngUia’U;l + U23J3U§3U33 =-0- U;l +0-Us3 =0.

This proves that (27) holds for X defined by (36). The only thing that remains to
be shown is that X is Jo-unitary. To show this, we shall use (26), (28)—(31) and
(38):

X" JoX = U3oUss JoUssUsg = Usy(J3 — Uis J1Urs — Uss J3Uss)Usa
= U3y J3Usy — UsyUis J1U13Use — UsoUss J3UssUss
= Ja + U3y J3U31U13Usz — U3y J3Us3Us3Us2
= Jo+0-U13Us2 +0-UzzUsp = Jo.

O

As we have announced, the previous lemma is not enough to complete the proof
of Theorem 2, because the 2HSVD does not group diagonal zeroes in X. This is only
a minor inconvenience, as can be seen from the following lemma.

Lemma 4. If J = diag(£1) and U is J-unitary,

[ U, o -~ 0 Ut k41 |
0 Uyp -+ 0 Us k1
U= . . . )
0 0 - Uk Ukt
| Uk+1.1 Ug+1,2 =+ Uks1,k U1, k41 |

such that each Uy; (1 < i < k) is either a nonsingular real diagonal or a zero matriz
and Ugy1 k+1 1S Teal diagonal, then U can be written in the form (3), such that (4)
holds.
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Proof. Obviously, there exists a permutation S that groups zeroes and non-zeroes
in U[1: k,1: k] (diagonal submatrix defined by blocks Uy through Ugy). In other
words,

U:=S"'US, where S := diag(S,I),

has the form as in Lemma 3 which we can apply to the matrix U and the indefinite
product defined by J = S*JS. In other words, U = RA,

T [?11 (712 h_ ﬁll §12 A _ ﬁl 0
Ui Ussz|’ Ro1 Roo 0 Asl’

where ﬁn, Ezl and ﬁgg are as in (4), and 31 is §*J1§—unitary, while ﬁg is Ja-

unitary. Since U = SUS*, we have:

SALS* 0
0 A,

SR115* SRis

U=SRAS* = |" "2 "
]%215»< R22

Note that
(SA158%)* J1(SA18%) = SAH(S* J,8) A §* = §(5* 1, 8)S* = Jy,

which means that :9\315* is Jy-unitary. Also, if we define Ris := S’\Elg and Ry,
Ry and Ryy accordingly (as in (4)), then:

R21 = —JQRT2J1 = *JQ§T2§*J1§§* = *3\'2 A;Q:flé\* = §21§*7
Ri1 = I+ RiaRo1 = \/I-l- SR12R 8% = §\/I + Ri2R1 5% = SRy, 5%,
Rao = \/I+ Ra1Ri2 = \/I+§21§*§§12 = \/I+§21§12 = Ro.

In other words, we have

U= Ry1 Ryo Ay
Ro1 Rao Ao’
which completes the proof of this Lemma. O

Using the results from Lemma 2, Corollary 1, Lemma 3 and Lemma 4, we can
now prove Theorem 2, using the 2HSVD:

Proof of Theorem 2. If either Uy; or Uss is nonsingular, then the statement of
Theorem 2 follows directly from Lemma 2 and Corollary 1.

Let us assume that both U;; and Usy are singular. By the assumption of the
Theorem, we can decompose both of them using the 2HSVD:

U = ViSiWil, Usy = VaXoWy
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where V; and W; are Jy-unitary, Vo and Wy are Js-unitary and ¥, and X5 are real
diagonal. By applying the 2HSVD and Lemma 4, we obtain the following:

U — ViaWi:  Ujps i 0 D] V1_1U12VV2_1 Wi 0
| Un VX W 0 Vol |VytUsWi! DI 0 W,
B V1\/I+§12J2§T2J1 ViR AW, 0 (39)
~VaaRiyJi  Var/I+ JoRi,JiRys 0 AW
Note that the right matrix in (39) can be expanded in the following way:
Awy o | [aves 0 ViliWy 0 (10)
0 AWy 0 LVik 0 VaAoWs|'

Let Rys := ViR12JoViJy and Ry i= —Va o R3, Vi Jy. Tt is easy to see that the
following holds:

Roy = —Va b R,V Ty = —Jo(JoVa o RE, V) Ty = —JaREy .

We define: Aq := V1A1W1 and Ay := VQAQWQ Obviously, Ay is Ji- and Ay is
Jo-unitary (since Vi, Al and W; are Jp- and V5, Ag and W are Jy-unitary).
Using Lemma 1, (39), (40) and described substitutions, we obtain:

U= | /I — RiaJoRi5J1 Ry Aq
~ LR,y \/T— LRiyJiRi2 A’
which completes the proof. O

The ZV decomposition of the traditional unitary matrices is a simple corollary
of Theorem 2.

Corollary 2 (Zakrajsek-Vidav). Every unitary matriz U partitioned as in (2) can
be written in the form (3) such that

Ry =+/I—Ri2R}y, Rai =—Rj,, R =+/I—RjRi.

Proof. We use J = 1@ 1 in Theorem 2. Note that the 2HSVD with regard to the
scalar product induced by I is actually a traditional SVD and therefore it always
exists. O

The following simple corollary shall be used in the next section.

Corollary 3. Let J =1@ (—1) and J-unitary U be given by (2). Then U can be
written in the form (3) such that

Ryy = \/I+ Ri2R7,;, Ro1 = Riy, R = m (41)
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Proof. Again, it is enough to note that the 2HSVD with regard to the scalar product
induced by I or —I is actually a traditional SVD and therefore it always exists, so
we can apply Theorem 2. O

There is a fairly simple proof of the hyperbolic CS decomposition [7, Theorem
3.2] which uses the previous corollary. We shall state the theorem a bit differently
from the original (using ¥ instead of —S), but this is only a matter of a simple
multiplication from the left and the right with the matrix diag(I, —I) which is J-
unitary for every hyperbolic J.

Theorem 3 (Hyperbolic CS decomposition). Let J; =1,, Jo = —I;, p+¢=n, and
J-unitary U be given by (2), such that the order of U1y is p and the order of Usg is
q.

If p < q, U can be written in the form

Vi rls o Wy
U=VRW* = v, SR wi |- (42)
0[0 I,

where Vi and W1 are unitary matrices of order p, Vo and Wy are unitary matrices
of order ¢ and T', ¥ are diagonal matrices of order p such that I'? — X2 =1,,.
If p > q, U can be written in the form

v, roo (=]
U=VRW* = 0 Ly_2g|0 ,
vl [z o r W

where Vi and W1 are unitary matrices of order p, Vo and Wy are unitary matrices
of order ¢ and T, ¥ are diagonal matrices of order q such that I'? — X2 = I,.

Proof. Let us consider the case where p < ¢, as the other one is very similar. By
Corollary 3, there exists a hyperbolic ZV decomposition U = RA as in (3) such that
(41) holds.

Note that J;-unitary and Je-unitary matrices are traditional unitary matrices of
orders p and ¢, respectively. That means that Rjs has a traditional SVD Rys =
Vi[X 0]V5, where ¥ is a non-negative real diagonal matrix of order p. We now see
that:

Ry = \/I+R12R’{ =W \/I+E2V1*,
by
0

Ry = /14 Ri,R12 = Vo /1 4 diag(E,0)2V5.

If we denote V' = diag(V1,V2), W = A*V and I = /I, — X, we get the form of U
as in (42). O

Ry =Ry, =V, Vi,
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Note that the converse to the previous theorem is also true, i.e., it would be
easy to prove a hyperbolic ZV decomposition from the hyperbolic CS decompo-
sition, following steps similar to the proof of Theorem 1, but only for the case
J = xdiag(I,, —1;), for which the hyperbolic CS decomposition is known.

Let us now see an example of the described decomposition.
Example 1. Let J; = Jo = diag(1, —1), J = diag(J1, J2) and

0.924692 —0.0324821
—0.130595 1.03105
—0.419525 0.249001
—0.118328 —0.00127776

0.383786 —0.0359435
0.222018 0.0573754
0.968408  0.227629
0.189249 1.0246

Ui1 Uiz
U1 Uso

U:

A simple multiplication shows that UMU =1, so U is J-unitary. Furthermore, the
spectrum of Ul[?]h Ui1 and UQ[;]JQ Uss is

U(Ul[’;h1 Up) = g(UQ[;]JQ Usz) = {0.91,0.99},

s0 Ul[’;]‘ll Uiy and UQ[;]J2 Usa are R -diagonalizable, so Uyy and Usy have the 2HSVD
with regard to Jy and Js, respectively.

Since these matrices are of order 2, finding their 2HSVDs can be done directly,
with no iterations. We now get:

Uy = Vi Sy Wi

[1.30384 0.83666] [0.953939

13784 0.948683] "
0.83666 1.30384 ’

0.994987‘| [0.948683 1.3784
Ugp = ‘/'2222217[/2[?‘]2

[1.14018 0.547723] l0.953939

1.04881 0.316228] 7”2
0.547723 1.14018 '

0.994987] l0.316228 1.04881
Finally, we get the desired decomposition:

) 1.00349  —0.0836754
Ay = VWil = [ ] :

—0.0836754 1.00349

Ay = Voo Wg[;} 72

1.02262 0.213901
0.213901 1.02262 |’

* 0.400156 —0.118849
Rip = U12A[2}J1 = l ] )

0.214767 0.0111834
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—0.400156 0.214767
Ry = —JaRjyh = l ] )

—0.118849 —0.0111834

0.925205 0.0447783
Rii = VI+ RioRo1 = [ 1 )

—0.0447783 1.02372

—0.0256346 1.0073

0.941625 0.0256346
Roo = I+ Ro1 Ry = [ ] .

As we can see, the absolute error is within the machine precision:

—1.11022 - 1016 —8.32667 - 10~17
R?, — (I+ R12R21) = ,
1= ([ Razfay) l—3.46945-10‘16 —4.44089 - 1016

~9.22045 - 1016 —5.55112 - 107
R3, — (I+ Ra1Ryo) = J
22— (I+ a1 Fo) l5.55112~10—17 ~92.99045 - 10~16

2.22045 - 1076 —9.71445 - 107 5.55112- 10717 0
1.38778 - 10716 0 5.55112- 10717 —6.93889 - 10~ 18
U—-RA=
—5.55112- 1077 1.11022-10716  1.11022- 1076 1.66533 - 1016
0 6.76542 - 10717 —8.32667 - 10717 4.44089 - 10~16

4. An application

The described decomposition can help us use block transformations in other decom-

positions, which can make their computation faster. In this section we shall present a

general idea through the example of calculating an indefinite QR, proposed by Singer

n [10]. At the end of the section, we shall provide an example of such calculation.
The indefinite QR states that a matrix G, such that G*JG is nonsingular, can

be decomposed into

Gi

G =PGP; = PQG'P;, G = . QIQ=J, J=Prjp, (43)

where P; and P, are permutation matrices, matrix @ is J-unitary and G is block
upper triangular with diagonal blocks of order 1 and 2.

We assume that J = diag(+1) of order m and G € C™*F are given, such that
G*JG is nonsingular. Our aim is to find @ for the indefinite QR. Note that the
indefinite QR, as described in [10], is calculated by the one- and two-column annihi-
lations, which would lead to the special case k = 1 or kK = 2. However, we consider
a general case, for the annihilation of any number of columns k. The choice of k
can then depend on the specific application (i.e., on the properties of some specific
matrix é) and on the available methods of calculation.

Permutations P; and P, are used for the preparation of G for the annihilation of
the block G5. For the better part of this section, we shall deal with already permuted
G and J.
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From Theorem 2, we see that (under certain conditions) there exist a block J-
rotation B(X) (denoted R in the theorem), where X is the top right block of B(X)
(denoted Rj2 in the theorem), and a block-diagonal A such that @ = B(X)A. In
other words,

G'=A"'B(X)"'G. (44)

Note that B(X)™! = B(—X). From (4) and (44) it follows that
Jo X TGy + ]I — JpX*J XGy =0. (45)
The following two forms of (45) will be more suitable for solving:

(I — LX* LX) V2 LX) = —GaGr Y,
X(I— JoX* 1 X)7V2 = —J1 (GG Y o

These two represent the tangent-like substitutions from [13, formula (13)], where
y=X and x = —JoX*J;. So, we define

T:=t:=-GGy', w:=JT"). (46)
The solution of equation (45) is obtained by using [13, formula (14)]:

@ =t(I+ut)" V2 =TA+ J,T*J,T)" /2,
y = u(l+tu)" V2 = T J(1+ T, T Jo)~Y/2.

Substituting z and y into [13, formula (5)], we see that
Vi—yr oy ] | (T4 w2 u(Ithu)l/z]

—z JI—ay —t(I 4 ut)~/2 (1 + tu)~1/?
I+ J, T* JoT)~1/? JlT*JQ(I+TJ1T*J2)1/2‘|

B(X) = [

A7
—T(I+ LWT*LT)" Y2 (14 TJT*J5)~ /2 (47)

Calculating the square root can be done via the Schur decomposition. Since J1 T JoT
and T'J;T*J; have the rank at most k, which is usually very limited (i.e., k = 2),
the triangular factors of I+ J1T*JoT and I+ T J1T*Jo have the form [§ 7] (with
having k rows), so their square roots are calculated in the fast and stable manner.
For details see [8, Section 6.2]. The triangular form also simplifies the calculation of
the inverse needed for the calculation of the diagonal blocks in B(X).

Note that we can also improve the calculation of the counter-diagonal blocks of
B(X). It is easy to see that

z=t(I+ut) V% = I+ tuw) V%, y=ul+tu) =1+ ut) " ?u.

In other words, we can choose the appropriate formulas to calculate those blocks,
depending on the dimensions of ¢ and u, i.e., depending on the choice of k.

If permutation P; is chosen in a way that J; = +I (note: J; does not have to
be equal to FI), after B(—X)G is calculated we can easily apply the traditional QR
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on its top k x k block, thus obtaining A, while Ay is not needed for the described
annihilation. In other words, when such choice of P; is possible, we can avoid getting
an irreducible 2 x 2 block in G’, while still performing our calculations in a block-wise
manner.

Note that if U is J-unitary, then U ! is also J-unitary. This means that, instead
of (44), we could have looked for X and A such that G’ = B(X)AG. This might help
in terms of performance and/or stability, but would not make the calculation of B(X )
possible when B(X) does not exist. Obviously, instead of “tangent” T = —Gngl,
we would have T = —AyGoGT AT, To calculate B(X), we would still need square
roots and inverses of I + TJ1T* Jo and I+ J1T* JQT. It is easy to see that

T+ THT*Jy = AT+ TILT*J)AY, T+ LT JT = Ay (I+ TJT*Jo) AL
These are the similarity relations, which means that B(X) exists if and only if B(X)
exists.

Let us now consider an example of calculating the indefinite QR of a 6 x 2 real
matrix, using the formulas derived in this section.

Example 2. Let J; = diag(1l,—1), Jo = diag(1,—-1,1,—-1), J = J; & J2 and

—0.12679 —0.361292

| —2.08529 —-1.11372 G — —2.75626 2.82151 |Gy
' —0.886879 —1.08692| ’ —2.87042 2.83256 Go
—2.12738 1.43712
From (46), we see that
0.142797 —0.478716 0.142797 0.478716
—4.29941 7.00127 4.29941 7.00127
T=t=GG,'= ,ouT =
—4.4041  7.1187 —4.4041 —7.1187
—2.8048 4.19613 2.8048 4.19613

Using (47), we get

[ 1.52166 —0.799964 —0.165667 0.941495 —1.00685 0.911208 |
0.799964 —0.21252 0.0124955 1.95147 —2.01026 1.35198
0.165667 0.0124955 0.99318 0.16511 —0.171781 0.126268
0.941495 —1.95147 —0.16511 —1.27195 2.30796 —1.34695
1.00685 —2.01026 —0.171781 —2.30796 3.34366 —1.36218
10911208 —1.35198 —0.126268 —1.34695 1.36218 0.244255 |
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Once again, the absolute error is within the machine precision:

B(X)™'G = B(—X)G = diag(I>, —1,) B(X) diag(Is, —1,)G
[ _0.841248 ~1.99904 |
1.00654 ~2.41029
—8.32667 - 10716 1.13798 - 1015
1.64313 - 10~ —1.26565- 1014
1.64313- 1014 —1.11022- 1014

| 9436910715 —6.93889 - 1071

5. Conclusion

In this paper we have presented a hyperbolic generalization of Zakrajsek and Vidav’s
decomposition of block-unitary matrices. We have shown that this decomposition
has a theoretical value as the tool for deriving other decompositions (i.e., the Eu-
clidean ZV and the hyperbolic CS decomposition).

‘We have also shown a practical application of such decomposition as an accessory
to other decompositions in a block-wise manner. This was shown in Example 2,
where we presented such application on the indefinite QR.
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