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On some algebraic equations in connection with
one kind of tangential polygons

MIRKO RADIC*

Abstract.  This article can be considered as an appendix to ar-
ticle [1]. Here article [1] is completed and extended, where some new
relations concerning one kind of tangential polygons and algebraic equa-
tions are established.
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The whole article is in some way connected with the following definition which
is a completion of Definition 1 in [1].

Definition 1. Let A; ... A, be a tangential n-gon and let C be a denoted center
of the inscribed circle into Ay ... A,. Then we say that Ay ... A, is a k-inscribed
tangential n-gon or, shortly, k-tangential n-gon if it has the following properties:

1. No two of its consecutive vertices are the same, that is, A; # A;4+1 for each
1=1,...,n.

2. All of the angles

KCAiAH,h z':l,...,n (1)
have the same orientation, that is, all of them are positively or negatively
oriented.

3. It holds -
51+--~+5n:(n—2k)§, (2a)
where
Bi = measure of LACA;Aiy1, i=1,....n (2b)

ke{l2[n;1}} (2¢)

-1 -1 -1 -2
[n } == if n is odd, {n—} == if n is even. (2d)

2 2 2 2

Of course, indices of vertices A;, A;yr1 are calculated modulo n. Thus, Apy1 = Ax.
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Notice 1. In the following we shall take the measure of an oriented angle with
sign + or — depending on whether the angle is positively or negatively oriented.
Also, let us remark that measures will be expressed by radians.

From the following examples it will be easily seen that for a k-tangential n-gon
it holds

o1 + -+« + on| = 2k, (3)
where p; = measure of oriented £ A;CA;11, i=1,...,n.

Example 1. Pentagon A;...As shown in Figure 1 has a property that all of
the angles LCA;Aiy1, i =1,...,n, are positively oriented and there holds

26+ +285 = (5—2)r

or
s

ﬂl+"'+ﬂ5:(5—2'1)§~

Thus, A1 ... As is a 1-tangential pentagon.
In this connection let us remark that all of the angles LA;CA;y1, i=1,...,n,
are negatively oriented and that

5

lo1 + -+ s ZZ[W—(@-F@‘H)]

i=1
=57 — (261 + - +205)
=br—3n=2r=2-1-m.

Figure 1.

Now let us consider the pentagon shown in Figure 2. As can be seen, all of
the angles LCA;Ai11, i = 1,---,5, are negatively oriented, and all of the angles
LA CAiyq1, i=1,--- 4, are positively oriented. Therefore, for example,

B1+ fBo = —(m — 1) since 1 <0, f2 <0, ¢1 > 0.

Hence
5

5
251+"'+255ZZ(@‘*’@‘H):Z(—W*'%):_57T+47T

=1 =1
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which can be written as
T
[B1] + -+ +185] = —(=bm +4m) = (5 — 2~2)§.
Thus, the pentagon shown in Figure 2 is a 2-tangential pentagon. In this connection

let us remark that o1 +---+ p5 =2 - 2.

Figure 2.

Now let us remark that the numbering of vertices of the pentagon shown in
Figure 1 is such that the pentagon (as oriented one) is negatively oriented, and
that the numbering of vertices of the pentagon shown in Figure 2 is such that the
pentagon (as oriented one) is positively oriented.

It is easy to see that generally there holds: If the numbering of the vertices of
a k-tangential n-gon is such that the n-gon (as oriented one) is positively oriented,
then ¢; > 0, B; < 0, i = 1,...,n, but if the n-gon is negatively oriented, then
p; <0, Gi>0,i=1,...,n.

For convenience, in the following, where we shall mostly deal with 31,..., 3,, we
shall suppose that the considered n-gon is negatively oriented, that is, all 81, ..., G,
are positive.

It can be easily proved that

n n T
P = —2 ;= (n — 2k)—.
Z ® kr <— Zﬂ (n — 2k) 5
i=1 =1
So, we can write

n

—2kT = Zg&i = Z [=7 + (Bi + Bit1] = —nm +2(B1 + - + Bun),
i=1

=1
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from which follows that 31 + -+ 3, = (n — 2k)3.
First, we prove the following theorem which is a completion of Theorem 1 in [1].
Theorem 1. Let t1,...,t, be any given lengths (in fact, positive numbers),

where n > 3. Then for each
-1
ke{lﬂ,..[n? ” (4)

there is a k-tangential n-gon Agk) e A%k) such that

‘Agk)Agﬂ‘ =tittip, 1=1,...,n

Proof. We need to prove that there are ﬂ£k), RN gk) and length (radius) 7
such that for each k given by (4) it holds

Tk

B 4.tk = (n—QkJ)g, tan g% = L =l
First, it is clear that for r enough large it holds
- r 0
Z arctan — =~ n—.
‘ t; 2
i=1
Thus, there are lengths (radii) r1,79,..., 7y, where m = ["7_1]7 such that

Zaurctaunr—1 =(n-2- 1)z,
i=1 ti 2

Zaurctaunr—2 =(n-2- Q)Z,
i=1 ti 2

Z arctan "L = (n — 2(m — 1))%,

t;
i=1
Z arctan - = (n—2m)=
i=1 i
Here let us remark that
(n—2(m—1)) g = 3% if n is odd, (n—2(m—1)) g =27 if n is even,
(n—2m)z:gifnisodd, (n—2m)g:7rifniseven.
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In the following we shall use fundamental symmetric functions 57" and 5‘]”, first
of t1,...,t, and second of cot ﬂ%k), ...,cot ﬂy(lk), that is

1<i1<-<i;<n

n

,SA’;-‘: Z cotﬂl-(f)-..ucotﬁi(f), ji=1,...,n.
1<ip < <ij<n
For example
S% =t +ta +t3, S5 =tits +tats +t3t1, Sy = titats.
n

Theorem 2. The radii of these [%1] tangential n-gones described in Theo-

rem 1 are positive roots of the equation
Syt - SEanT3  SPa" P — . (=1)%1ST =0, n is odd (5a)

or
Srgn=? — SEanTd 4 826 — . (—1)%28" |, =0, niseven, (5b)

where
s1=(14+34+5+---+n)+1, se=(1+3+5+---+(n—1))+1. (5¢)
Proof. Let @Ug) = arctan ;—’:, 1=1,...,n. Then

B -+ B = (n—2k)5.

Hence

cot (B + -+ 80) =0 if nis odd, (6a)
tan (ﬂYC) + -+ ﬂ,@) =0 if nis even. (6b)

Relation (6a) can be written as
S = 8y 81— e (-1 =0, @
from which, replacing cot ﬂi(k) by ﬁ—;, we get equality

Sprn Tt — P T 4 SPm TP — 4 (—1)M157 = 0. (8)

Thus, in the case when n is odd, each rx, k=1, ... "T_l, is a root of equation (5a).

Similarly holds in the case when n is even, namely, relation (5b) can be written
as
SP =S5+ 85— (-8 =0, 9)
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from which, replacing cot ﬂi(k) by ﬁ—’;, we get equality

Sy — SR SO g (<)%= 80, = 0. (10)

n—1 —

So Theorem 2 is proved. O
Here is an example.
Example 2. Lett; =4, t=1,...,5. Then

SP = 15,85 = 225,82 = 120

and
1573 —225rF +120=0, k=1,2

for r1 &= 3.800818595, ro &~ 0.74416262.
It can be checked that

5 5
1 m T2 s
arctan — = 3—, arctan — = —.

Theorem 3. Let ty,...,tn,tnt1,---,tan be any given lengths such that
tn+i Zti, i=1,...,n. (11)

Let Fy(x), Fa(x) and F(x) be polynomials given by

Fi(z) = Spa™ ™t — S§a" 3 4 S — .+ (=1)1S2,  nis odd,
Fy(x) = SPa™ 2 — Spa™ ™4 4 820 — ... 4 (=1)%28"_,, n is even
F(.’IJ) — Sl2nx2n72 _ S§n$2n74 + S§n$2n76 e (—1)8532_1,

where s1 and s2 are given by (5c), and s is given by
s=(1+34+5+---+2n—-1))+ 1
Then
Fl(x)‘F(ac) if n is odd,

Fg(x)‘F(x) if n is even,

where } stands for is the divisor of.
Proof. By Theorem 1 there are m = ["T_l] tangential n-gons whose tangent
lengths are tq,...,t,. Let

1)

yrrtytm

denote radii of these m tangential n-gons, and let

7":([2") , réQn)7 ... ,rg")
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denote radii of 2m (= n — 1 = 2%-2) tangential 2n-gons whose tangent lengths are

t1,...,ta, for which (11) holds. Then

7"1(”) :rgn), i=1,...,m.

It is because 7‘53") is the radius of a 2i-tangential 2n-gon which is a double i-
(n)

tangential n-gon whose radius is r; ’. For example, if n = 5, then

r®) = p(10

since a 4-tangential 10-gon (in the case when t5; = t;, ¢ = 1,...,5) is a double
2-tangential 5-gon. (See Figure 3)
A,

A, A,
A,
A,
Ay
As A, A
Figure 3.
O
Here let us remark that
10 ,(10) -
Zarctan L —(10-2-4)=,
. t; 2
=1
or
5 (10) -
2;arctan ‘;i =(10—-2- 4)5,
from which there follows
5 ,(10) -
Zarctan 4 :(5—2-2)5.
i=1 i
But also
5 (5)

Zarctan 2 _ -2 2)%

i=1 ¢
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Corollary 1. Let ty,...,t3, be any given lengths such that
tn+i:t2n+i:ti, Z=1,,n

Let Fi(z) and Fy(x) be as in Theorem 3, and let G(x) and H(z) be given by

G(x) = SPma® =t — 83" a®" 70 4 SFra 0 — o (—1)"S5Y ifnis odd  (12)
H(z) = Sna®n=2 — §3ngdn=24 4 §3ng3n=6 ... 4 (=1)VS5" | if n is even, (13)
where

u=(14345+---4+3n)+1, v=01+3+5+---+Bn-1))+1.

Then
i) (x)(G(x) if n s odd, (14)

Fg(x)‘H(ac) if n is even. (15)

Proof. It holds
7"5”) = rz()jn)7 1=1,...,n.
O
Notice 2. Concerning Theorem 3, it can be easily seen that there are many
other cases where one equation is the divisor of the other, which may be interesting

in the theory of algebraic equations.
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