MATHEMATICAL COMMUNICATIONS 10(2005), 159-167 159

afvo — technology in the triangle geometry

VLADIMIR VOLENEC™*

Abstract. The barycentric coordinates of the most important
points and circles and the equations of the most important lines, conics
and cubics of the geometry of triangle ABC are expressed by means of
numbers a = cot A, B = cotB, vy = cotC and o =a+ [+ 7.
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It is shown in [4] and [5] that the formulae for metrical relations of points,
lines and circles connected with the given triangle ABC with sidelengths a, b, ¢

and angles A, B, C can be written in a more contracted form if the barycentric
coordinates and numbers

a = cot A, B =cot B, v =-cotC (1)

are used.
We are also introducing the abbreviation

oc=a+p+1. (2)

Because of the identity

cot BcotC' —1 By —1
cot B+cotC B+

—a=—-cotA=cot(mr—A)=cot(B+C) =
the identity
By+yataf =1, 3)

is valid, which can also be used in the forms

(Y+a)a+p8) =1+0% (a+B)(B+7)=1+5 B+1)(+a)=1+7> (5
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Thus, it follows,
c—afy=pF+v+all-py) =B+v+a2(B+7)=(B+7)(1+a?)
= (B+7)(y+a)(a+6),

namely, we also get the identity

(B+)(v +a)a +8) = o —apy. (6)

Identity (4) can also be written in the forms
ac—a?=1-0y, fo—-pF*=1—~a, ~vo—~>=1-ap. (7)
Because of the identity (o + 8+ 7)? = o? + 3% + 92 + 2(8y + ya + af) it follows
?+ B2+t =07 -2, (8)

and then, by means of (2), (3) and (8), we can derive formulae, which express
different symmetric functions of «, 3,y by numbers ¢ and afvy. For example, we
get

By(B+7) +valy + @) +afla+ ) = (B +7) + (v + @) + ¥ (a + )
=a(l—=pv)+B(1 —vya) + (1 —ap)
=0 — 3apy,

(B +7) + B (v +a) + (e + B) + 6apy
= o0 — 3afy + 6afy = o + 3afy,

a(B =)+ B(y = @)? +y(a = B)? = *(B+7) + 8 (v + @) + 7% (a + B) — 6By
= o — 3afy — 6afy =0 — 9aly,

a(B+7)? + B0y +a) +v(a+ B)?

= (0% - 2)2 - 2(1 - 2aﬁ’ya) =o* — 40? + 2 + 4dafyo,
3.3 3.3 333
5’7 + 7« +a’fB’ =

o’ + 37 +9° = (@®+82+7%) (a+8+7) — 2 (B+7) — B2 (v+a) — 7 (a+0)
= (0% = 2)0 — (0 — 3aBy) = ¢® — 30 + 303,
B4y’ +a?B% = (By +ya+ aB)? — 2aBy(a+ B+7) = 1 — 2apy0,
Ol4+ﬂ4+’}/4 _ (02+52+’}/2)2 _2(ﬁ272+720‘2+0‘2ﬂ2)
(
(

B2y 720 + a?B%)(By + ya + af) — afyla(f® +47)
+B(7* +a?) +7(a® + 5%)]
=1-2aBvy0 — aBy(oc — 3aBy) = 1 — 3afyo + 302342,

Let A and R be the area and the radius of the circumscribed circle of triangle
ABC, respectively. Because of, for example

b2+ % —a? =2bccos A = 2besin A - cot A =4Aa
we have identities

P+ —ad? =400, E+a®> -0V =418, o> +b0* - =4y, 9)
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by addition of which we get the following identities
a> =2A(B+7), b =20(v+a), & =20(a+p), (10)

a’? + b+ % =40, (11)

and by subtraction there follows
V-2 =2A(y—0), *—a®>=20(a—7), a®—b=2)(8-a). (12)
From the formulae a = 2Rsin A, b = 2Rsin B, ¢ = 2R sin C' we get
abc =2Rsin A-bc=2R -2/,

ie.
abc = AAR, (13)

and then there follows 8 R? sin Asin Bsin C' = 4AR, i.e.
A = 2R%sin Asin Bsin C. (14)
Because of (10) and (13) we get

a?b*c?>  16AR?  2R?
8A3  8A3 A

B+ +a)a+p5) =

namely, because of (6) and (14) there follows

2R? 1

c—afy=B+10t+e)eth)=—71-= et

Thus, we further obtain

s Acos BecosC 2R?
COSRCOB IR _ 27V o5 Acos BeosC = (0 — afBy)cos Acos B cos C,

ofy = sin Asin BsinC =~ A

so identities

A afy
AcosBcosC = — = — 16
cos A cos B cos SR = —— R (16)
are valid.
Identities
1 1
.9 . 2 _ 102 _
sin A_1—|——(12’ sin B_Tﬁw sin =T
2 2 2
cos? A = a , cos’B = s , cos’C = 7
1+ a2 14 p2 14+~2

are also valid. If h,, hp, h. are the lengths of the altitudes of triangle ABC', then
from (10) and, e.g. formula 2A = ah,, we get
B2 4N? B 4N? _2A
© a2 20(B+y) B+
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so we have identities

o2 . 28, 28

a:ﬂ—+77 b:'y+oz’ C a4+ 4

From numbers «, 8, v in (1) there are always at least two positive ones, and
because of (10) and (11) numbers S+, v+ «, a+ [ and o are always positive, and
then the number o — a7 from (6) is also positive. If numbers «, 3, v are positive,
then, because of the inequality for the arithmetic and geometric mean, we get

c—afy= B+ +a)a+p) >2y/By-2y/7a-2/ab = 8afy

with the equality if and only if @« = 3 = . If one of the numbers «, 3, v is negative,
then —8afvy > 0, so because of ¢ — a3y > 0 there follows o — 9a3y > 0. Because
of that the number o — 9a3~ is always non—negative and equal to zero if and only
if the triangle ABC' is equilateral.

The angle w such that cotw = o is called a Brocard angle of the triangle ABC.
Because of (11) for that angle we get

1
cotw:0:a+ﬂ+W:E(a2+b2+c2)

(see [1]). From the identity
B=7+(r—a)?+(a=pF)*=2(a" + F° ++* = fy —ya - af) = 2(c* - 3)

follows the inequality o > 3, i.e. cotw > V3orw< %, with the equalities if and
only if triangle ABC' is equilateral.

Steiner angles (the first and the second) of triangle ABC' are the angles w;
and wo such that numbers o; = cotw; (i = 1,2) are solutions by 7 of the equation
72 — 207 4+ 3 = 0. These identities

0 —200;+3=0 (i=1,2),

or=0++V0o2-3, o9=0—+02%2-3, (17)
o1+ 03 =20, 0102=3 (18)

are valid for them. Because of 02 > 3, i.e. 0 < V02 —3 < ¢, numbers o; and o5
from (17) are positive and the angles w; and wy are acute. Because of o1 > ¢ > o9
follows 0 < w1 <w < wz < 7, and from equalities

cotwicotwg —1 o100 —1 3-1 1

i
cot (w1 +wa) = = —:tw:cot(——w>,
(wr 2) cot wy 4 cot wa o1+ o9 20 o 8 2

T _

which we obtained by means of (18), there follows w; 4+ ws = §

is valid.
Theorem 1. The sum of Brocard angle and Steiner angles of the triangle is
equal to the right angle (see [1]).

w, so Theorem 1
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Because of formulae (9), (10) and (11) all those points, lines and circles whose
barycentric coordinates are functions of a2, b? and ¢? can be expressed by means of
numbers «, 3, 7, o. In this way, we can express a great part of the geometry of the
triangle. We are going to give the barycentric coordinates of the most important
points, lines and circles without proof, as well as the equations of the most important
conics and cubics which can be expressed in this way. If T" is the point of the form

T = (f(oz,ﬁﬁ) : f(ﬁv'yva) : f(’}/vavﬁ))v

then we shall write it in a shorter form 7' = (f(a, 8,7)), and we shall do the same
with lines and circles. For each point we shall give the sum of its coordinates
Y= fla,B8,7)+ f(B,v,a)+ f(v,a, 3). For more interesting lines we shall give their
point at infinity and the point at infinity of the lines perpendicular to them, and
for the more interesting circles we shall give the center and the radius.

The most important points, lines and circles of the geometry of triangle ABC'

expressed by means of numbers «, 3, v and o, are listed in the following tables.

point the first coordinate and mark the sum of
coordinates
centroid G=(1)= X, 3
orthocenter H = (Bv) = X4 1
circumcenter O=(1-pv)=X3 2
Euler center O9 = (1+pv) = X5 4
symmedian center K=(B+~v) =X 20
Crelle-Brocard points Q=01+ ,82) o2 +1
Q’:(l—‘—’yz) o2 +1
Steiner point S=((v—a)(a—pB)) = Xog 3—o?
Tarry point T=(1-81-~v0)) = Xos 3—o¢?
isogonic centers Vi =(1+V38)(1+V37)) = Xi13 2V3(V3 + o)
Vi = (1 - V38)(1 - V3y) = X11 | 2V3(V3— o)
isodynamic centers Wi = ((B+ 7)1+ V3a)) = X15 2(o + V3)
Wa = ((B+7)(1 = V3a)) = X16 2(c — V3)
“ Napoleon ” points Ni = ((8+V3)(v+V3)) = X7 2(5 + +/30)
N2 = (8= V3)(y — V3)) = Xus 2(5 - V30)
de Longchamps point L= (1-28v)= X2 1
infinity point of Euler line (1 —-38y) = Xs0 0
centroid of the orthic triangle ((B+v)1+BY)) = Xs1 3(c — afy)
orthocenter of the orthic triangle (B+7)A+B7)(1 —a?) = X5z 2(c — afy)
symmedian center of the orthic triangle (By(1+ B7v)) = Xs3 2(1 — apyo)
Euler center of the orthic triangle ((B+7)(1+B87)(3 —a?) 8(c — af)
centroid of the tangential triangle ((B+v)(1—287v)) 6By
orthocenter of the tangential triangle (a(B+v)(o — afy — 2a)) 4a By
circumcenter of the tangential triangle ((B+v) (o — 28y + a2ﬁ'y)) = Xog 8afy
Euler center of the tangential triangle (3 =58y — a? — a2ﬁ'y) 6 — o2 — aByo
Feurbach point of the tangential triangle | ((8+ v)(y — a)(a — B3)) —(o + 3aBy)

Other points X; from [2]:
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point | the first coordinate the sum of coordinates
Xa2 | ((B+7) (a0 — BY)) o+ 3afy
Xoz | ((B+7) (a0 —367)) 9afBy —o
Xoa | (By(0 + afy —2a)) o —5afy
Xos | (Byv(B+ 7)) o — 3a8y
X2 ((/3 +7) ) 2(0% - 1)
X39 (0’ -« ) 2(0’2 + 1)
Xag | (a(B+47)%(1 —52%)) 4(Tafy — o)
Xso | ((B4+7)*(1—3a?) 2(4+ o? + 4aBy0)
Xsa | (B+7)(A +7a)(1+ap)) 30 + 5aBy
Xe1 (B+7)( +\/§)) 2(1—|—\/§0)
Xe2 | ((B+7)(a—V3)) 2(1 - V/30)
Xea | ((B+7)(1—2va)(1 —2ap3)) 2a3y
Xes | ((Bo —rya)(yo —ap)) dafyo
Xer | ((Bo = 3ya)(yo — 3ap)) 20(9apy — o)
Xes | (a(1—=p*)(1—19%) dafy
X@g (Ol) (2
Xro | (B0 —2ya +af*y)(yo — 208 +aBy?) | —o® + 10afyo + Ta>575?
Xra | ((B+7)(1 = 3ya)(1 — 3ap) 9afy — o
X6 (14 a?) a2 +1
Xss | ((0+B)(c+7)) 50% +1
Xos (By(1+ o) (1 = 56%)(1 — 592)) 36 — 502 — Tdafyo + 165023242
Xos | (1+0*)(1-=36%(1—37%) 16 — 502 — 6aBy0 + 270?322
Xos | (T+72)(1+ b)) 5+ afyo
Xos | (L+7va)(1+aB)(1—-6*)(1-7%) 12 — 0% 4+ 5%
Xor | (1 =B +7ya)(1 + apB)) 2 — afyo —30°*°

line

the first coordinate

point at infinity

point at infinity
of the perpendicular lines

Euler line
Brocard diameter
ortic line
Lemoine line
Longchamps line
Steiner axes:

line through G
K, X9, Xg1, X86
line through G,
X54, X68, X906
line through O,
S, T, X7¢
line through Og,

(@B — 7))

E([; - N+ a?))
1+ a?)

B+

(B = v)(o1 — 3a))
(B = v)(oz — 3a))
B =)

(1 + 871 = a?)(B — 7))
(1= a0) (82 — %))
(o = VB)(1 + av3)(B — 7))

(1 —38v) = X30 B =)
((B+1A - ao)) (82 —+%)

B =) (1 =3Bv) = X30
(8% —~?) ((B+ 1A = ao))
B = (1 =3Bvy) = X30

((e1 —3B)(o1 — 37))
((o2 = 3B8)(02 — 37))
(o — 3a)

(86 + aBy — 6a
—3p~y0 — 3a82~2)
(62 =2 —3a2 4 a0 — Byo2)

(30 — 6a — 3B~0

(02 = 3B8)(o2 = 37))
(1 = 3B8)(c1 —37))
(8= 7)(20 — 3a))

(8 = 1) (B0 — afy — 6a))
(B — 1)1 + 3a0 — Bryo2))

((B = 7) (8o — 6a + V3))

Vi, N2, Xe2 +3V38y — V3)
line through Og, ((a + V3)(1 = aV3)(B = 7))| (B0 —6a — 380 ((B =) (8o — 6a — V3))
Vo. N1 X1 ~3V3By + V3)

From lines from [3] here are given those which are going through at least four
points of the form X;, i € {1,2,...,101}. Then the Euler line goes through points
G, O, H, Og, L, X21, X22, X23, X24, X25, X26, X27, ng, X29, X30, and the Brocard
diameter through points 07 K, W17 WQ, X32, X39, X50, X52, X58, X61, X62.
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circle first coordinate center radius
Circumscribed 0 O =(1-587) 3
polar @ H = (B8v) V=20aBy

o R
Euler - Og = (1 + B7) -
2 2
2 1
ortocentroidal - (14 387) ~|GH|
3 2
Longchamps B+~ L = (1—28v) V—AlapBy
1 5 R
Brocard —(1+a%) ((B+ A+ a0)) —Ve?2 -3
20 20
1 5 R
1. Lemoine —2(1+o< (o + @) ((B+ 7)1+ «ao)) 2—\/02 +1
4o o
o 2 R
2. Lemoine — (1 4+ a%) K=(B8+7) —
o2 9 o
o
Taylors ((B+ 1A = a?8v) V14 a2p242
o — agfy o — afBy
1+a® —k 9
Tuckers circle with K ((B+v) (o — a“*By + k — aock)) (o0 —aBry —or)24kx2
o — afy o —afy
parameter K
1+ a2 R
Schouters circle with (B+ )1+ akr))) k2 — 3
o+ kK o+ kK
parameter K

Some other triangles are added to triangle ABC. Let us give some most impor-

tant ones.

The complementary triangle has vertices (0:1:1), (1:0:1), (1:1:0) and
sides (—1:1:1),(1:—=1:1),(1:1:-1).
The anticomplementary triangle has vertices (—1:1:1),(1: =1:1),(1:1:-1)
and sides (0:1:1), (1:0:1), (1:1:0).
The orthic triangle has vertices (0 : v : 8), (v : 0 : @), (8 : a : 0) and sides
(—a:B:7), (@:=B:7), (@:8:—7).

The tangential triangle has vertices (—(8+7) : (v+ @) : (e + 3)), (B +7) :
—(v+a):(a+0), (B+7v):(v+a): —(a+0)) and sides (0: (o + ) : (v + «)),
((a+B):0: (B+7), (v +a) s (B+7):0).

The first Brocard triangle has vertices ((8+7) : (o +8) : (v + @), (a+ 3
(v+a) : (B+7)), (v+a) : (B+7) : (a+3)) and sides ((1—0?+2a0) : (1—0%+2y0
(1—02+280)), (1—=0*+2y0): (1—-02+280) : (1 —0?+2a0)), (1-02+280) :
(1 — 0%+ 2a0) : (1 — 0% + 2y0)). That triangle and the triangle ABC' have the
center of homology (14 «?) and the axis of homology ((1—02+280)(1—02+2v0)).

The second Brocard triangle has vertices (2 : (v + ) : (o + 3)), (B+7) :
26+ (a+8)), (B+7) : (v+a) : 29) and sides (467 — 1 — a?) : (8 +7)(o —
39) - (B + 1o — 38)), (v +a)(o —37) : (dra—1— ) : (7 + a)(o — 3a),
(a+8)(c—=38): (a+B)(c—3a): (4aB —1—~?)). That triangle and the triangle
ABC have the center of homology (6+7) and the axis of homology ((c—353)(c—37)).

)
):

Besides lines and circles given in the table, there are also the triplets of analogous
lines and circles. We are giving the most important ones.

Altitudes (0: =8 :7), (a:0: —v),(—a: B :0) of triangle ABC and bisectors
((B=7) : =(B+7) : (3+7); (140) : (=a) : —(v40)), (—(a+B) : (a+8) : (a—0))
of sides BC, C'A, AB have got points at infinity (—(64+7v) : v: 5), (v : —(v+a) : @),
(B:a:—(a+0)). Medians (0:1:—1), (=1 :0:1), (1 : —1:0) have points at
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infinity (=2:1:1), (1:=2:1), (1:1:-2).

Apollonius circles

(0 1+ 32 1+w2) <1+a2 0 1+v2) <1+a2 1+p° 0)
BT y=B) \a=v""v-a) \a=-f" f-a’

hage CZI}FGTS 0:=(y+a): (a+08), (B+7):0: —(a+0),(—=(B+7): (v+a) :0)

2R 2R 2R
B=a" Iy—al” la—=p

Neuberg circles (0,8 +7,8+7), (v +a,0,v+ ), (a+ 8, a+ 3,0) have centers
(B+7)0: (L=70): (1=00)), (1=70) : (y+a)o: 1—a0)), (1-pFa): (1-ao):
(a4 B)o) and radii 2vo2 -3, &vVo2-3, £Vo?-3.

M’Cay’s circles (3¢, 3(6+7), 5(8+7)), (5(v+a), %, 3(v+a)), (5(a+5), §(a+
B), %”) have centers ((6+7)o : (3—~0) : (3—00)), (83—~0): (y+a)o: (3—a0)),
(83=00): (3—ao): (a+ f)o) and radii $v/0? — 3, %\/02 -3, £Vo? —-3.

The six so-called adjoint circles are also interesting (0,0, 5 + ), (v + «,0,0),
(0, + 3,0), (0,84 ~,0), (0,0,7+ «), (o + 3,0,0), which successively go through
points A, B,C, A, B,C and at points B,C, A, C, A, B successively touch lines BC,
CA, AB, BC, CA, AB. They have successively centers ((1 + 32) : (1 + af) :
—Bla+ B)), (—1(B+7) : (1+72) : (14 B9)), (1 +7a) s —aly +a) : (1 +0a?)),
(1472 —4(r+a) : (L+70), (1 +aB) : (1+0a2) : —ala+ @), (=B +7) :
(1+B7): (1+ B?)) and radii R§, R%, R2, R2, RS, R,

The circumscribed conics of triangle ABC' have the equation of the form vyz +
pzax+qry = 0, where v,p, ¢ € R\ {0}, and the inscribed conics in the line coordinate
have the equation of the form OYZ + PZX + QXY = 0, where O, P,@ € R\ {0}.
Let us list the most important circumscribed and inscribed conics which can be
expressed by «, 3,7 and o.

circumscribed Steiner ellipse yz+zx +zy =0,

inscribed Steiner ellipse YZ+ZX + XY =0,

Kiepert hyperbola B=Yyz+ (y—a)zz + (a — Bay =0,

Kiepert parabola B=—NYZ+(y—a)ZX+ (a—B)XY =0,
Jerabek hyperbola a(B—y2)yz + B(v2— a?)zx + y(a?— %)zy = 0,
Brocard ellipse 1+®)YZ+(1+8)ZX + (1++9%)XY =0,
K-—conic aYZ + BZX +~4XY =0,

Three Artzt’s parabolas of the first kind have the equations X2 —4Y Z = 0,
Y2 47X =0, Z? —4XY =0, and the Artzt’s parabolas of the second kind have
the equations
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(8= XE 4+ (3y+)¥? — (a+ §)2% — 22X +2aXY =0,
NX2+(y—)Y? 4 (a+B)Z2 +28YZ — 26XY =0,
NX?—(v+a)Y? + (a—pB)Z> =29V Z + 2vZX = 0.

Three Majcen’s hyperbolas have the equations (8—v)yz— (y+a)zz+(a+8)ry =
0, (B+7)y=+ (7 — )z — (a+ B)ay = 0, —(B+7)yz+ (v + )2z + (a — B)zy = 0.

Lucas cubic of triangle ABC have the equation ax(y? — 22) + By(2? — 2?) +
vz(x? — y?) = 0, and Thomson, Darboux, Mac Cay’s and Neuberg cubics, and the
so-called ortho cubic have the equations of the form

dz[(a+B)y* — (v + )2+ ey[(B+7)2% — (a+ B)z* ]| + f2[(y+ @)z” — (B+7)y*] = 0,

where the point (d : e : f) is successively: centroid G = (1), Longchamps point
L = (1 — 20), circumcenter O = (1 — ), the point at infinity (1 — 337) of the
Euler line and orthocenter H = (7). Lemoine cubic have the equation

a(B+7)yz(y — 2) + By + @)’z + y(a + B)*xy — (B =) (v — a)(a = B)ayz = 0.
Steiner deltoid of triangle ABC' (the envelope of Wallace lines) has the equation
in line coordinates aX (Y — Z)*+ Y (Z — X)? +7Z(X - Y)* =0.
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