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A generalized ¢g-numerical range
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Abstract.  For a given ¢ € C with |g| < 1, we study the C-
numerical range of a Hilbert space operator where C is an operator of

the form
qIn 1- ‘Q|2In
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Some known results on the g-numerical range are extended to this set.
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1. Introduction

Throughout this paper H will denote a complex Hilbert space with an inner product
(-]-). The algebra of all bounded linear operators on H and the ideal of all compact
operators on H will be denoted by B(H) and K (H), respectively.

The g¢-numerical range of A € B(H) is, by definition, the set

Wo(A) = {(Az|y) : (z|z) = (yly) = 1, (z|y) = ¢}

where g € C, |¢| < 1. When ¢ = 1, this set reduces to the classical numerical range.
The g-numerical range is a useful tool for studying matrices and operators and it
has been investigated extensively (see [10], [12] or [18]).

For a fixed trace class operator C' € B(H), the C-numerical range of A €
B(H), denoted by W¢(A), is defined as the set of all complex numbers of the form
tr(CU* AU), where U ranges over all unitary operators in B(H). In the case of the
finite dimensional space H, the set W (A) was introduced by M. Goldberg and E.
G. Straus [5] and it is a further generalization of the classical numerical range. It
is also a generalization of the g-numerical range of a Hilbert space operator which
can be obtained when C' is chosen to be rank one operator of the form

q/1—1q]?
(VT o
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The C-numerical range is well-studied in the case of some special classes of operators
such as normal, block-shift or rank one operators, but less is known for general C.
For general properties of the C-numerical range the reader is referred to [3], [6], [8],
[9], [11] or [20].

The aim of this paper is to study the C-numerical range of a Hilbert space
operator for C'= C; © 0 where

C, = qln /1 - g1,
K On 0n

and I, denotes the identity operator on the n-dimensional subspace of H. Since
We,@0(A) is a natural generalization of the g-numerical range, it is not surprising
that some good results on the g-numerical range can be extended to this set. This
is done in Section 3. Section 4 is devoted to the set Weyg0(A).

It is interesting to note that the concept of the g-numerical range can also be
considered in a more general context than the Hilbert space. In Section 2 we
introduce it in the context of Hilbert C*-modules over a C*-subalgebra A of B(H)
containing K (H). It turns out that such a set can be interpreted as the C; & 0-
numerical range of some Hilbert space operator. Thus, it was the motivation for
introducing the C-numerical range for such particular C.

2. The set W;'(A)

In this section we introduce the concept of the g-numerical range in the context of
Hilbert C*-modules.

Recall that a (left) Hilbert C*-module X over a C*-algebra A is a left A-module
X equipped with an A-valued inner product (-, -) on X x X which is linear over
A in the first and conjugate-linear in the second variable, such that X is a Banach
space with respect to the norm ||z = ||(z,2)[|2. X is said to be a full Hilbert
A-module if the closure of the linear span of the set {(z,y) : ,y € X} coincides
with A. By B(X) we denote the C*-algebra of all adjointable operators on X. (The
basic theory of Hilbert C*-modules can be found in [7] and [19].)

Although our results are proved for a Hilbert C*-module over an arbitrary C*-
subalgebra A of B(H) containing K (H), for technical simplicity we first consider
the case of a Hilbert C*-module over the C*-algebra K (H).

Hence, in the sequel X will denote a full left Hilbert C*-module over the C*-
algebra K(H). One significant property of such modules is presence of an or-
thonormal basis ([1, Theorem 2]). (An orthonormal basis for X is by definition an
orthogonal system (x)) that generates a dense submodule of X such that x are ba-
sic vectors in the sense that (xy,z)) are orthogonal projections in K (H) of rank 1).
The orthogonal dimension of X (i.e., the cardinal number of any of its orthonormal
bases) will be designated by dimg gy X. Furthermore, X contains a Hilbert space
X, with respect to the inner product (-, -) = tr({-, -)) where ’tr’ means the trace.
More precisely, for a fixed orthogonal projection e in K(H) of rank 1, X, is given
as the set of all ex, x € X. Also, for all z,y € X, we obtain that (x,y) = (z,y)e
([1, Remark 4(c)]). It is known that X and the Hilbert space X. have the same
dimension ([1, Remark 4(e)]). Moreover, X, is an invariant subspace for each A
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in B(X) and the map A — A|X, establishes an isomorphism between C*-algebras
B(X) and B(X.) where B(X.) denotes the algebra of all bounded operators on X,
([1, Remark 4(b), Theorem 5]).

Before stating the results we establish some more notations as follows. First,
a positive integer n is fixed and it is supposed that H has dimension greater than
or equal to n. Then let us fix an n-dimensional orthogonal projection p in K(H).
H,, will designate the n-dimensional range of p. We now choose an orthonormal
basis {&1,...,&,} for H, which is to be held fixed for the rest of this section. For
&n € H, ec, in B(H) is defined by e¢,(v) = (v|n)§. From now on we denote
e; =eg¢ fori=1,..., n. Evidently, p=e; 4+ --- 4 e,. In the rest of the section
let us also fix a unit vector £ in H and denote by e the orthogonal projection e¢ ¢
to the one-dimensional subspace spanned by &.

Finally, we denote by S~ and [S] the topological closure and the linear span of
a set S, respectively.

Definition 1. For any complex number q with |q| < 1 and A € B(X) we define
the set

Pan(A) = { tr(Ax,y) rr,y € X <1‘,1‘> = <y7y> =D, (x,y} = qp}'

Remark 1. Suppose that vectors x,y € X satisfy (x,x) = (y,y) = p, (z,y) =
gp, where g € C, |g| < 1. Let us put x; = ec e, @, y; = ec e,y fori=1,... ,n. We
claim that {x1,...,Tn,Y1,-.. ,Yn} 8 a linearly independent set of a Hilbert space
Xe. Namely, fori,j=1,...,n we have

(i, x5) = ege, (T, M)eg; ¢ = ege,peg; ¢ = 0ije

and analogously (y;,y;) = 0; je. Also, the condition (x,y) = qp implies that

(i, yj) = ece, (T Y)eg; ¢ = ece,qpee; ¢ = qdi je.

From this we deduce that x;,y; € X. and it holds that
(zi,75) = (Yisy5) = 0ig, (Ti,95) = qdij (1)

fori,j =1,...,n. Let us now suppose that Y ., a;x; + Y iy Biyi = 0 for some
g, B; € C. Multiplying this equality on its right-hand side by x; and then by y;
we get (by using (1)) a; + Big = 0 and a;q + B; = 0 from which it follows that
a;(1—1q/*) =0,4i=1,...,n. Hence, ; = 0 and thus 3; = 0, i = 1,...,n.
Therefore, {x1,... ,Zn,Y1,-..,Yn} S a linearly independent set in X.. Hence, to
avoid the trivial case ,W;(A) = 0, the dimension of the Hilbert space X. must be
greater than or equal to 2n.

So, in what follows we shall assume that dimg ) X =k > 2n.

Remark 2. Observe that when n = 1 the condition (x,z) = (y,y) = e,
(x,y) = qey is equivalent to the fact that x and y are unit vectors of Hilbert space
X, such that (z,y) = q. Moreover, tr(Ax,y) = (Az,y), so the set ,W (A) is the
g-numerical range Wy (A|Xe,) of an operator A|X., € B(Xe,).

Remark 3. The condition (x,x) = (y,y) = p obviously implies (x—px,x—px) =
(y —py,y —py) =0, i.e., © = px and y = py, so we have (Ax,y) = p(Azx,y)p.
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Furthermore, for every n L H, we get (Az,y)n = p(Ax,y)pn = 0. Therefore,
(Az,y) can be regarded as an operator acting on the n-dimensional space H,.
Next we show that ,W(A) is non-empty.
Lemma 1. For any q € C with |q| < 1 there exist x,y € X such that

(z,2) = (y,y) = p, (z,y) = qp.

Proof. Let {uy,... ,u2,} be an orthonormal set of the Hilbert space X.. We
define v; = qu; + /1 — |q|?un4; for i = 1,... ;n. Then we get

(vi,vj) = <§Uz‘ + V1= [qPunyi, quj + /1 — |Q|2un+j>

= qq(ui, uz) + /1 = |q|? (Wi, ung5) + V1 — [q)?q(unsi, uy)
+(1 - |q|2)(un+ivun+j)
= |Q|25i,j + (1 - |Q|2)5i,j =i

for i,7=1,... ,n. Also, we have
(ui,vj) = <ui,§uj ++v1- |Q|2un+j> = q(ui,uj) + /1 — [q]*(wi, unsj) = i j

fori,j =1,...,n. Let us put &; = eg, e, yi = eg, ¢v; for i =1,... ,n. Thus we
obtain
(i, 25) = eg, ¢ (ui uz)ece; = e (i, uj)eecs; = ijei

and analogously (y;,y;) = 0; je; for 4,5 =1,... ,n. Moreover,

(i, y5) = e euis vj)ece, = e, e(ui, vj)eeee; = qd; je;

fori,j=1,...,n. Thenzx =21+ ---4+x, and y = y1 + - - -+ y,, are desired vectors.
O

Thus we have the following

Corollary 1. The set ,W(A) is non-empty for all A € B(X).

Remark 4. The definition of the set ,W(A) does not depend on the choice of
the rank n projection p € K(H). Indeed, if p' € K(H) is an arbitrary n-dimensional
projection and if {&1, ... , &} and {m, ... ,n} are orthonormal bases for the ranges
of p and p' respectively, then similarly as in the proof of Proposition 2.5 of [15], it
can be shown that the map ® :) W3(A) —, Wi (A) defined by

P (tr(Az,y)) = tr<A < Z 6771,51‘7") ) Z en'ivéiy>
i=1 =1

s a bijection.

So, in the sequel we shall write W;'(A) instead of ,W;'(A).

In the following lemma we collect some basic properties of W'(A) which are
obvious consequences of Definition 1.
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Lemma 2. Let A, B € B(X). Then we have the following properties:
(a) WHU*AU) = W7 (A) whenever U € B(X) is unitary.
(b) Wi (aA + BI) = aWi (A) + Bngq for all o, 3 € C.
(c) Wi (A+ B) C W7 (A)+Wi(B).

(d) Wi(AY) = WF(A) = {tr<Aa:,y> 2y € X, (2,2) = (5,9) = p, (a,y) = qp}
for0<qg<1.

() Wiy(A) = uWi(A) for pe C, |uf=1.

In the sequel we denote by {z;} an orthonormal basis of the Hilbert space X..
Let YV, 1 < m < 2n, be an m-dimensional subspace of X, spanned by vectors
Zlyee y2m-

In our next theorem we give an alternative description of the set W,'(A).
Theorem 1. Let A be an operator in B(X). Then

Wi (A) = {tr((Cq @ 0p—20)U"A|X.U) : U: X, — X, is unitary},

where Cy : Yo, — Yo, is a linear operator given by its action on the basis
{21,... ,ZQn} .

Cyzi = qzi, i=1,...,n,

Coznyi = /1 —1q)%2z, i=1,... ,n.

Proof. Given a unitary operator U : X, — X., we define

Ti = eg;,eUz
yi = Geg, Uz + /1 — |q|?ee, eUzn

fori=1,...,n. Since {Uz1,...,Uz,} is an orthonormal set in X, arguing as in
the proof of Lemma 1 we obtain that (z;,z;) = (yi,y;) = 0:jei, (®i,y;) = ¢di je;
foralli,j=1,...,n. Letusputz=21+---+x, and y =vy1 + -+ +yn. Then we
have (z,z) = (y,y) = p, {z,y) = gp. Also, it holds that

ee e = ege,(T1 4+ an) = e, = ecg e, Uz = eUzi = Uz, (2)

ey = ece (Y1t +yn) = eceyi
= ece, (Qegi,gUzi +4/1-— |q|2eg,i,5Uzn+i>
=qeUz + /1 —|q2eUznys = qUz + /1 — |q2U 244 (3)
fori=1,...,n. In particular, e¢ ¢, T, ec ¢,y € Xe, so we get

(Aege;m,ec¢,y) = (Aeg g, m,ec ¢,y)e.



36 R. RaJié

On the other hand, we have

(Aege,m,ece,y) = ece, (AT, y)eg, ¢ = egeee, 6, (AT, Y)eg, g.ee, ¢
ee.e (Aeix, eiy)ee, ¢ = ec e, (Aeix, eiy)eee, ¢
= (Ae;z, e;y)e.

Therefore,
(Aege,x, ec.6,y) = (Aeiw, eiy) (4)
for i =1,...,n. Notice that

C;Z’L =gz + 1_|q|2’zn+’b7 Zzl, ) 1,
Cyzi =0, i=n+1,...,2n,

so by (2), (3) and (4) we obtain that

n n

tr((Cy & Op 20U AIXU) =Y (U*A|X Uz, Crzi) = > (A|X Uz, UC; )
=1 =1
Z <A|X Uzz,U<qzz +4/1 - |q|22n+l>)
=1

=q (A|X6UZ¢,U21') +
1

i=

(A|Xevzi, - |q|2Uzn+i)

||
Ms
M- 1M

(Aeg ¢, ec6,w )+ (Aegg,,ece,y — Geg e, @)

=1

i (Aeg e,z ec.6,y) Z Ae;z,e;y) = tr(i(Aeix,eiy)ei)
i=1 i=1

[

3 -
Il

=1
(Z_j (estcan) ) = t(gmm) — te(p(Az, )p)
— tr(Az, y).

Conversely, let 2,y € X satisfy (z,z) = (y,y) = p and (z,y) = gp. Suppose
first that |g| < 1. Define a linear operator U : Ys, — X, by its action on the basis
{Zl, ce ,Zgn}:

Uz = egq,,
1 _
Uznyi = —=—=——=(ec.c;y — qec.c;%)
1—|q|
for i =1,...,n. It is easy to check that the operator U is a well-defined isometry.
Namely, for i,j = 1,... ,n we have

(Uzi, Uzj) = ege, (v, m)eg; ¢ = ege,peg; ¢ = dije,
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which implies Uz; € X¢ and (Uz;,Uz;) =6, ;. Also, for ¢, =1,... ,n it holds that

1 _ _
(Uznti,Uzntj) = W@é,&y —Qee,e; T, ee ;Y — Qec ;)
1 _
REErTE (ecei(y,yee; e — qece (y, )ee, & — Gege (2, Y)ee, ¢

+lPece, (, x)ee, ¢)

1 _ — 2
=T (ec.cipee; ¢ — qlec.e,peg; ¢ — qaeee.pee; ¢ + lal ec.e.pee; ¢)
1
= Wam(e —lgPe = |g*e + |g*e) = di,je,

50 Uzn4i € Xe and (Uzpi, Uznyj) = 0; 5. Furthermore,

1 1

————Cc s (7,y — qr)eg; ¢ = ———=cc e, ((T,y) — ¢(z,7))eg; ¢
V1—lql? /1 —g? ’
1

= Tmzef,& (qp — qp)esj,f =0

<UZi7 UZn+j> =

for i,j = 1,... ,n. Hence, (Uz,Uzpq;) = 0 for i,j = 1,... ,n. Therefore, U is
an isometry and can be extended to a unitary operator U : X, — X,. Finally,
since (2), (3) and (4) are also valid, the same calculation as before shows that
tr((Cq @ Op—2,)U*A|X.U) = tr(Ax, y).

Now, suppose that |¢] = 1. Then we have Cyzi = qz for i = 1,...,n and
Cyzi = 0 fori = n+1,...,2n. Define a linear operator U : Y,, — X, on the
orthonormal basis {z1,...,2,} by putting Uz; = egex for ¢ = 1,... ,n. It is
clear that U is a well-defined isometry and can be extended to a unitary operator
U: X, — X.. Letusputz; =ex, y; =eyfori=1 ... ,n Thus we have
(i, ;) = e;{x,x)e; = e;pe; = e; and analogously (y;,y;) = e; for i = 1,... n.
Moreover, (x;,y;) = e;{z,y)e; = eiqgpe; = qe; for i = 1,... ,n. So we deduce that
x;, y; are unit vectors of the Hilbert space X, such that (z;,y;) =¢,i=1,... ,n.
Also, since |(zi, y:)| = gl = 1 = (@4, 2:)|2 - |(s,3:)| 2, it follows that y; = aya; for
some o; € C, i =1,...,n. But, ¢ = (x;,9:) = (wi, ;) = oz, ;) = @ from
which it follows that y =py =y1 + -+ +yn = qx1 + - - + x,) = gpz = gz. Thus
we get

tr((Cy @ 020U AIXU) = Y (U AIX Uz, Cizi) = Y (AIXUz,U(gz))
=1 =1
=) (Aegew, Teee,w) = Y (Aec g, ece,y)
=1 =1

(1) = 3 (Aesz, exy)
i=1
tr{Ax,y),

which completes the proof. O
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Observe that Theorem 1 can be reformulated in
Corollary 2. Let A be an operator in B(X). Then

Wi (A) = We(AlXe),

where

L, /1 —|q|?IL,
(q() O|q| ) @ Ox—2n,

is the matriz representation of C' € B(X.) with respect to some fized orthonormal
basis of X.

Finally, we discuss the case when X is a full (left) Hilbert C*-module over a
C*-subalgebra A of B(H) which contains K (H). The associated ideal submodule
Xk (m) is defined by

Xy =Hox:ac K(H),z € X}]|".

Clearly, Xk (m) can be regarded as a Hilbert K (H)-module. Furthermore, X g ()
is a full Hilbert C*-module over K (H), since X is a full Hilbert .A-module ([2,
Proposition 1.3]). After applying Hewitt-Cohen factorization ([2, Proposition 1.2
and Proposition 1.3]) we also have

Xgmy={ar:ac K(H),rc X} ={r e X :(z,z) c K(H)}.

We assume that 2n < dimg gy Xy < oo.

Let A € B(X) be an arbitrary operator. Observe that Xy () is invariant for
A and also (A‘XK(H))* = A*|XK(H)7 SO A|XK(H) € B(XK(H)) Furthermore, the
map « : B(X) — B(Xgm)), o(T) = T|X g, is a well-defined injective morphism
of C*-algebras ([2, Theorem 1.12]). Hence, its restriction «|C*(A) : C*(A) —
C*(A| Xk (my) is an isomorphism of C*-algebras.

Given a fixed rank n projection p € K(H) we can define the set W'(A) as it
was done before in Definition 1. It is obvious that W;'(A) = W (A| Xk x)) and all
our results remain true for the set W' (A).

3. Some properties of W (4)

From now on we suppose that H is a Hilbert space of dimension 2 < k < co. Denote
by {e;} a fixed orthonormal basis of H. For ¢ € C, |¢| <1, and n € N, 2n < k, let
us fix an operator Cy € B(H) of the form Cy & 0x_2, where

(qIn 1- q|21n>
0, 0n,
is the matrix representation of Cy with respect to the basis {e1, ..., ea,}.
In this section we study some properties of the set W (A) for a Hilbert space
operator A € B(H).
First, observe that this set can also be described in the following way.
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Lemma 3. For A € B(H) we have
W, (A) = {Z(Axlkyl) : (x;), (y;) are orthonormal sequences in H,
i=1

Proof. Givent € We, (A) thereis aunitary U € B(H) such that t = tr(CN’qU*AU).
Let us put x; = Ue;, y; = U@}%h i,j=1,...,n. Then we have t = > """ | (Axz;|y;)
where (x;|z;) = (vily;) = 0ij, (zily;) = ¢di;. Conversely, suppose that ¢ =
S (Azily;) where (zlz;) = (vily;) = iy, (zily;) = qdiy. If |q| < 1 define
Ue; = x;, Uepii = ﬁ(yl —qz;), i =1,...,n. In the case |q| = 1 let us put
Ue; =xz;,i=1,... ,n. Then U is a well-defined isometry on the subspace of H and
can be extended to a unitary operator U € B(H). Thereby, t = tr(C,U*AU). O

In what follows we list some known results on the set W, (4).

Corollary 3. Ifdim H < co and A € B(H), then

(a) W, (A) is a compact set,
(b) W, (A) is star-shaped with respect to star-center tngtrA,
(c) W, (A) = {A} if and only if A= pl such that ung = .

Proof. Since Wg, (A) is a continuous image of the compact set of all unitary
operators in B(H), it must be a compact set, so (a) follows. Statement (b) is a
consequence of Theorem 4 in [3]. Statement (c) follows from Theorem 2.5 in [§]
since C~’q is not a scalar matrix. O

Remark 5. It is easy to see that statement (c) from the above corollary holds
in the infinite dimensional case as well. Indeed, one direction is trivial. To prove
the other, assume that Wéq (A) = {A}. For arbitrary e;, e;, i # j, denote by

P, j € B(H) the orthogonal projection onto the l; ;-dimensional subspace M, ; of H
spanned by {e1,... e, €;,e;}. Then we have

We,e0,, ,—on (PijAPL;)[Mi ;) € We (A) = {A},

so by Theorem 2.5 in [8] it follows that P; jAP; j = p; j P; ; where p; jng = X. From
this we get

(Aeilej) = (PijAP; jeile;) = (wij Pijeile;) = pij(eile;) =0
and
(Aeile;) = (Pi AP jeilei) = pij = (Pi AP jejle;) = (Aejle;),

so we deduce that all p; ; are equal and A = pl where p = p; ;.
Also, the infinite dimensional analogue of statement (b) is a consequence of
Jones’ result [6] (see also [3]):
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Corollary 4. Ifdim H = oo and A € B(H), then the closure of the set W, (A)
is star-shaped with respect to the set ngW.(A), where W.(A) denotes the essential
numerical range of A (i.e., the set of all complex numbers of the form ¢(A) where
© runs over all states of B(H) vanishing on compact operators in B(H)).

We do not know whether Wz (A) is always a convex set. Our next results give
sufficient conditions for its conve;(ity.

Corollary 5. Let dim H < oo and let A € B(H). Then Wg (A) is a conver
set if one of the following conditions holds. !

(a) There ezist o, € C with a # 0 such that A + B1 is hermitian, i.e., A is a
normal operator and the eigenvalues of A are collinear on the complex plane.

(b) There ezists a € C such that A— ol is unitarily similar to M = [M;j]1<i j<m
in block form, where My are square matrices and M;; = 0 if i # j+ 1. In
this case W@q (A) is a circular disc on the complex plane centered at ang.

(¢) There exists o € C such that A — al has rank one.

Proof. Statement (a) is a slight extension of the result of [20], using the fact
that W, (A +p8I) = aWe, (A) 4 Bnq. Statement (b) follows by [11, Theorem 2.1
and Corollary 2.2] and statement (c¢) by [18, Theorem 2]. O

Corollary 6. Let dimH = oo and let A € B(H). Then We, (A) is a convex
set if one of the following conditions holds.

(a) A is hermitian.
(b) There exists a € C such that A — al has rank one.

Proof. Suppose that any of the conditions (a) or (b) holds. Let us take arbitrary
t,s € Wéq(A)7 0 < A< 1. Then we have t = tr(CN’qU*AU), 5= tr(C~'qV*AV) for
some unitary operators U,V € B(H). Denote by K the [-dimensional subspace of
H spanned by vectors eq, ... ,ea,,Ueq,... ,Uea,,Ver,... ,Vea,. Let P € B(H) be
the orthogonal projection from H onto K. Then we have t € W¢, go,_,, (PAP|K)
and s € We,g0,_,, (PAP|K). However, by Corollary 5 We,go,_,, (PAP|K) is con-
vex. Thus, we have At + (1 — \)s € Wg,g0,_,, (PAP|K) C We, (A). O

It is known (see (4.1) of [9]) that for a matrix A € M, (C), unitarily similar to
Ay & As, it holds that

We(A) = U{Wcl(A1)+WC2(A2): (% éi) € U(C) for some X,Y}

where U(C) denotes the unitary similarity orbit of C € M, (C); i.e., U(C) =
{U*CU : U € M,(C) is unitary}.

— g2
Since Cj is unitarily similar to Dy @ --- @ Dy, where Dy = (g 1 0 [l ) , it
—_——

ntimes
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follows that
s =uf Wi+ wa:| T, feuw) o)

where A; is a 2 x 2 matrix and W, (4;) = Wp,(4;), i =1,... ,n.
Using this expression we can easily obtain some well-known results on the g¢-
numerical range of an operator on a Hilbert space for the set Wéq (4).

In what follows Int(S) will stand for the topological interior of S C C.
Theorem 2. Let dimH < oo and let A € B(H). Let ay,...,ax be the
eigenvalues of A. Then

{alaj, + -+ a5,) :j1- s Jn €{1,..., k} are mutually different} C W5 (A).
If A is not a scalar operator and |q| < 1, then

{g(oj, + -+ aj,) : ji,... ,jn € {1,... ,k} are mutually different} C Int(Wéq (A)).

Proof. For every choice oy, ... ,q;, of eigenvalues of A there exists a unitary
operator U € B(H) such that the operator U* AU is in the lower triangular form

Ay

An

where A; (¢ = 1,...,n) are 2 x 2 matrices with one diagonal entry equal to a;,.
Using Theorem 2.7 of [10] and statement (5) it holds that

qo, + -+ qay, € Wq(Al) + -+ Wq(An) - Wéq(A).

Suppose now that A is not a scalar operator and |q| < 1. Then at least one of
A; is not a scalar operator. Namely, if at least two eigenvalues of A are different,
then some of A;, say A, can be chosen to be the operator with different diagonal
entries. On the other hand, if all eigenvalues of A are equal, then A is not normal.
Then by Lemma 1 of [13] A; can be chosen to be a non-scalar operator. So, in both
cases Theorem 2.7 of [10] implies

qaj, + -+ qag, € Int(Wy(Ar)) + Wy(Az) + - + Wy (Ay)
C Int(Wy (A1) + -+ Wy(A,)) € Int(W5 (4)).

q
O

Our next result extends the classical result of an inclusion relation for g-numerical
ranges for different ¢ (see [10, Theorem 2.5]).



42 R. RaJié

Theorem 3. Suppose q1,q2 € C satisfy |qa| < |q1| < 1. Then for A € B(H)
we have
©We, (A) CaWg, (A).

Moreover, if A= ul € B(H) for some u € C, then
©We, (A) =aWs, (A) = {pngig:}.
If A € B(H) is not a scalar operator and |q2| < |q1] < 1, then

2We, (A) € Int(q Wz, (A)).

Proof. First, observe that in the case of the finite dimensional space H the
proof is a direct consequence of Theorem 2.5 of [10] and statement (5). The
infinite_dimensional case is reduced to the finite dimensional one. Namely, for
t =tr(Cq, U*AU) € We, (A) we have t € We, @o,_,, (PAP|K) where P: H — K
is the orthogonal projection onto the [-dimensional subspace K of H spanned by
€1,...,eap,Uer,... ,Uesy. Then we get

@2t € 2Wo,, 00,5, (PAPIK) € iWe,, g0, . (PAP|K) C 1 Wg, (A).

If A is not a scalar operator and |ga| < |q1| < 1, then the projection P can be chosen
such that neither PAP is a scalar operator. So, we have

@2t € Wo,, e0,_,, (PAP|K) C Int(1We,,e0,_,, (PAP|K)) C Int(q1 We, (A)).

O

Theorem 4. Let dimH < oo and let A € B(H). If |g| < 1 and A is not a
scalar operator, then the boundary of W@q (A) is a smooth curve.

Proof. Let ¢ be a boundary point of Wg (A). Then we have t = tr(éqU*AU)

for some unitary U € B(H). If ¢ is a non-differentiable boundary point of We, (4),

then, as in the proof of Theorem 2.1 of [8], we conclude that Cy; and B = U*AU

commute. Hence, there exists unitary V' € B(H) such that both VCN‘qV* and VBV™
are in the lower triangular form. Now,

t =tr(VC,V*VBV*) = qlaj, + - + ;)

for some aj,,...,q;, from the spectrum of A. So, by Theorem 2t € Int(Wéq (A))
which contradicts the fact that ¢ is a boundary point of Wg (A). O

4. The set Wg (A)

Observe that the roles of C' and A in the definition of W (A) are symmetric, i.e.,
We(A) = Wa(C). Also, note that for ¢ = 0 the operator Cy satisfies condition (e)
in Theorem 2.1 of [11]. So, as a consequence of the equivalence of the conditions
(e) in Theorem 2.1 of [11] and (g) in Corollary 2.2 of [11] we get the following
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Corollary 7. If dimH < oo, then Wg, (A) is a circular disc on the complex
plane centered at the origin for all A € B(H).

The convexity of Wg (A) in the case of the infinite dimensional space H can
be obtained by reducing to the finite dimensional case, as it was done in Corol-
lary 6. Furthermore, if P € B(H) stands for the orthogonal projection onto the
subspace K of H spanned by {ei,...,e2,}, then by the above corollary we have
0 € We,(PAP|K). However, We, (PAP|K) C Wg (A), so 0 € Wg (A). Also, it
is obvious that the set W (A) is circular, ie., puWg (A) = Wg (A) for all p € C
with |u| =1 (see Lemma 8). From all of this we have

Corollary 8. IfdimH = oo, then Wg, (A) is an open or closed circular disc
on the complex plane centered at the origin for all A € B(H).

In what follows we will identify the radius of W5 (A) for hermitian A acting on
the finite dimensional Hilbert space H. The proof of our theorem is based on the
result of Mirsky [14, Theorem 1] (see also [17, Corollary 5] or [16]).

Theorem 5. Let dimH < oco. If A € B(H) is hermitian with eigenvalues
ay < --- < ay, then W@O (A) is a circular disc with the center at the origin and
radius v = %(ak fap_14 -t Qg1 — 1 — Qg — - — Q).

Proof. By Corollary 7 We, (A) is a circular disc centered at the origin. It
remains to identify its radius. Let us take any t € Wg (A). By statement (5)
t=t;+---+t, for some t; € Wy(A;) where

A ...

B= A, cU(A).

Denote by (; and ~; the eigenvalues of A; and let us suppose that 8; > v, © =
1,...,n. According to Theorem 1 of [14], we have |t;| < 3(8; —~;) fori=1,... ,n.
Since B is unitarily similar to the diagonal operator with the first 2n diagonal
entries 81,71, .-, Bn, Vn, it follows by Corollary 2 of [4] that

Br+ By Soaptap 1+ Fag_ni and T+ >t

Hence,

n

lt] < %Z(ﬂi —7i) <

=1

(g +ag—1+  + Qppi1 —Q1 —Q@2 — =) =T.

N~

To complete the proof it is enough to show that r € W (A). Observe that A is
unitarily similar to some diagonal operator Ay & --- & A, & D where

_(k—it1 O
a= (0.

Again, applying Theorem 1 of [14], we get t; = 1 (ap—it1 — ;) € Wo(4;). By (5)
it obviously follows that r =t; 4+ -+ + 1, € Wg (A). O
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