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The equivalence of Picard, Mann and Ishikawa
iterations dealing with quasi-contractive operators

STEFAN M. SoLTuz*

Abstract. We show that the Ishikawa iteration, the corresponding
Mann iteration and the Picard iteration are equivalent when applied to
quasi-contractive operators.
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1. Introduction

Let X be a real Banach space, D a nonempty, convex subset of X, and T" a selfmap
of D, let g = up = po € D. The Mann iteration (see [3]) is defined by

Unt1 = (1 — ap)un + apTuy. (1)
The Ishikawa iteration is defined (see [2]) by
Tn+1 = (]- - an)xn + anTyn7 (2)
Yn = (1 - ﬂn)xn + BTy,

where {ay,} C (0,1), {8} C [0,1).
The Picard iteration is given by

Pn+1 = Tpn. (3)

Definition 1. [4] The operator T : X — X satisfies condition Z if and only
if there exist real numbers a,b, ¢ satisfying 0 < a < 1, 0 < b,¢ < 1/2 such that for
each pair x,y in X, at least one condition is true

o (21) [Te =Tyl <a [z —yl,

o (22) [Tz =Tyl <b (o =Tzl + ly = Tyl),
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o (z3) [Te =Tyl <c (|z =Tyl + lly = T=|).

It is known, see Rhoades [5], that (1), (22) and (z3) are independent conditions.

In [6] the following conjecture was given: ”if the Mann iteration converges, then
so does the Ishikawa iteration”. In a series of papers [6], [7], [8], [9], [10], Professor
B. E. Rhoades and I have given a positive answer to this Conjecture, showing
the equivalence between Mann and Ishikawa iterations for strongly and uniformly
pseudocontractive maps. In this paper we show that the convergence of the Mann
iteration is equivalent to the convergence of the Ishikawa iteration and both are
equivalent to the Picard iteration, when applied to a map which satisfies condition
Z. A map satisfying condition Z is independent, see Rhoades [4], of the class of
strongly pseudocontractive maps.

Lemma 1. [12] Let (ay)n be a nonnegative sequence which satisfies the following
inequality

Ap41 S (1 - )\n)an + On, (4)
where X, € (0,1), Yn > ng, > oo Ay = 00, and 0, = 0(\,). Then lim,, o a, = 0.

2. Main result

Let F(T) denote the fixed point set with respect to D for the map T. Suppose that
x* € F(T).

Theorem 1. Let X be a normed space, D a nonempty, convex, closed subset
of X and T : D — D an operator satisfying condition Z. If ug = xg € D, then the
following are equivalent:

(i) the Mann iteration (1) converges to x*,

(ii) the Ishikawa iteration (2) converges to x*.

Proof. Consider x,y € D. Since T satisfies condition Z, at least one of the
conditions from (z1),(z2) and (z3) is satisfied. If (z3) holds, then

1Tz =Tyl <b (| =Tzl + |y = Tyll)
< b(lle = Tal + (ly — 2l + [l = Ta|| + [Tz - Tyl])),

thus
(1 =0 | Tz — Tyl <bllx —yl| +2b ||z — Tz| .
From 0 < b < 1 we get

2

— <
T2~ Ty < -

lz =yl + o —Ta||.

1-0
If (z3) holds, then we obtain

[Tz =Tyl < ¢ (o =Tyl + lly = Tz[])

<
< c(llz =Tzl + [Tz — Tyl + llo — yll + |z = Tz},
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hence
(1=o)|ITz —Ty| < cllz -yl +2c|lz — Tzl e
c 2c
Tx — Tyl < — — Tzl .
T2~ Tyl <~} — yll + T |l — Tz
Denote
b c
d:=max<a,——,—— ¢,
1-b'1—c¢
to obtain
0<d<1.
Finally, we get
| T2~ Ty|| < 5|l — y| + 26 |l — T|,Var,y € D. (5)

Formula (5) was obtained as in [1].
We will prove the implication (i) = (7). Suppose that lim,_,c u, = z*. Using

lim ||z, — uy| =0, (6)
n—oo
and
0 < |lz" — znll < [Jun — 2" || + |20 — ua|
we get

lim z, = z*.
n—oo

The proof is complete if we prove relation (6).
Using now (1), (2) and (5) with

T 1= Up, Y = Yn,
we have

[unt1 = znga |l < (1 —an) (un — zn) + an (Tun — Tyn)|| (7)
< (1= an) lun — 2all + o | Tun — Ty
< (1= an) lun — @nll + ond [[un — ynl
+20,0 ||y, — T -

Using (5) with = := u,, y := yn, we have

[un = ynll < (1 = Br) (un — 25) + B (Un — T2y (8)
< (1= Bn) lun — znll + B llun — Ty ||
< (1= 8n) lun — znll + B llun — Tuy||
+ B0 | Tun — Ty |
< (1= Bn) lun — znll + By lun — Tun|
FB00 ||tn, — zp|| + 2080 |tn — Tuy||
=1 =8r(1=9)) |lun — n]
+ B ||ttn — T || (1 + 26).
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Relations (7) and (8) lead to

[un+1 = Tns1ll < (1= an) [lun — zn | 9)
Fand (1= B (1= 90)) [un — za|l
+anBn0 ||tun — Tuy|| (14 26)
+and [|[un — ynll
=(1—an(1=0(1=Bn(1-9))) lun —znl
+an 0 ||ty — Tup | (B (14 25) + 26) .

Denote by

An = Hun - an )
An =0y (1=0(1=fn(1-19))) C(0,1),
On = and ||un — Tunll (B (14 28) + 20).

Since limy, o0 ||un, — z*|| = 0, T satisfies condition Z, and z* € F (T), from (5) we
obtain

0 < [un = Tun|| < flup — ™| + [|2" — Tun||

<(641)|jup —2*|| = 0as n — oo.
Hence lim,, o0 ||un, — Tuy|| = 0; that is, o, = 0 (A,). Lemma 1 leads to
lim ||uy, — z,| = 0.

We will prove now that if the Ishikawa iteration converges, then the Mann
iteration does too. Using (5) with

Ti=Yn, Y= Un,
we obtain

[Zn+1 — wns1|l < 11— an) (@0 — un) + an (Tyn — Tun)|| (10)
< (I —an) |[2n — unll + an [Tyn — Tun||
< (I —an) |20 — unll + nd [|yn — ua|
+200,0 ||y — Tynl| -

The following relation holds

[y = unll < [[(1 = Bn) (2n — un) + Bn (Tzn — un)|| (11)
< (1= 6n) |20 — unll + Bn HTmn - unH
< (L= 8n) zn — unll + Ba||Tzn — 24|
+Bn (|25 — unl|
< |z — un|| + Bn HTmn —xpl|.
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Substituting (11) in (10), we obtain

[Zn+1 — Uns1|l < (1 —an) (|20 — unll + and (20 — unll + Bn [[Tzn — znl])  (12)
+20n6 |yn — Tynl|
< (=1 =0)an) |zn — unll + nfnd [ Tzn — n ||
+2000 [[yn — Tynl| -

Denote by

an = |20 — unll,

An =, (1-9) C(0,1),

On = W fn0 || Txn — Tn|| + 2000 ||y — Tyn]| -
Since lim,, 0 ||@n, — *|| = 0, T satisfies condition Z, and z* € F (T), from (5) we
obtain

0 < |lzn —Tan| < ||xn — || + || = Txp] < 6+ 1) |z, — 2| = 0as n — oo,

and
0 < [lyn — Tynll

< llyn — 2"+ llz* = Tyl

< (0+1) [lyn — 2"

< (O0+1) [(1=Bn) lzn — 27| + Bn [Tz — 27|]

<O+ D[ =Bn) llon — 2" 4 Bub [|an — "]

<B+1)1-8,(1-9))||xn — 2] = 0as n — oo,
Hence lim,, . ||z, — T2y|| = 0 and lim,, oo [|yn — Tyn|| = 0, that is, o, = 0 (A\n) -
Lemma 1 and (12) lead to lim,_ o ||z, — up| = 0. Thus, we get ||a* — w,]]

<
[€n = un || + [l2n — 2] — 0. O

Theorem 2. Let X be a normed space, D a nonempty, convex, closed subset
of X and T : D — D an operator satisfying condition Z. Let uy = pg € D, then:
(i) If the Mann iteration (1) converges to x* and
. Hun—O—l - un”
lim ——— =
n—oo an

0,

then the Picard iteration (3) converges to z*.
(i) If the Picard iteration (3) converges to x* and

n— o0 (a77%

)

then the Mann iteration (1) converges to x*.
Proof. Suppose that the Mann iteration converges. We will prove that the
Picard iteration converges, too. Relations (1) and (5) with

T = Upn, Y= Pn,
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lead to

[unt1 = Posrll < (1 —an) [un —Tpull + an [|[Tun — Tpy|
< (1= an) |un = Tpul| 4+ nd [Jtn — prl|
+20,0 || T, — Uy, ||
= (1 —an) [un — Pnsill + and [|[un — pa|
F200,0 || Ty, — |
< (1= an) [uns1 = prgall + (1 — an) [uns1 — un ||
+an0 || un — Pnll + 2000 || Tty — unl| -

Thus, we obtain

(879 ”un—H _pn—i-lH < (1 - O‘n) Hun+1 - unH

Fand ||un — pll + 2000 ||[Tupn, — up | i-e.

11—«
||un+1 _anrlH <46 Hun _pn” +24 ”Tun - u’ﬂH + M Hu"‘u - un”
n
Set in Lemma 1:
an = ||un — pnll,
1-X:=06€(0,1),
1l—«
On = 20 || Tuy — upll + M lunt1 — unll,
(679
to obtain limp_.cc [|un —pnl| = 0. Hence, one get ||z —pul < [lun —pal +

[[tn —2*| — 0.
Suppose now that the Picard iteration converges. We prove that the Mann
iteration converges as well. Using (5) with

T =Dy Y= Un,
and the following
[tn = Tpnl| < [lun = pnll + [Ipn — Tpall,
we get

[tunt1 =Pl < (1 —an) |[un = Tonll + an | Tpn — Tuy||
< (1 —an) [lun = pall + (1 = an) [pn — Tl
+and ([P — n || + 2006 | Tpn — pol|
= (1= 1=06)an) lun —pall + (1 —an) [[pn — Tpall
+2an0 || Tpn — pal
< (1= Q1 =6)an)llun —pnll + (14 2an) Ipn — prall
= (1= (1—=0)an) |lun —pull +o0(an).
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Set in Lemma 1:

an = [lun = pall,

an = (1—-0)a, € (0,1), Vn € N,

op = (1 +2ap) Hpn — Do+l
to obtain lim, . ||un, — pnl| = 0. Hence, one obtains ||2* — u,| < ||un — pnll +
lpn — 2*[| — 0. o

Theorem 1 and Theorem 2 lead to the following Corollary:

Corollary 1. Let X be a normed space, D a nonempty, convex, closed subset
of X and T : D — D an operator satisfying condition Z. If ug = xg € D, then the
following are equivalent:

(i) the Mann iteration (1) converges to z*,

(i1) the Ishikawa iteration (2) converges to x*,

(i) the Picard iteration (3) converges to x*.

Theorem 1 generalizes Theorem 2 from [11]. In Theorem 2, the map T satisfies
only condition (z1) :

Theorem 3. [11] Let X be a normed space, and B a nonempty convez subset
of X. Let T : B — B be a contraction with constant L € (0,1). Let o = ug € B.
The following two assertions are equivalent:

(i) the Mann iteration (uy), converges to x*,

(i) the Ishikawa iteration (xy,)y, converges to x*.
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