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Existence and approximation of solutions of a
system of differential equations of Volterra type*

BoZo VRDOLJAKT AND ALMA OMERSPAHICH

Abstract. The present paper deals with the nonlinear systems of
differential equations of Volterra type regarding the existence, behaviour,
approzimation and stability of their definite solutions, all solutions in a
corresponding region or parametric classes of solutions on an unbounded
interval. The approrimate solutions with precise error estimates are
determined. The theory of qualitative analysis of differential equations
and the topological retraction method are used.
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1. Introduction

We shall consider the systems of differential equations of Volterra type in the form

i‘izfi($,t)$i, i=1,~-~,n, (1)
or in the special forms
T; = [pi (t)—Fhl (l‘,t)]l‘i, 1=1,---.,n, (2)

where J)(t) = (xl (t)a y Tn (t))T7 fhhl € C(QaR)7 gi € C(D7R)apl € C(I7R)a
¢ €R, i =1,---,n, D C R is an open set, Q@ = D x I, I = {(a,00), a € R.
Functions f;, h;, g; satisfy the Lipschitz’s condition with respect to the variable x
on D.
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In his paper ([8]), Volterra considers an ecosystem model

dx
—= = (p— w1 — by)
%:(_H‘Fyxl)xQ) pan707uaV€R+'

Many authors considered the systems of differential equations of Volterra type,
for example, K. Sigmund, Y. Takeuchi, N. Adachi, A. Tineo ([5], [6], [7]). The sys-
tems of type (3) are considered very often. This model is used in physics, biophysics,
chemistry, biochemistry and economy.

Let
P={(z,t) eQ:z=09p(t),tel}

be a curve in Q, for some ¢ (t) = (o1 (t), -+ ,0n (1)), ;i € C*(I,R). We shall
consider the behaviour of integral curves (x (t),t), ¢t € I, of systems (1), (2) and
(3), with respect to the sets w,o C 2, which are the appropriate neighbourhoods
of curve I, in the forms

w={(z,t) € Q:flz—p @)l <r(t)}, ()
c={(z,t) eQ:lx; —p; ()| <r;(¢),i=1,---n} (6)
(-] is a Euclidian norm on R"), where r,7; € C'(I,R*),i = 1,--- ,n, Rt =

(0, 00) .
The boundary surfaces of w and o are, respectively,

W = {(x,t) €ClwnQ: B(x,t) :=

n

(@i =i (1)* =17 () = 0} (M)

1

(2

wk = {(ac,t) €CloNQ: BF (w,t) = (=1)F (x; — s (t)) — i (t) = 0}, (8)
k=12 i=1---,n.

Let us denote the tangent vector field to an integral curve (z (t),t), t € I, of
(1),(2) and (3) by T. For example, for system (1) we have

T(Ji,t) = (fl (l’,t)ﬂil,"' 7fi (1’,t)1’1, 7fn (1’,t)1’n,1) (9)
The vectors VB and VBY are the external normals on surfaces W and Wk, respec-
tively,
Ty — i (),
—r @) (t) ’

T — @1 (1)

1 ().
gvB(@t) = (s — i (£)) 0} (¢ (10)

~— o

=1

VB (0,8) = (1) (815, 05+ 0sy 6 () = (<)) (1), (1)
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where d,,,; is the Kronecker delta symbol.
Considering the sign of the scalar products

Pa,t) = (%VB (ac,t),T(x,t)) on W

and
Pf (z,t) = (VBF (2,t), T (z,1)) on W}, k=1,2,i=1,...,n,

we shall establish the behaviour of integral curves of (1), (2) and (3) with respect
to the sets w and o, respectively.

The results of this paper are based on the following Lemmas 1 and 2 (see [11])
and Lemma 3 (see [3]). In the following (n1,---,ny), denote a permutation of
indices (1,---,n).

Lemma 1. If, for system (1), the scalar product

P(a,t) = (%VB (ac,t),T(x,t)) <0 onW,

then system (1) has an n—parameter class of solutions belonging to the set w (graphs
of solutions belong to w) for allt € I.

According to this Lemma, for any point Py = (2°,%9) € w, the integral curve
passing through Py belongs to w for all t > .

Lemma 2. If, for system (1), the scalar product

P(x,t) = (%VB (x,1) 7T(x,t)) >0 onW,

then system (1) has at least one solution on I whose graph belongs to the set w for
allt e 1.
Lemma 3. If, for the system (1), the scalar products

Pf=(VBE,T) <0 onWF k=12, i=ny,-,ny, (12)

and
PF=(VBET) >0 onWF, k=1,2, i =npi1, - ,nn, (13)
where p € {0,1,--- ,n}, then system (1) has a p—parameter class of solutions which

belongs to the set o (graphs of solutions belong to o) for allt € I.
The case p = 0 means that system (1) has at least one solution belonging to the
set o for all t € [.

2. The n-parameter classes of solutions

First, let us consider the behaviour of integral curves of systems (1), (2) and (3)
with respect to the set w.
Theorem 1. If

n

Zfi (z,t) 27 <7 (t)r' (t) or (14)

i=1
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r®)
r(t)’

then system (1) has an n—parameter class of solutions x (t) satisfying the condition

filz,t) < i=1,---,n, onW, (15)
[z @I <r(t), tel, (16)
i.e. every solution x (t) of system (1) which satisfies the condition
[z (to)l| <7 (to), to€l, (17)
satisfies (16) for every t > to.

Proof. Here we have that the curve I' is a t-axis (¢ = 0). For the scalar product
P (z,t) on W we have

Pla,t) =Y fi(zt)ai —r(t)r (t).
i=1

According to (14), obviously P (z,t) < 0 on W, and according to (15), we have

(1)

r2t)—r@)r (t)=0 on W.
W2 -0 =0 o w

P (z,t) < %Zﬁ —r ()7 (t) =
i=1

According to Lemma 1, the above estimates confirm the statement of the Theorem.
O

Using Theorem 1 we can give special results. For example, the following
Corollary 1. If

fi(x7t)<07i:1a"'7na Onm

then system (1) has an n—parameter class of solutions x (t) satisfying condition
(16) , where function r satisfies conditions (15)and

r(t) <0 onl. (18)
Obviously, in the general case for function r we can take an arbitrary positive

constant.
Theorem 2. Let I' be any integral curve of system (1), M € C (Q,R) and

filx,t) < M (x,t), i=1,---,n, onW. (19)
If, on W,
\fiw, ) = fi(, )| < Lillw —yll, i=1---,n, myeD (20)
and
r'(t

r(t)

~

—~
[\
—_

~—

ZLZ- i (£)] < =M (x,t) +
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or
zn: (fi (1) = fi (@, 1) @i ()] < =M (a,t) r () + 17 (t), (22)
i=1
then system (1) has an n-parameter class of solutions x (t) satisfying the condition
lz () =@ <r(t), tel, (23)
i.e. every solution x (t) of system (1) which satisfies the condition
[z (to) — ¢ (to)ll <7 (o), to€l, (24)

satisfies (23) for every t > to.
Proof. For the scalar product P (x,t) on W we have

ol () —rt)r (t)

i ()] @i ()

I
(= L
B
®
E‘;
+
i4-
rh ~M3

{[fi (@,t) = fi (@, t) + fi (@, )] i (t) — @5 ()} [2i — @i (1)]

—r ()7 (1). (25)

Now, we have on W, by (21)

P(x,t) < M (x,t)r% (t) + ZLi loi ()] 72 (1) — 7 () ' (t)

)

< M (z,t) 7 (t) + (—M(x,t)—F 0

) 2 (t) —r(t)r (t) =0,
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and by (22)

P(z,t) < M(z,t)r* (1) + Z |[fi (. t) = fi (o, )] i ()] 7 (£) — 7 (£) 7' (2)

<M (2, )2 () + (=M (z,t)r (t) + 7" () r (t) —r (t) 7 (t) = 0.

The above estimates for P (x,t) on W, according to Lemma I, imply the statement
of the Theorem. O

Theorem 3. Let I' be any smooth curve in Q and let m,M € C (Q,R), & €
C (Q,Rg) , R§ =1[0,00), such that

Dol t) @i () — ¢ (B <€ (1) on W (26)
i=1
(i) If
fl(J?,t)gM(J?,t), t=1,---,n, and (27)
E(xyt) < =M (z,t)r (t) +7" (t) onW, (28)
then system (1) has an n—parameter class of solutions x (t) satisfying condi-
tion (23).
(i) If
m(x7t)<fl(x7t)7 izla"'ana and (29)
E(xyt) <m(z,t)r(t)—71"(t) onW, (30)

then system (1) has at least one solution x (t) which satisfies condition (23).

Proof. In view of (25), for the scalar product P (x,t) on W we have:

P=> fi(xi— )+ > (fioi — ¢}) (i — i) —rr'  and
i=1 i=1
(i) P<Mr?+&r—r' <0,
(i) P >=mr?—¢&r—rr' > 0.
According to Lemmas I and 2, in cases (i) and (i7) , respectively, the above estimates
for P (x,t) on W imply the statements of the Theorem. O
Theorem 4. Let (p(t),t), t € I, ¢ # 0, be a curve of stationary points
of system (1) (fi(¢(t),t) =0, tel, i=1,---,n), let (20) hold and let m, M €
C(I,R).

(1) 1If
filzg,t) <M (), i=1,---,n, (z,t)eW and

r(8) ) _Lilei )]+ Y|t (O] < =M () (t) +1' (1), tel,
=1 =1

then system (1) has an n-parameter class of solutions x (t) satisfying condition
(23).
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(ii) If
m(t) < fi(z,t), i=1,---,n, (2,t)eW and
£)> Lilpi(t |+Zm Ol <m@)r)—r'(t), tel,
=1

then system (1) has at least one solution x (t) which satisfies condition (23).

Proof. From (25) we have on W

0= 3" fi (1) [ — s (O
i=1

Z {[fi (x,1) = fi (@ )] @i (t) — ¢ ()} [wi — @i ()] = (1) ' (1)
=1

Z @i (1) + Z [fi (z,t) = fi (0, )] [ws — i (£)] i (2)
Z ©i (O] —r ()7 (t).

The conditions of the Theorem imply the estimates in case (i) and (i7), respectively:
P (z,t) < M (t)r* () + ZLi i ()] 72 () + Z i ()] (8) = () r' () <0,

P(z,t) > ZL i (t Z |05 (¢ r(t)r' (t) > 0.

The above estimates for P (z,t) on W, according to Lemma I in case (i) and ac-
cording to Lemma 2 in case (1), imply the statements of the Theorem. O

Now let us consider system (2) .
Theorem 5. Let m, M € C (Q, R) and

@i(t):Ciexp[/pi(t)dt], it=1,---,n, C;eR (31)
(i) If
pi (£) + hi (z,t) < M (x,t), i=1,---,n and

> ki (@) @i ()] < =M (z,t)r (£) + 7' (1) on W,

i=1
then system (2) has an n—parameter class of solutions x (t) satisfying condi-
tion (23).

(ii) If
m(z,t) < p;(t)+ hi(z,t), i=1,2,---,n and
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n

D ki (a,t) i (D] <m(a,t)r () +1' (8)  on W,

i=1

then system (2) has at least one solution x (t) which satisfies condition (23).

Proof. Firstly, we can note that p; (t)¢; (t) — ) (t) =0, i=1,--- ,n, t € I.
Now, according to (25) and conditions of this theorem, we have on W:

P =" (pi+hi) (@ —9:)° + D [(0i+ i) i — @] (i — pi) — 1’
=1

=1
= (pi + hi) —¥i) 24 Zhl% T; — —rr’  and
=1
()
P < 7"22 (pi + hi) + TZ |hipi| — 1’
i=1 i=1
< Mr?+ TZ |higi| —rr’ <0, (32)
i=1
(i)
P>mr?— rz |hii| — rr’ > 0. (33)
i—1

According to Lemma 1, estimate (32) implies that system (2) has the n—parameter
class of solutions z (¢) belonging to the corresponding set w for all ¢ € I, and esti-
mate (33) implies that system (2) has at least one solution x (t) which satisfies that
condition. This confirms the statements of the Theorem. O

Now let us consider system (3) in neighbourhood of (a:o,t) ,t € I, where 20 =
(x?,--~ ,x%) € R" and

ql+g’b(x0):077’:177n (34)
Theorem 6. Let (34) and

l9: () — gi (y)

|< ||J? y||7 izla"'ana x,yED (35)
Qz"'gz(x) <Q

eR, i=1,---,n, onD.

1If
T
r(t)’

then system (3) has an n-parameter class of solutions x (t) satisfying the condition

> Lilal| < —Q+ tel, (36)
i=1

HJ;(L‘)—J:OH <r(), tel. (37)
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Proof. For the scalar product P (x,t) on W, using (25) with f; (z,t) = q;+g; (x),
©v; :x?,i: 1,---,n, we have

P (x,t) :Z (¢ +gi(z _xo +Z (qi +gi (v ?(z x?)—r(t)r'(t)
1

7

I
M:

(QZ+91( ) _xo +Z gz 9i ))x?(xi—x?)—r(t)r’(t)

i=1

< Qr? (t) + Xn:Li |x?| r? (t)—r(t)r (t) <O0.

Hence, according to Lemma 1, the statement of the Theorem is valid. O
Corollary 2. If in Theorem 6 condition (36) is replaced by

i=1
the statement of Theorem 6 holds with the function

r(t)=ae P, a,3eRY and

0<pB<s=~— (ZLi{x?H—Q).
i=1
For 3 = s condition (37) should be replaced by
Hx(t) —xOH <r(), tel.

In case z° = 0 for system (3) we can use Theorem 1 and Corollary 1. Moreover,
we can note that Theorem 6 and Corollary 2 are valid without assumption (35) .

3. The p-parameter classes of solutions

Here we consider the behaviour of integral curves of systems (1), (2) and (3) with
respect to the set o.
Theorem 7. If, on Wik, k=1,2,

(1)

=
N

fi(z,t) < ) i=n1, Ny, (38)
filot) > ’" 8 i = Ty T, (39)

then system (1) has a p-parameter class of solutions x (t) satisfying condition

le; (W) <ri(t), i=1,---,n, tel. (40)
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Proof. Here is ¢ = 0. For the scalar products PF (z,t) on WF, k = 1,2,
i=1,---,n, we have
PF(2,t) = (=1)" f; (2, t) i — 7} (1)
= fi(z,t)ri (t) — i (t)

and

Pk (x,t) <0 fori=mnq, -, np,

3

PF(2,t) >0 fori=rny41,-,nn.

2

According to Lemma 3, the above estimates imply the statement of the Theorem. O
Using Theorem 7 we can give special results. For example,
Corollary 3. If, on VVi’“7 k=1,2,

then system (1) has a p-parameter class of solutions x (t) which satisfy condition
|.’L'i(t)|<7"(t), Z':]-7"'7"17 te[a
where function v satisfies conditions (18) and, on Wk, k =1,2,

(1)

T

<0, i=mny,--,np.

For function r we can take, for example, some positive constant.
Theorem 8. If, on W}, k=1,2,

|fi (@, t) zi — i ()] <7i(t)  or (41)

|fi (2,) @i (1) =} ()] < —fi (. ) s () + 77 (2) (42)
fori=mnqy,---,ny, and

i @tz — (O] < —r(8) or (43)

fi (2,1) @i (t) — @i ()] < fi (2, t) i (¢) — 7 (1) (44)

for i = npy1,--- Ny, then system (1) has a p-parameter class of solutions x (t)

satisfying the condition

lwi (t) —@s ()| <ri (), i=1,---,n, tel. (45)

Proof. Here for PF (z,t) on WF, k=1,2,i=1,--- ,n, we have

PE(z,t) = (1" fi (z, ) 2 — (=1)" @} (t) = 7 (1)
(=1)" [fi (@, t) i — ¢, ()] — 74 (2) (46)
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or
k k
Pf (x,t) = (=1)" [ — s (O] fi (2, 8) + (=1)" [fi (2, 8) i () — @} ()] — 77 (¢)
k
= fi(@,t)ri () + (=1)" [fi (z, ) i (8) — ¢} ()] — 75 (1) (47)

Now (41) with (46) or (42) with (47) imply, respectively,
PP < | fimi — @] =7} <0,
PF < firi+|fiei — il =7 <0
on WF, k=1,2, fori =mnq,---,n,. The conditions (43) with (46) or (44) with (47)
imply, respectively,

P> —|fizi— @il — 77 >0,

B> firi = |fipi — i =710 >0
on Wik, k=1,2,for i =mnp41, - ,ny. These estimates, according to the Lemma 3,

confirm the statement of this Theorem. O
Theorem 9. Let T be any integral curve of system (1), let (20) hold and let

P =\/rE O+ 420 (48)
If, on WF, k=1,2,
Lilis (8] p () < = fi (@, ) s () + 74 (1
fori=mny,-- ,ny, and
Lilis ()] p(8) < J; (2,0) 73 (6) = 7} (1)

for i = npy1,--- Ny, then system (1) has a p-parameter class of solutions x (t)
satisfying condition (45) .
Proof. In view of (47) for PF (z,t) on WF, k = 1,2, we have

PF(2,t) = fi(x,t)ri (8) + (=) [(fi (@,1) = fi (0, 1) + fi (0,1)) 01 (1) — ) (B)] — 77 (t)
= fi (@, t)rs (8) + (=1)° [fi (@, 8) = fi (@, )] i (1) =7 (8) -
Now, it is enough to note that, on Wi’“, k=12,
il )73 () + 15 (2,8) = (2,0 s (0] = 71 1)

() 7i (t) + Li |z — ol i ()] — 73 (¢)
(@, 8)7i (8) + Lip (t) i (5)] =73 (£) <0

for i =ny,--- ,ny, and
Pf (a,t) > fi (z,t)7: (8) = Lip (1) @i ()| — 7} (£) > 0

for i =npiq,- -, np. O
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Theorem 10. Let T be a curve of stationary points of system (1) different from
the t— axis, i.e. fi(p(t),t)=0,i=1,---,n,t€l, ¢ #0, and let (20) and (48)
be valid. If, on Wi’“, k=1,2,

Lilei () p (&) + s ()] < =fi (@, )i (8) + 7 (1), i =na,--
Lilei )] p () + loi ()] < fi (e, t)ri (8) =75 (), i =npy1,--- 0,

then system (1) has a p-parameter class of solutions x (t) satisfying condition (45).
Proof. In view of (47) we have, on WF, k = 1,2,

P (x,t) = fi (@, )i (8) + (=) [(fs (2,8) = fi (0,6)) i (8) =}, ()] = 7} (1) ,
Pf (z,t) < fi(x,t)7s (8) + Li & — ol lps (8)] + 15 ()] = 77 (1)

= fi(z,t)ri (t) + Lilei ()] p () + |¢f (B)] =75 (£) <0, i=ma,-- ,mp,
Pf(,t) > fi(w,0) 15 (t) = L l@i ()] p (8) = |0} (0)] =75 (8) > 0, i =mpyr, - .

These estimates confirm the statement of this Theorem. O
Let us now consider the behaviour of integral curves of system (2) with respect
to the set o, where ¢ is defined by (31).
Theorem 11. If, on Wi’“7 k=1,2,

|hi (2, 8) @i ()] < — (pi (t) + hi (w,)) i (t) + 77 (2)
fori=mnqy,---,ny, and
hi (1) i (8)] < (pi () + ha (2,)) 5 (1) — 7 (1)

for i = npy1,--- g, then system (2) has a p-parameter class of solutions x (t)
satisfying condition (45), where ¢ is defined by (31).
Proof. According to (47), we have, on WF, k= 1,2,

PF = (pi+hi) i + (=1 [(pi + hi) @i — ] —
= (pi+hi)ri + (=) hagi — 7
Now, it is enough to note that, on Wl-’ﬂ k=12,
PF < (pi+ hi) ri + |hags| — 7} <0
fori =mnq,---,n,, and
PF > (pi 4+ hi)ri — |hips| — 7 >0
foriznp+1,~-~,nn. O
Now let us consider the behaviour of integral curves of system (3) in neighbour-
hood of (mo,t) ,t € I, where 2% € R™.
Theorem 12. Let (34) and (35) be valid and let function p(t) be defined by
(48). If, on Wk, k=1,2,

Li|2f| p(t) < — (qi + gi (®)) 73 (¢) + 7} (1) (49)
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fori=mnqy, -+ ,ny, and
Li|2?| p () < (@i + gi () i (8) — 77 (1) (50)

for i = npy1,--- Ny, then system (3) has a p-parameter class of solutions x (t)
satisfying the condition

’xi(t)—x?|<ri(t), it=1,---,n, tel.

Proof. Using (47) we have, on W}, k=1,2,
PF(2,) = (g + g: (2))7i (8) + (—=1)" (q + g (2)) 20 — 7 (2)
= (g +gi (z))ri (1) + (—1)k [Qi + i (!EO) + i (z) — g (xo)] 95? — i (t)
= (g + g (@) r: () + (=1 [g: (2) — g; (2°)] 2 = 7] (1) (51)
and
Pf (x,t) < (gi + gi (@) ri (8) + Li [ p (8) — v (£) < 0
for i =nq, - ,ny, and
Pf (2,t) = (4 + gi (2)) i (t) = L [27] p (£) = 7} (£) > 0
for i = np41,- -+ ,np. These estimates confirm this Theorem. O

We can note that in case 2° = 0 Theorem 12 holds without assumption (35).

4. Examples

Let us consider two known examples.
Example 1. The Lotka-Volterra model ([1])

T = T — 172,
Ty = —Tg + T1T2.
Corollary 4. Let functions ri,ro € Ct (I,RT) satisfy the conditions

75 (t) (1)
T (t)’ 9 (t) <1-— - (t),

System (52) has a one-parameter class of solutions (x1 (t),z2(t)) satisfying the
condition

r(t) <1+ tel

e (O] <r1(t), |e2()| <r2(t), tel.

This Corollary follows from Theorem 7. Conditions (38) and (39) are valid for

i =2 and i = 1, respectively. Here we have on WF (i,k = 1,2):

PF (21, 20,t) = (21 — 1) 1o (t) — 1 () < (11 () — 1) o (t) — b () < 0,
PF (x1,20,t) = (1 —ao)ry (t) — 7, (1) > (1 — 1o (b)) 71 (£) — 4 () > 0.
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For functions r; we can take, for example,
rmt)=rot)=ae ™, a,eRT, a+8<1, t>0.

Example 2. The Volterra model (4), applying appropriate substitution ([4]),
can be written in the form

z1 = (1 -z — axa) 21,
To = (=b+ari)xs, a,beRT. (53)

Corollary 5. Let a, 3 € RT.

(i) System (53) has a one-parameter class of solutions x (t) which satisfy the
condition
lzy (B)] < ae™, zo (8)| < ae™Pt fort >0,

where
1+8>a(l4+a), b>aa+p.
(i) System (53) has a one-parameter class of solutions x (t) which satisfy the

condition

lz1 (8) — 1] < ae™,  |zo (t)] < ae™P* fort >0,

where
B>14+a)(l+a), b>a(l+a)+0.

The statements of this Corollary follow from Theorem 12. Conditions (49) and
(50) hold for z =2andi=1 rebpectlvely, in both cases (7) and (¢7). In this example

we consider 2° = (0,0) in case (i) and 2° = (1,0) in case (7). According to (51),
here we have on I/Vi’C (i,k=1,2):
(4)

Py (x1,29,t) = (=b+ az1) ae P + fae ™' < (b4 aa + ) ae P! <0,
PF(z1,29,t) = (1 — 21 — axs) ae Pt + Bae™ Pt > (1 — a — aa + B) ae Pt > 0;
(i2)

P¥ (x1,29,t) = (=b+az1) ae P + fae ™t < (b4 a (14 a) + 3) ae Pt <0,

(1- xl — axy) e Pt 4 (—1) (1 — 1 — azs) + fae Pt

( ae Pt — ace ﬁt) e Pt — ae Pt — ace Pt + Bae™

>(—a—aa—1—a+p)ae P >0.

Plk ({E]_,{l?27 )

v

Remark. We can note that the obtained results also contain answers to ques-
tions on approximation and stability or instability of solutions x (t) whose existence
is established. The errors of the approximation and the functions of stability or
instability (including autostability and stability along the coordinates) are defined
by functions r (¢) and r; (t), i =1,--- ,n (see [9], [10], [11]).
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