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Abstract. In this paper, we study boundary value problems for differential equations
involving Caputo derivative of order o € (2, 3) in Banach spaces. Some sufficient conditions
for the existence and uniqueness of solutions are established by virtue of fractional calculus,
a special singular type Gronwall inequality and fixed point method under some suitable
conditions. Examples are given to illustrate the main results.
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1. Introduction

In this paper, we will extend the earlier work [1] on fractional boundary value prob-
lems (BVP for short), for fractional differential equations of order a € (2,3) in R to
the abstract Banach space X of the type

{CD‘*y(t) = f(t,y(t), teJ=[0,T], T>1, W
y(0) = o, ¥'(0) =y, v'(T)=yr,

where °D® is the Caputo fractional derivative of order o € (2,3), f: J x X — X is
a given function satisfying some assumptions that will be specified later and yo, ¥,
yr are three elements of X.

Differential equations with fractional order have recently proved to be strong
tools in modelling of many physical phenomena; for a good bibliography on this
topic we refer to Miller and Ross [12]. As a consequence, there was an intensive
development of the theory of differential equations of fractional order. We refer to the
monographs of Diethelm [6], Kilbas et al. [11], Lakshmikantham et al. [14], Podlubny
[15]. Particulary, Agarwal et al. [2] establish sufficient conditions for the existence
and uniqueness of solutions for various classes of initial and boundary value problem
for fractional differential equations and inclusions involving the Caputo fractional
derivative in R. Very recently, some fractional differential equations and optimal
controls in abstract Banach spaces have been studied by Balachandran et al. [3, 4],
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Dong et al. [7], El-Borai [8], Henderson and Ouahab [9], Herndndez [10], Mophou
and N’Guérékata [13], Wang et al. [17 - 21] and Zhou et al. [23 - 27].

Utilizing fractional calculus, Holder inequality, a special singular type Gronwall
inequality (Lemma 8) and fixed point method, some existence and uniqueness results
for the fractional BVP (1) are presented. Compared with the earlier results obtained
in [1], there are at least three differences: (i) the work space is not R but the
abstract Banach space X; (ii) f is not necessarily jointly continuous and it satisfies
some weaker assumptions; (iii) a special singular type Gronwall inequality is used
to obtain the priori bounds.

The rest of this paper is organized as follows. In Section 2, we give some notations
and recall some concepts and preparation results. In Section 3, we give a special
singular type Gronwall inequality which can be used to establish the estimate of
a fixed point set {y = AFy,A € [0,1]}. In Section 4, we give three main results
(Theorems 3-5), the first result based on the Banach contraction principle, the
second result based on Schaefer’s fixed point theorem and the third result based on
a nonlinear alternative of Leray-Schauder type. Examples are given in Section 5 to
demonstrate the application of our main results.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. We denote by C(J, X) the Banach space of all
continuous functions from J into X with the norm |yl = sup{|ly(t)| : t € J}.
We also denote the Banach space C™(J, X) := {u € C(J,X) : v\ € C(J, X)} with

the norm |[juljcn = Y p_, lu™||c for u € C™(J,X). For measurable functions

m : J — R, define the norm ||m||z»(s,r) = </ |m(t)|Pdt)p’ 1 <p < oo We
J

denote by LP(J, R) the Banach space of all Lebesgue measurable functions m with
M| Lo (g.r) < o0

We need some basic definitions and properties of fractional calculus theory which
are used further in this paper.

Definition 1 (See [11]). The fractional order integral of the function h € L ([a,b], Ry)
of order o € Ry is defined by

t — s a—1
IZh(t) :/ (trw)é)h(s)ds,

where T' is the Gamma function.

Definition 2 (See [11]). For a function h given on the interval [a,b], the ath
Riemann-Liouville fractional order derivative of h, is defined by

w0 = s () [ -

Here n = [a] + 1 and [a] denotes the integer part of c.
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Definition 3 (See [11]). For a function h given on the interval [a,b], the Caputo
fractional order derivative of h is defined by

1

(DM = o [ =9 )

where n = [a] + 1 and [a] denotes the integer part of .

Lemma 1 (See [22], Lemma 2.3). Letn > a >n—1. If h € C"([a,b]), then
I*(°D*h)(t) = h(t) +co + 1t + cot> + -+ cpyt" L,

for some ¢; € R,i =10,1,2,--- ,n — 1, where n is the smallest integer greater than
or equal to a.

Now, let us recall the definition of a solution of the fractional BVP (1).

Definition 4 (See [2], Definition 3.7). A functiony € C3(J, X) with its a-derivative
existing on J is said to be a solution of the fractional BVP (1) if y satisfies the
equation “D*y(t) = f(t,y(t)) a.e. on J, and the conditions y(0) = yo, ¥'(0) =
o, y"'(T) =yr.

For the existence of solutions for the fractional BVP (1), we need the following
auxiliary lemma, which is a consequence of Lemma 1.

Lemma 2 (See [2], Lemma 3.8). Let f : J — X be continuous. A function y €
C(J,X) is a solution of the fractional integral equation

_ +2

t T
W=7 [ €= F@ds— g [ (0= s o+ vt B

if and only if y is a solution of the following fractional BVP
cDey(t) = f(t), 2<a <3, teJ, @)
y(0) =yo, ¥'(0) =y5, ¥"(T) = yr.

As a consequence of Lemmas 2, we have the following known result, which is
useful in what follows.

Lemma 3 (See [1], Lemma 3.4). Let f : J x X — X be continuous. A function
y € C(J,X) is a solution of the fractional integral equation

W) = g | =97 s = gt [T =97 syt
+yo + Yot + %Tﬂ,

if and only if y is a solution of the fractional BVP (1).

Lemma 4 (Bochner theorem). A measurable function f: J — X is Bochner inte-
grable if || f|| is Lebesgue integrable.
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Lemma 5 (Mazur lemma). If K is a compact subset of X, then its convex closure
convkC is compact.

Lemma 6 (Ascoli-Arzela theorem). Let S = {s(t)} be a function family of contin-
uous mappings s : [a,b] — X. If S is uniformly bounded and equicontinuous, and
for any t* € [a,b], the set {s(t*)} is relatively compact, then there exists a uniformly
convergent function sequence {s,(t)}(n =1,2,--- ,t € [a,b]) in S.

Theorem 1 (Schaefer’s fixed point theorem). Let F : X — X be a completely
continuous operator. If the set E(F) ={x € X : x = A*Fx for some \* € [0,1]} is
bounded, then F has fixed points.

Theorem 2 (Nonlinear alternative of Leray-Schauder type). Let C be a nonempty
convez subset of X. Let U be a nonempty open subset of C with0 € U and F : U — C
compact and continuous operators. Then either

(i) F has fized points.
(ii) There exist y € OU and A* € [0,1] with y = \*F(y).

3. A special singular type Gronwall inequality

In order to apply the Schaefer fixed point theorem to show the existence of solutions,
we need a new special singular type Gronwall inequality with a mixed type singular
integral operator. It will play an essential role in the study of BVP for fractional
differential equations.

We first collect a generalized Gronwall inequality which appeared in our earlier
work [16].

Lemma 7 (See [16], Lemma 3.2). Let y € C(J, X) satisfy the following inequality:

t T t T
Iy < atb / Iy (@) o+ / ly(@)]*2do+d / luoll Xy d6-+e / lyollyedo,t < J,
0 0

where A\, A3 € [0,1], A2, As € [0,1),a,b,¢,d,e > 0 are constants and |yollp =
supg<s<g lY(s)|l. Then there exists a constant M* > 0 such that

ly(DI < M.

Using the above generalized Gronwall inequality, we can obtain a new special
singular type Gronwall inequality.

Lemma 8. Let y € C(J, X) satisfy the following inequality:

Iyl < a+b / (t = 9)°ly(s) | ds + e / (T— 52 3y(s)| s,  (3)

where a € (2,3), A € [0,1 — %] for some 1 < p < ﬁ, a,b,c > 0 are constants.
Then there exists a constant M* > 0 such that

ly@) < M™.
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o(t) = {17 ly()]| <1,
y(®), [ly®] > 1.

It follows from condition (3) and Holder inequality that

Proof. Let

T

Iyl < =@ < (a+ 1)+b/0 (t*S)“’le(S)IIAds+C/ (T = )|l (s) [ *ds

p—1

0
<rnao( [amapena) ([eee)
+ec (/OT(T— S)ms)dS)é </0T ||x(3)|p”’1d8> B

TP(a—1)+1 T Ap.
) [ e

pla—1)+1
Tp(oz73)+1 p T ap
e (amarr) [,

3 =

<a+ 1+

This implies that

Iy <[l«@)]

=

Tp(a—1)+1 » Tp(e—3)+1 T Ap
< 1 i e —1d
<@ 0+ b (amne1) < Glamgr) | [ TP

where 0 < p)‘% < 1. By Lemma 7, one can complete the rest of the proof immedi-
ately.

For z% = 1, applying the classical Gronwall inequality, one can complete the
proof. O

Remark 1. Although Lemma 8 is a special case of Theorem 4 in [5], it is enough
to deal with the possible estimation in Section 4.

4. Main results

Before stating and proving the main results, we introduce the following hypotheses.

(H1) The function f : J x X — X is strongly measurable with respect to ¢ on J
and is continuous with respect to u on X.

(H2) There exist a constant «; € (0, — 2) and real valued function m(t) €
L‘Tll(J7 R) such that

1t ur) — f(t,uz)|| < m(t)||ur — ua|l, for eacht € J, and all uy,us € X.
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(H3) There exist a constant as € (0, «—2) and real valued function h(t) € L= (J,R)
such that
If @Il < h(t), for eacht € J, and all y € X.

For brevity, let M = ||m| , H=1h| . .
Lo1 (J,R) Le2 (J,R)
Our first result is based on the Banach contraction principle.

Theorem 3. Assume that (H1)-(H3) hold. If

0 M TH ™ M Ta—ay W
T = Q- + a—aq— < 1, 4
(a) ($=21)1=e1 " 2T(a - 2) (?ﬁ)lwl

then system (1) has a unique solution on J.

Proof. For each t € J , we have

/0 (= 5o ()] ds < ( / - )d) ( / T(h(g))azds> h

To-az [
TRt

Thus, ||(t — s)*~Lf(s,y(s))|| is Lebesgue integrable with respect to s € [0,¢] for all

te Jandy e C(J,X). Then (t—s)*"1f(s,y(s)) is Bochner integrable with respect

to s € [0,¢] for all t € J due to Lemma 4. Similarly,

/OT (T = )22 f(s,y(s))| ds < (/OT<T - s)fids> o (/OT(h(s))alzds> N

Ta—a2—2H

(o2

Thus, ||(T — s)*~2f(s,y(s))| is Lebesgue integrable with respect to s € [0, 7] and
y € C(J,X). Then (T — s)* 3 f(s,y(s)) is Bochner integrable with respect to s €
[0,T] due to Lemma 4.

Hence, the fractional BVP (1) is equivalent to the following fractional integral
equation

1 t 1 t2 T
t) = —— t—s)*" ds — ——— T —s)23 d
W) = gy | =0 o) = g [T =9 p(s)as
Fyo + it + yQTtQ, te
Let
70 Hree: el
> + + llyoll + Iy I T + =212,
" My e e T
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Now we define the operator F' on B, := {y € C(J,X) : |ly|| <r} as follows

2

t T
(P =gy [ =9 oo = g [ @ =97 (s
yr

+yo+y0t+7t2 teJd (5)

Therefore, the existence of a solution of the fractional BVP (1) is equivalent to
that the operator F' has a fixed point on B,. We shall use the Banach contraction
principle to prove that F' has a fixed point. The proof is divided into two steps.

Step 1. I'y € B, for every y € B,
For every y € B, and any ¢ > 0, by (H3) and Holder inequality, we get

I(Fy)(t +0) = (Fy) (D)

Sl“(a)/o [(t+0—8)"" = (t =) "|h(s)ds

1 t+5 -
+ (o) /t (t+0—s)*""h(s)ds

(2t+6)5 [ o
+m/ (T — 5)*3h(s)ds

+ g llo + ”y;” (2t + )0

<ty ([ o459~ s)dwl-:zds)lm ([ msnzas)”
1 t46 s 1—as ris R o
+ () </t (t+6—s)T-a2 ds) (/t (h(s))=2 ds)
" m (/T(T - Sﬁﬂid«?) (/OT(h(s))alzds> N

IIyTH(

1—(12

+ llyolld + 5 2t +6)6
a—ao a—ao a—ao 11—«
< H (t+5) 1—022 51—(~22 tl—(x22 :
_F(a) a—oo - a—oo - a—oo

170(2 17&2 170(2

a—Q2
11—«

a—ag \ 1—a2
H (51 az) (2t +0)5 To—a2—2[f

(a) 20 (o = 2) (g2 22) e

+ [y |ls + 2R ”yTH (2t + 6)0

H { a—ag a—ag a—ag 1—as B
S ~Ta—avicas (t+5)1“2—t1@2—61a2 + 6 az]
Do) (§=52)t > ( )
i T2 el
2T +9)d *19.
+<2F(a2) (eer=Z)i-os + 5 | QT+8)0 + Iy
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As 6 — 0, the right-hand side of the above inequality tends to zero. Therefore, F' is
continuous on J, i.e., Fy € C(J, X).
Moreover, for y € B, and all t € J, we get

2

i ' — ) 1h(s)ds 71—‘ ' — $)23h(s)ds
IEDO <555 [ =97 s + g [0 =9 h(s)a

+ g0l + llyo T +

gﬁ </0t(t— s)f"a‘zds) </Ot(h(s))a12ds>

lyrl 1o
2

1—a2 Q2

\ lyr|l
+llvoll + llyg 1T + =51
HTo— HTo—o lyrll o
< TRy I e +llyoll + lyg 1T+ =17,
D(a)(§552)1 02 20(a — 2)(522 %) —oe 2

which implies that ||Fy||cc < 7. Thus, we can conclude that for all y € B,., Fy € B,..
ie.,, F: B, — B,.

Step 2. F is a contraction mapping on B,..
For z,y € B, and any t € J, using (H2) and Holder inequality, we get

I(Fa) ()= (Fy) @)

e vl ' e Tyl
= T /O(t )7 mls)ds + 5r )

<zt ([ >d) ([ miopias)

e =gl ([T e N e )
+2F(a2)</0 (T —s) 1ds> (/O (m(s)) 1ds>

T
/ (T — 5)*3m(s)ds
0

a1

M T(X—Ctl M 7—,0[_(11 || ||
< a—a - + a—og— L= Ylloo-
I(«) (1_70“1)1 a1 2« — 2) (fil?)kal

So we obtain
[Fz — Fylleo < Qa,7l|z — Ylloo-

Thus, F' is a contraction due to condition (4).
By the Banach contraction principle, we can deduce that F' has a unique fixed
point which is just the unique solution of the fractional BVP (1). O

Our second result is based on the well known Schaefer’s fixed point theorem.
We make the following assumptions:
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H4) There exist constants A € [0,1 — 1] for some 1 < p < == and N > 0 such
( P 3—a
that
£t u)|| < N1+ |Jul|*) for each t € J and all u € X.

(H5) For every t € J, the sets K1 = {(t — s)* ' f(s,y(s)) : y € C(J, X),s € [0,t]}
and Ky = {(t—s)*3f(s,y(s)) :y € C(J,X),s € [0,t]} are relatively com-
pact.

Theorem 4. Assume that (H1), (H4) and (H5) hold. Then the fractional BVP (1)
has at least one solution on J.

Proof. Transform the fractional BVP (1) into a fixed point problem. Consider the
operator F': C(J,X) — C(J, X) defined as (5). It is obvious that F is well defined
due to (H1), Holder inequality and Lemma 4.

For the sake of convenience, we subdivide the proof into several steps.

Step 1. F is continuous.

Let {yn} be a sequence such that y, — y in C(J, X). Then for each ¢t € J, we
have

T T
IF0) ) = EDON < (5255 * 57701

) 1) = FE3O) e

Since f is continuous, we have
MNa+1) 2T(a—1)

1P, Foll < ( UG = 16O = 0as .
Step 2. F maps bounded sets into bounded sets in C(J, X).
Indeed, it is enough to show that for any n* > 0, there exists a £ > 0 such that
for each y € By» = {y € C(J, X) : ||yllcc < 1"}, we have ||Fy|loc < £
For each t € J, by (H4), we get

I o
IFDO <555 | (=97 N+ ()] )as
T2 r o
g [, =9 TN )

+ llvoll + o IT +

N1+ @)Y [* _ 5oy
Sil‘(a) /O(t )* 7 d

TN+ ()Y [* o
(o —2) /O(T—s) 3ds

lyrl 2
2

2

1 1 a *
= (r(a+1) +2F(a—1)>T N+ @)Y

lorlrz

+ llwoll + Iy 1T +

+ llyoll + o IT +
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which implies that

1 1

T2
Fylloo < TON(1+ (") wipy Iyl _
1Pl < (s + zia =y ) TN+ 07+ ool + gl + 22

Step 3. F maps bounded sets into equicontinuous sets of C'(J, X).
Let 0 <t; <ty <T,y € B,~. Using (H4) again, we have

[(Fy) (t2)—(Fy)(t1) ||

1 131 et _ gje-l )M ds
T / ((ts — s) (t = 9)* N+ [ly(s)|M)d

i " —g)e1 s A A
G / (t2 = )" 'N(1+ [ly(s)[)d
- %/ (T = )" N(L+ ly(s)[|M)ds

llyrl|
+lyoll(ta —t1) + ?(tz —t3)

s(((’)’*)) (/0 [(t2 = 5)*™ = (1 —s)“*]ds+/t:2<t2—s)“‘lds>

B—tHNI+ @)Y [T am
+ (0 —2) /o (T — 5)*3ds

yr
gl — ) + 1l 2 2

2
NI+ ")) oy TO2NA+ ()Y 2
< T+ 1 (ts —15) + (e 1) (t3 —t1)

lyz|
sl = 1) + 75— (5 — 1)
As ty — t1, the right-hand side of the above inequality tends to zero, therefore F' is
equicontinuous.

Now, let {y,}, n =1,2,--- be a sequence on By, and

(Fyn)(t) = (F1yn)(t) + (Fayn)(t) + (F3y)(t), t € J.

where

(Fiyn)(t) = ﬁ/o (t—8)* "1 f(s,yn(s))ds, t € J,

t2 T _
(P = ~grra—g; | T s.yu(s))ds. 1€

(F3y)(t) = yo + yot +7t2 ted

In view of condition (H5) and Lemma 5, we know that convK; is compact. For any
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t* e J,
(Fiyn)(t") =ﬁ /Ot*(t* —5)* 7 (5, yn(s))ds
e 3 (=) T ()
~ Syt
where

k

~ 1, it (it it
&n1 —klggoZ%(t —?) f (k’yn(k))'

Since conv K7 is convex and compact, we know that 5/;1 € conuK7. Hence, for any
t* € J, the set {(Fryn)(t*)} is relatively compact. From Lemma 6, every {(Fiy,)(t)}

contains a uniformly convergent subsequence {(Fiyn, )(t)}, K =1,2,--- on J. Thus,
the set {F1y : y € B, } is relatively compact.
Set
o t2 t 3
Foyn)(t) = ——— | (t — 8)*3f(s,yn(s))ds, t € J.
(Fan)(0) = ~5—g7 |, (=" Fsom(s)is e ]
For any t* € J,
Fan)(¢) == 5l [ = =
29n 21—,(0[72) 0 s Yn )
(t*)? g N\ i it
2P(a—2)k5&¥k< k> f<k’y"(k)>
t* 3 __
= ( ) £n27
(o — 2)
where

_ 1 it* it it
— 1 (4 a—3 . . X
En2 kgr;O;:l L= =) f( (o ))

Since conv K is convex and compact, we know that 5,:2 € convKs. Hence, for any
t* € J, the set {(Fayn)(t*)} is relatively compact. From Lemma 6, every {(Fay,)(t)}
contains a uniformly convergent subsequence {(Fay,,)(t)}, k= 1,2, on J. Par-
ticularly, {(Fayn)(t)} contains a uniformly convergent subsequence {(Fayn,)(t)},
k=1,2,--- on J. Thus, the set {Foy : y € B} is relatively compact.

Obviously, the set {F3y : y € By} is relatively compact. As a result, the set
{Fy :y € By} is relatively compact.

As a consequence of Steps 1-3, we can conclude that F' is continuous and com-
pletely continuous.

Step 4. A priori bounds.
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Now it remains to show that the set
E(F)={yeC(J,X):y=XFy, for some \* € [0,1]}

is bounded.
Let y € E(F), then y = \*Fy for some \* € [0,1]. Thus, for each ¢t € J, we have

y(t) =\* <I€®A (t _ S)aflf(s’y(s))ds
2 T
- m /O (T = )72 f(s,y(s))ds +yo + ot + y2Tt2>.

For each t € J, we have

Lyl <IFD O
N / . \
<—— [ =9 (14 [ly(s)]|")ds
o (14 lly(s)|)
T2N r a—3 A
g | T )]s
* yr
+ ol + g 7+ 12
N [t T2N T
< _ a—1 s _ \a—3
*F(a)/o(t s) ds+21“(a—2)/0 (T —s)*"ds
o Nl N / i
T+ W2 L [ gy
+ll+ 117 + B2 4+ s [ s
T2N r a—3 A
R ar RCER s O
NT® NT® .
< +llgoll + g1 + Lezl7e

Tla+1) @ 2M(a—1)

N t —5)* Y y(s)||Mds
I AR A Ol

2

>N T o
+ m/o (T = 5)* 3|y (s)|*ds.

By Lemma 8, there exists a M* > 0 such that
ly(@)] < M*, t € J.

Thus for every t € J, we have
[ylloc < M™.

This shows that the set E(F') is bounded. As a consequence of Schaefer’s fixed point
theorem, we deduce that F' has a fixed point which is a solution of the fractional
BVP (1). O
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In the following theorem we apply an nonlinear alternative of Leray-Schauder
type in which condition (H4) is weakened.
(H4") There exist a constant ag € (0, — 2), a real valued function ¢;(t) €

L= (J,Ry+) and continuous and nondecreasing 1 : [0, +00) — (0, +00) such that
£ w)| < @r®)(|Jull) for each t € J and all u € X.
(H6) There exists a constant N* > 0 such that
N*

>
Y(N)T— 3 (1—ag) =289 | P(N-)T° 93 (I—ag)'— 39 T T
( Iz(a)(a—(ozg)?EiB éF(oz—Q)(a—(agfg))lfaﬁ. ||y0H ||y0|| ”yQTH 2

)

(6)

where ¥ = ||¢f||La%(J,R+)'

Theorem 5. Assume that (H1), (H’), (H5) and (HG6) hold. Then the fractional
BVP (1) has at least one solution on J.

Proof. Consider the operator F' defined in Theorem 4. It can be easily shown that
F' is continuous and completely continuous. Repeating the same process in Step 4
in Theorem 4, using (H4') and Holder inequality again, for each ¢t € J, we have

ly@®1 <I(Ey) @]

<t | (1= 92165 ()0 (o) s
+ mf_z) / LT = 9ol )ds
+ ol + g7 + 2
+ M /0 - 8)* %9 (s)ds
+ ool + g7+ 12

l1—as as

<A ([ gias) ([ ostonas)

+m(/ (T_sy“féds) (/ <<z>f<s>>isds)

. llyr|
+ llvoll + llyolIT + TTQ

WUyl )To7 (1 = a5) 790 d(llyllo) T2 (1 — a3)' 749
- Ia)(a — ag)l-os M(a—2)(a—az—2)t-os

lyrl o
2

+ llvoll + lyo 1T +
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Thus
Iyl -
o Toa—o 1—os 1—ac- 9 o Toa—o 1—or- 1—a 9 % —
et + YR S Ts™ + llwoll + g I + L7

By (H6), there exists an N* > 0 such that |y||c # N*.
Let
U={yeCJ,X):|ylloo <N*}.

The operator F : U — C(J, X) is continuous and completely continuous. From the
choice of U, there is no y € U such that y = \*F(y), A* € [0,1]. As a consequence
of the nonlinear alternative of Leray-Schauder type, we deduce that F' has a fixed
point y € U, which implies that the fractional BVP (1) has at least one solution
y € C(J,X). O

5. Application

Let X = L?[0,1] be equipped with its natural norm and inner product defined
respectively for all u,v € L?[0,1] by

1 3 1
lull g0, = ( / |u<x>|2dx) and (u.0) = [ u(w)ol@ida.
0 0
Example 1. Let us consider the first boundary value problem:

c N _ et cos t,x t,x .
Doy(t,w) = (enGaliest, v € [0,1), te J=[0,T), ac(2,3), k>0,
y(0,z) =0, ¥'(0,z) =0, y"(T,z) =0, = € [0,1], (7)

y(t,0) =y(t,1) =0, t > 0.

First of all, denote

e cos(, )|y (- )|
V@) = 2). costea) = eos()(a), SO)a) = oI
Then, the fractional BVP (1) is the abstract formulation of problem (7).
It is easy to see that f satisfies (H1). Moreover, for (H2) and (H3), we take
m(t) = h(t) = &5 € L (J, Ry), where § € (0,a — 2).
Choosing a suitable T > 1 and a big enough k > 0 and a suitable o € (2,3) and
B € (0, — 2), one can arrive at the following inequality

Q = < X -’ + X o’ > <1
a,T — — a—fB— _ ’
I'(a) (ﬁ)l B (a—2)  (aEFA) 8

where M = e L%(LR”.

Obuviously, all the assumptions in Theorem 8 are satisfied. Our results can be
used to solve problem (7).
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Example 2. Let us consider the second boundary value problem

cDy(t,x) = %, teJ, a€(2,3),

v>—a, Ae[0,1-1], 1<p< g2y,
y(0,2) =0, /' (0,z) =0, v'(T,z) =0, = €0,1],
y(t,0) =y(t,1) =0, t > 0.

Set
2y

ty) = — U
fl( 7y) 1+6t y
3
ly]

Obviously, for ally € X := R and each t € J, |f1(t,y)| < TVQ
and v+ 3 > —(a — 3), it is not difficult to see

t v+3 A t
/ (t _ S)a—ls |y(8)| ds < MIA/ (t o S)a—lsv—i-Sds
0 0

(t,y) € J x X, with |y| < M.

. Since v > —a

1+es
') 4 I'(a)’ 4 .
< ()l'(v + )ta+1/+3 < M ()l'(v + )Toz+1/+3,
Na+v+4) MNa+v+4)

and

t v A _
/ (t o S)a—Ss ‘y(S)l ds S Ml}\r(a Q)F(V + 4) Ta+1/+1.
0 1+e® MNa+v+2)

As a result, the sets

Ky = {(t—s)alw cyeC(J,X),s € [O,t]},
Ko = {(t—s)“gw cyeC(J,X),s € [O,t]},

are uniformly bounded and equicontinuous, and for any t* € J which implies that
Ki1 and Kyo are compact. Thus, all the assumptions in Theorem 4 are satisfied,
our results can be applied to problem (8).

Example 3. Let us consider the third boundary value problem
v+3 z
cDYy(t,x) = %, ted, a€(2,3), v>—a,
y(0,z) =0, ¥ (0,z) =0, y'(T,z) =0, z €0,1], 9)

y(t,0) = y(t,1) =0, t >0,

where v : [0, +00) — (0,400) is a continuous and nondecreasing function.

Set ag € (0,0 —2), 6(t) = fror € L5 (J,Ry) and folt,y) = 542, (t,y) €
JIx X, with ||y|| < Ms. Obviously, (H1), (H4') and (H5) hold. By choosing a suitable
T, the function v and a suitable o € (2,3) and a3 € (0, «—2) such that the following

inequality

>1

tv+3

a—a —aatvt3
TN Y(r) T3 (1—ag) 23 | &

el
L93 (J,Ry) et e (J,Ry)

IN'a)(a—az)t—<3 + 2I'(a—2)(a—ag—2)1—<3

()T (1—az) = |




386 J. WanG, L. Lv AND W. WEI

has at least a positive solution. Thus, all the assumptions in Theorem 5 are satisfied,
our results can be applied to problem (9).
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