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Abstract. In this paper, we introduce a new iterative scheme for finding a common element
of the set of a solution of an equilibrium problem and the set of fixed points of finite
family strict pseudo-contraction mappings in a real Hilbert space. Some strong convergence
theorems are established using the iterative scheme. In the meantime, we successfully apply
these Theorems to find a common element of the set of a solution of an equilibrium problem
and the set of fixed points of finite family of non-expansive mappings in a real Hilbert space.
The results in this paper improve the corresponding ones of [3, 6] and references therein.
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1. Introduction

Let H be a real Hilbert space with inner product (-, -) and induced norm ||-||. Let K
be a nonempty closed convex subset of H. A mapping T of K into itself is called a
k-strict pseudo-contraction mapping, if V z,y € K, | Tz — Ty||* < ||z —y||® + k|| (I —
T)x — (I —T)yl||?, here 0 < k < 1, I denotes an identity operator. We use F(T') to
denote the set of fixed points of T (i.e. F(T) ={z € K : Tz = x}).

In a real Hilbert space, it is clear that a k—strict pseudo-contraction mapping 7'
is equivalent to

(T2~ Ty,0—y) < o~ yll? ~ 25 = T)z — (T~ Ty, (1)

ie.

1-k 9
—5 U =T)e = =Tyl <{U - T)e — (I =T)y,x —y). (2)
Remark 1. Notice that a mapping T : K — K is called a non-expansive mapping,
if for allz,y € K, ||Tx — Ty|| < || —y||. Therefore, a non-expansive mapping T is
a 0—strict pseudo-contractive mapping.
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Let F be a bifunction of C' x C' into R, where R is the set of real numbers. The
equilibrium problem for F': C x C' — R is to find x € K such that

F(z,y) >0, Vy € K. (3)

We use EP(F) to denote the set of solutions of problem (3). Many problems in
physics, optimization and economics require some elements of EP(F); see [2, 4, 5, 8,
10 - 12).

If F(z,y) = (Az,y — z), here A: K — K is a nonlinear operator, then problem
(3) becomes the following classical variational inequality problem:

Find x € K such that
(Az,y —z) >0, Vy e K. (4)

This shows that problem (4) is a special case of problem (3). Several iterative
methods have been proposed to solve the equilibrium problem; see [4, 5, 8, 10 - 12].

In 2009, L.C. Ceng et al. [3] constructed an iterative scheme for a k—strict
pseudo-contractive mapping as follows:

{F(umy)+ﬁn<y—un,un—xn> >0, VyeK,

Tpg1 = Qptn + (1 — apn)Tuy, n > 1,

()

where {a@,}, {r,} are two nonnegative real number sequences satisfying {a,} C
[, B)(er, B € (K, 1)) and liminf, . 7, > 0. Under approximative conditions, L. C.
Ceng et al. proved that {x,} and {u,} converge strongly (or weakly) to an element
of F(T)( EP(F). To be more precise, they proved the following theorems:

Theorem 1. Let K be a nonempty closed convexr subset of H and F a bifunction
from K x K to R satisfying (A1) — (A4). Let T be a k—strict pseudo-contraction
mapping of K into K such that F(T)(EP(F) # 0. Let {x,} and {u,} be generated
initially by an arbitrary element x1 € K and then by

{F(un,y)+ﬁl<yun,unxn>20, VyeK, ©)

Tyl = Qpn + (1 — ap)Tup, n>1,
where ay,, T, satisfy the following conditions:
(i) {an} C (o, B) for some o, 8 € (k,1);
(i) liminf, o 7y > 0.
Then {zn} and {un} converge weakly to p € Q = F(T)(EP(F), respectively.

Theorem 2. Let K be a nonempty closed convex subset of H and F a bifunction
from K x K to R satisfying (A1) — (A4). Let T be a k—strict pseudo-contraction
mapping of K into K such that F(T)(\EP(F) # 0. Let {x,} and {u,} be generated
initially by an arbitrary element x1 € K and then by

{F(un,y)+g<y—un,un—xn> >0, VyeK,

Tpg1 = Qptn + (1 — apn)Tup, n>1,

(7)

where ay,, T, satisfy the following conditions:



A NEW ITERATIVE SCHEME FOR EQUILIBRIUM PROBLEMS AND FIXED POINT PROBLEMS: - - 413

(i) {an} C (e, B) for some o, 5 € (k,1);
(i) liminf, o 7, > 0.

Then {z,} and {u,} converge strongly to p € Q = F(T)(EP(F) if only if
lim inf d(a,,, F(S) [ | EP(F)) = 0,

n— oo

where d(zn, F(S)(EP(F)) = 0 denotes the metric distance from the point x, to
F(S)NEP(F).

It is necessary to point out that only a weak convergence theorem is obtained
via iterative scheme (6). In order to obtain the strong convergence theorem for a
k—strict pseudo-contraction mapping 7', Jaiboo and Kumam [6] introduced a C'Q
iterative scheme as follows:

Fun,y) + 2y — tn,up —x,) >0, Vy€K,

Yn = Qulp —:(1 — an)Tup,
Cpt1={2 € Cp: lyn — 2|” < llzn — [},
Tny1 = Po, 20 n 21,
where zg € H, C1 = C,ap, 1, satisfy the following conditions:
(i) {an} C (a, B) for some «, B € (k,1);
(ii) liminf, o 7, > 0.
Then {z,} and {u,} converge strongly to p = Pp(ryn Er(F)To-

Remark 2. We notice that the control coefficient excludes the natural choice of
apn, = 1/n in the above iterative schemes (6) and (8).

In this paper, we consult a new implicit iterative scheme (given in Section 3) for
finding a common element of the set of the solution of an equilibrium problem and
the set of fixed points of a finite family of strict pseudo-contraction mappings in a
real Hilbert space. The aim is to make the control coefficient include the natural
choice of o, = 1/n in the new iterative scheme and obtain strong convergence theo-
rems without using the metric projection method. Indeed, some strong convergence
theorems are established using the iterative scheme. In the meantime, we success-
fully apply these Theorems to find a common element of the set of the solution of an
equilibrium problem and the set of fixed points of a finite family of non-expansive
mappings in a real Hilbert space. The results in this paper improve the correspond-
ing ones of [3, 6] and references therein. Moreover, our requirements on the iterative
parameters are also different from those in [3, 6].

2. Some lemmas and conclusions

For the sequence {z,} in H, we write x,, — x to indicate that the sequence {z,}
converges weakly to z. z, — x implies that {z,} converges strongly to . In a real
Hilbert space H, we have

A2+ (1= Nyll* = All* + (1 = Vlly[* = A1 =Nz -y
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for all z,y € H and A € R. Let K be a closed convex subset of H, for each point
x € H, there exists a unique nearest point in K denoted by Pgx such that

|z — Pga|| < [lz —yll, Vy € K.
Py is called the metric projection of H to K. It is well-known that Pg satisfies
(z —y, Pxx — Pxy) > ||Pxx — Pyyl?

for every =,y € H. Moreover, Pxx is characterized by the properties: for z € H,
and z € K,

z=Pg(x) s (x—2z,2z—y) >0, Vye K. (9)
For solving the equilibrium problem (3) for a bifunction F': K x K — R, let us
assume that F' satisfies the following conditions:
(Al) F(z,z) =0 for all z € K
(A2) F is monotone, that is, F(z,y) + F(y,x) <0 for all z, y € K;;
(A3) for each z,y,z € K,

limsup F(tz 4+ (1 — t)z,y) < F(x,y);
t10

(A4) for each z € K,y — F(z,y) is convex and lower semi-continuous.
In what follows, we shall make use of the following lemmas.

Lemma 1 (Demicloseness principle, see [7]). Let H be a real Hilbert space and K
a closed convex subset of H. Let T : K — K be a k—strict pseudo-contraction
mapping. Then the mapping I — T is demiclosed on K, where I is the identity
mapping, that is, x, — = in K and (I-T)x, — 0 implies that x € K and (I-T)x =
0.

Lemma 2 (See [9]). Let {zn} and {yn} be bounded sequences in a Banach space E
and let {Bn} be a sequence in [0,1] with 0 < liminf, o B, < limsup,_,., fn < 1.
Suppose Tp11 = Bnyn + (1 — Bn)xy for all integers n > 0 and limsup,,_, o (||[Yn+1 —
Ynll = [[Tnt1 — zn||) <0, then, limy, o0 ||Yn — x| = 0.

Lemma 3 (See [2]). Let K be a nonempty convex subset of H and F' be a bifunction
of K x K into R satisfying (A1) — (A4). Letr > 0 and © € H. Then, there exists
z € K such that

1
Fz,y)+ —-(y—=z,2—x) >0, forally € K.
T

Lemma 4 (See [4]). Assume that F is a bifunction of K x K into R satisfying
(A1) — (A4). Forr >0 and xz € H, define a mapping T, : H — K as follows:

1
TT(JJ):{zeK:F(z,y)—l—T(y—z,z—x)ZO, Vye K}

for all x € H. Then the following hold:
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(1) T, is single-valued;
(2) T, is firmly non-expansive, that is, for any x,y € H,

| Tx — TryH2 < <Tr$ -Ty,r— y>§

(3) F(T,) = EP(F);
(4) EP(F) is closed and convez.

Lemma 5 (See [13]). Let {a,} be a sequence of nonnegative real number satisfying
the following relation:

ant1 < (1 — ap)an + anop + yn,n > 0.
If
(i) an€[0,1], 3 a, =o00;
(%) limsup o, < 0;

(i1i) yn >0, 32 yn<o0,
then a,—0, as n— oo.

Lemma 6. Let H be a real Hilbert space, then:
lz +yl? < llyll* +2(z, 2 +y), Ya,yeH

3. Strong convergence theorems

In this section, we establish some strong convergence theorems. Firstly, we give
Proposition 1 and Proposition 2. They appeared implicitly in [14] and they can also
be found in [1].

Proposition 1 (See [1, 14]). Let K be a nonempty closed convex subset of H. For
an arbitrary nonnegative integer v > 1, let {T;}7_, be a finite family of k;—strict
pseudo-contraction mappings of K into K, 0 < k; < 1. Then for some nonnegative
real number A;, 0 < X\, <1,i=1,2,--- 7, >0 _ N =1,>" NI, K> K isa
k—strict pseudo-contraction, where k = max{k; :i=1,2,--- ,r}.

Proposition 2 (See [1, 14]). Let K be a nonempty closed convex subset of H. For
an arbitrary nonnegative integer v > 1, let {T;}7_; be a finite family of k;—strict
pseudo-contraction mappings of K into K such that F = ()., F(T;) # 0,0 < k; < 1.
Then for some nonnegative real number A\;, 0 < \; <1,i=1,2,--- ,r, 22:1 =1,
F(Z::l AiTy) = ﬂ:=1 F(T5).

Proof. In order to have Proposition 2 more clear, we proceed to relate the proof
based on the method and technique of [14], but this method is different from the
one of [1]. Next, we start to prove it. It is clear that (),_, F(T;) C F(>_i_; \iT5).
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On the other hand, let p € F(3;_, \;T}), then for V py € (),_, F(T;), by (1) and
k=max{k;:i=1,2,---,r},

lp—pil®> = ®—p1,p—p1) = E_ ANTop — p1.p — p1) = i Ni(Tip — p1,p — p1)

1—k
<lp—pl? — === Tip — pl?

2
Hence, T;p =p,i=1,2,--- ,r,ie. pe(i_, F(T;) and (,_, F(T;) D (>, \iTh).
This completes the proof of Proposition 2. O

Next we give a parallel algorithm for a finite family of strict pseudo-contraction
mappings and study its convergence property.

Theorem 3. Let K be a nonempty closed convex subset of H and F a bifunction
from K x K to R satisfying (A1) — (A4). Let {T;}7_, be a finite family of k;—strict
pseudo-contraction mappings of K into K such that @ = EP(F)((Ni—, F(T;)) # 0,
0 < k; < 1. Suppose that v and x1 are arbitrary points in K, for some nonnegative
real number \;, 0 < X\; < 1,4 =1,2,---,r, >0 _ N = 1, let {z,} and {u,} be
generated by

F(un,y) + (Y = tn,un — 2n) >0, Vy €K,
Tpt1 = 0¥ + (1 — o) Yn,

Yn = (1 - 5n)xn + anna
Z2n =1 =0)up+0y i NTiun, n>1,

(10)

where 0 € (0,1 — k), k = max{k; : 1 < i < r}, coefficients aun, B, satisfy the
following conditions:
(i) {an} C(0,1), limy_yoo y, =0, D00 | vy = 005
(ii) 0 < liminf,, o B, < limsup,,_, . Bn < 1;
(i4i) liminf, oo 7 > 0, limy, 00 [Pt — 70| = 0.

Then {x,} and {u,} converge strongly to p € Q, respectively, where p = Pq(v).

Proof. Firstly, defining a mapping S = 2;1 AiT;, then by Proposition 1 and
Proposition 2, S is a k—strict pseudo-contraction mapping and F(S) = F(>"._; \iT})
Ni—; F(T;). Let p = Po(v) € Q, since S is a k—strict pseudo-contraction mapping,
it is true that

1—=0)|[un = pl* + || Sup — pl|* = o(1 = 0)[|Sun — un?
1—0)lup — p”2 + oljun — p”2 + k|| Sun — unH2 —o(l—o)|Su, - un||2
u, — p|?. (11)

On the other hand, from Lemma 4 we have

l2n —pII* = (
(

<
<l

[un = pll = T, 20 = Tr 0| < [l2n = pll;
1yn =Pl = 1(1 = Bn)(@n = p) + Bn(zn = P)|| < llzn — pll- (12)
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Consequently, the next inequality holds:

[2nt1 = pll < anflo —pll + (1 = an)llyn — pll

< anllv = pll + (1 = an)[(1 = Bu)llzn — pll + Bullzn — pll]

< anllo—pll + (1 = an)llzn — pll

< max{[lv = pl, [l1 = pll}- (13)

Inequality (13) establishes that {z,} is bounded, so are {y,} and {z,} and {u,}.
Take a constant M such that

A

ol zalls lunlls lzn [} < M, Vo> 1.

Claim 1: ||zp41 — znl| = 0 (n — o0). For this purpose, let v, =1 — (1 —

ntl—Tn+VnTn nV+(1—an)Bnzn
an)(l_ﬁn)avnzm+l ﬁn Auln o Lt (,yna )Bnz .Then

Qn 41 Qg 1—app 1—ay
Un+1 — Up = < - ) v+ 7/8114-12714-1 - ann

Tn+1 Tn Yn41 Tn
Qpai le% 1—apaq
— <"+ _ ") v+ 77”5”+1(Zn+1 —2z)
Tn+1 Tn Tn+1
1— aptq 11—«
+ (nJanJrl - nﬁn) Zn (14)
Yn+41 Tn

which yields that

an-i-l . vn” S Apt1 . % M + (1 - an+1)/8n+1||zn+1 B Z’n”
Tn+1 Tn Yn+1
T (1 = any1)Bnya _ (1—an)Bn M, (15)
Tn+1 Tn

Now computing ||z,+1 — 2 ||, from (10), we have

|zn41 = 2all? =1 = 0) (unt1 = up) + 0 (Sunt1 — Sun)|®
=(1 = )|[uns1 = un|? + )| Stnt1 — Sunl|®
—0(1 = 0)|tnt1 =ty = (Stps1 — Su,)|?
lnsr = unl* = (1 = 0 = k)l[tns1 — un = (Stns1 — Sun)|®
<1 — nl. (16)

By Lemma 4, we have u,, =T, x, and

1
F(unvy)+*<y_unaun_mn> >0, (17)
1
F(un-i-lvy) + r <y — Un+1, Un+1 — xn-‘rl) > 0; (18)
n+1

Taking y = up41 in (17) and y = u, in (18), then because F' admits monotonicity,

we add (17) to (18) and obtain

Tn+1
Tn

<un — Up+1,Un+1 — Tn+1 — (un - J)n)> 2 0.
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Thus
(Up, — Upg1, Unt1 — Up + Up + Ty, — Ty, — Ty — T:? (U — xp)) >0,
which implies that
tmss = tnll < lnss =l + 22T lopy (19)

n

Substituting (19) and (16) into (15), then

n n 1- n n n — 4n
”anrl _vn” < Ontl 047 M + ( a +1)B +1||$U s ° ”
Tn+1 In Tn+1
1—a,, 1|1 —Tn| 2M 1— o, . 1—o,)8,
Jr( +1)Br1[rng1 —7n| n ( 1B ( )Bn | 3 r
T'nYn+1 Trn+1 Tn
(20)
It follows from (20) that limsup,,_, .o {||vn+1 — Vnll = |Zn+1 — x|} < 0, which shows
that ||v, — 2, || = 0 by Lemma 2. Again from the definition of v, we obtain
|Znt1 — znl| = O(n — o). (21)

From the conditions lim,,_,~ oy, = 0, 0 < liminf,, .~ B, < limsup,,_, . Bn < 1 and
(10), (21), next conclusion holds:

lim ||zp41 — yull = lm ||z, — yul| = lm ||z, — 2,] = 0. (22)
n— oo n—oo n— oo
Let p = Pqo(v) € €. Since
un —plI* = [T, 0 — P> <(un — p, 20 — p)
1
=5 llun —pl? + lzn = plI? = [0 — unl?),
we have
[l _pH2 < lzn _p”2 — ||z — unH2
Notice that||z, — p||* < [Jun — pl|?, hence ||z, — p||* <|[|zn — pl|* = |20 — un* and

lzn =l <[l = pII* = |20 — pII?
<(lzn = pll + 120 = pID(l2n = pIl = 120 = pl)
<(lzn = pll+ 120 = pDllzn = 2ull.

Let n — oo, then ||z, — uy|| = 0 and ||z, — un|| < |20 — Zn|| + |&n — unl] — 0.
Consequently, from (10) we have that

lter, — S| — 0 as n — oco. (23)
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Since {u,} is bounded, there exists a subsequence {u,,} of {u,} such that {u,,}
converges weakly to a point ¢ € K. By Lemma 1, ¢ € F(S) = (._, F(T;). We claim
q € EP(F), too. In order to see this, by u,, = T x,, we know that

1
F(uniay)+r<y7umaum7‘Tm>207 VyGK. (24)
It follows from (A2) that
1
r—(y—um,um—xni>2F(y,uni),VyEK. (25)

i

Notice the following facts “==*= — 0 and u,, — ¢ as n — oo, and for each x €
K, y — F(x,y) is lower semi-continuous. Then let i — oo in inequality (25) and
the next inequality holds immediately:

F(y,q) <0, Vy € K. (26)

Forally € K, let t € (0,1) and y; =ty + (1 — ¢)q, then y; € K(y € K, q € K) and
F(y:,q) <0. So by (Al) and (A4), we have

0=F(ye,yr) <tF(ye,y) + (L =) F(yt, q) <tF(yr,y), Vy € K,
ie. 0 < F(y,y), Yy € K. Letting t — 0T, then
F(q,y) >0,VyeK. (27)

Inequality (27) shows that ¢ € EP(F).
Choosing a subsequence {z,, } of {z,} such that

limsup(v — p, xp, —p) = lim (v —p, T, —p)

n—00 n—oo
= nli_)ng()(v — Dy T, — Un,;) + nli_)n;o(u — D, U, — D)
= lim (v —p,un; —p) (28)

Since {un,} is bounded, from what we have discussed above, we know that there
exists a subsequence of {u, } such that it converges weakly to a point of 2. Without
loss of generality, we may assume that {u,,} converges weakly to ¢ € Q. Then for
p = Pq(v), from (9) and (28)

limsup(v —p, & —p) = lim (v —p,un; —p) = lim (v—p,g—p) <0.  (29)

n—00 n—oo

Now, we start to prove that {u,} and {x,} converge strongly to p = Po(v). It
follows from (10), (12) and Lemma 6 that

||$n+1 _p”2 :Han(v _p) + (1 - O%)(yn _p)||2

<(1 = an)llyn = plI* + 200 (v = p, Tny1 — p)
S(l - an)”xn _pH2 + 20&n<1} — D, Tn+1 _p> (30)

Applying Lemma 5 and condition (i) to (30) implies that {z,} converges strongly to
p = Pqo(v), sois {un} by |lu, —p|| < ||z, —pl|. This completes the proof of Theorem
3. O
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If r = 1, then the next Corollary 1 is obtained immediately by Theorem 3.

Corollary 1. Let K be a nonempty closed convexr subset of H and F a bifunction
from K x K to R satisfying (A1) — (A4). Let T : K — K be a k—strict pseudo-
contractive mapping such that Q = F(T)(EP(F) # (. Suppose that v and x1 are
two arbitrary points in K. Let {x,}, {u,} and {y,} be generated by

Ftn,y) + 2y = tn, tp — 20) 20, Vy €K,

Tnt1 = v+ (1 — an)yn,

Yn = (1 - Bn)xn + Bnzn,

zn =1 —0)up +oTu,, n>1,

where o € (0,1 — k), coefficient {a, }, {Bn}, {vn} and {r,} satisfy
(i) {an} C(0,1), limy ooy, =0, D07 | vy = 00;

(ii) 0 < liminf,, o B, < limsup,,_, . fn < 1;

(31)

(i43) liminf, oo 7y > 0, limy, o0 [Pt — 70| = 0.

Then {xn} and {u,} converge strongly to p € Q, respectively, where p = Pq(v).

4. Application of Theorem 3

Applying Theorem 3, we may consult a parallel algorithm for a finite family of non-
expansive mappings and use it to find a common element of the set of the solution
of the equilibrium problem (3) and the set of fixed points of a finite family of non-
expansive mappings. Please see the following Theorem 4.

Theorem 4. Let K be a nonempty closed convexr subset of H and F a bifunction
from K x K into R satisfying (A1) — (A4). {T;}_; are a finite family of non-
expansive mappings of K into K such that Q = EP(F) (=, F(T;)) # 0. Suppose
that v and x1 are two arbitrary points in K, for some nonnegative real number \;,
0< XN <1,i=1,2,--,r, >0 N =1, let {xz,,} and {u,} be generated by

Flun,y) + 2y — up,up —x,) >0, Vy €K,

Tntl = Q¥ + (1 - an)yna

Yn = (1 - ﬂn)xn + Bnzn,

2 =1 =0)up+0y iy NTiun, n>1,

(32)

where o € (0,1), coefficients au,, By, satisfy the following conditions:
(i) {an} C (0,1), limy oo, =0, D07 | v = 00;
(i) 0 < liminf,, o B, < limsup,,_, . Bn < 1;

(i4i) liminf, oo 7y > 0, limy, o0 [Pt — 70| = 0.

Then {x,} and {u,} converge strongly to p € Q, respectively, where p = Pq(v).
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Proof. Since a non-expansive mapping is a 0—strict pseudo-contractive mapping,
from Proposition 1 we know that >_!_, \;7; is a O—strict pseudo-contractive map-
ping. Hence Theorem 4 holds immediately by Theorem 3. This completes the proof
of Theorem 4. O

If r = 1, then the next Corollary 2 holds immediately:

Corollary 2. Let K be a nonempty closed conver subset of H and F' a bifunction
from K x K to R satisfying (A1) — (A4). T is a non-expansive mapping of K into K
such that Q = EP(F)NF(T) # 0. Suppose that v and x1 are two arbitrary points
in K. Let {x,} and {u,} be generated by

F(un,y) + 7=y = tn, un — 20) >0, Vy €K,
Tnt1 = 0¥ + (1 — o) Yn,

Yn = (1 - Bn)xn + anna
zn=1—0)up +oTu,, n>1,

where o € (0,1), coefficients au,, Br, v satisfy the following conditions:
(i) {an} C(0,1), limy_yoo yy =0, D00 | vy = 00;
(ii) 0 < liminf,, o B, <limsup,,_, . Bn < 1;
(#4i) liminf, oo 7y > 0, im0 [Pt — 70| = 0.
Then {x,} and {u,} converge strongly to p € Q, respectively, where p = Pq(v).

Example 1. Let H = R and K = [0,1]. Let F(z,y) =y — «,V z,y € [0,1], and
Ty = 322, Tox = a3 for all x € [0,1]. It is easy to verify that F satisfies (A1)-(A4)
and EP(F) = F(T1) = F(Tz) = {0}. Hence, EP(F)F(T1) (N F(T2) # 0. Also, it
is easy to verify that T1,Ts are two nonexpansive mappings. Thus, we may use the
algorithm from Theorem 4 to find their common element in EP(F) (N F(T1) N F(T3).
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