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Congruences of three multipartition functions
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Abstract. By means of the multi—section series method, six congruence relations and their
corresponding generating functions are established for three functions of multipartitions.
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1. Introduction and motivation

For a natural number m and two indeterminates ¢, x with |¢| < 1, the g-shifted
factorials of infinite order are defined by

(x§Q)oo = H(]- - an) and Ep, = H(]- - qkm).
n=0 k=1

The multi-parameter expression for the former will be abbreviated as
[, 8, 73 d)oe = (00 (B3 @)oc (V3 @) o
Let p(n) be the unrestricted partition function defined by the generating function

= 1 1
p(n)q" = ==
nz:% ) (:0)e  Er

Ramanujan [14] discovered the following three congruences

p(bn+4)=0 (mod 5),
p(Tn+5)=0 (mod 7),
p(1ln+6) =0 (mod 11);

and the two beautiful identities (cf. Hardy [12, Chapter VI])
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(¢°;¢°)3% . EB

p(5n + 4)q 57 =55

Z (¢:9)% E$
(q7547)3, (¢":q")., L E} E7
p(Tn +5)q 77+49q7 T—L 4+ 49¢—L.
Z (G4 (¢:9)% E} TE

For complete proofs of these generating functions and their implications, the reader
can consult the book by Chu and DiClaudio [8, Chapter H].

By means of the generating function approach devised by Atkin [2] and then
employed by Hirschhorn—Hunt [13], Chan and Cooper [5] recently proved a family
of congruences for ¢(n) modulo powers of 2. The two simplest cases of them are the
following congruences

¢(2n+1)=0 (mod 2),
c(dn+3)=0 (mod 4);

where the multipartition function ¢(n) is defined by the power series expansion

> )" = e =
= (0)%(0% )% EPES

Inspired by these relations, in this paper we shall investigate congruence properties
for the integer sequences {C(n),€(n), D(n)} defined respectively by the generating
functions

o0

> ) TS
T (6@ 0D EriBs’

E2E2
en)q" = (—4:9)% (> ¢*)2% = =5
> 757

ZD n_QQ) _Eg,

(@i EY

which can be interpreted in terms of multipartitions (cf. Andrews [1]). We shall
show that these sequences satisfy the following congruence relations

C(4n+2)=0 (mod 2),
C(4n+3)=0 (mod 2);
€2n+1)=0 (mod 2),
€(4n+3)=0 (mod 8);
D(2n+1)=0 (mod 4),
D(4n+3)=0 (mod 36);

and establish product expressions for their corresponding generating functions.
Our approach will essentially be the multi—section series method, that has been
used by Chu and Wang [9] to investigate Rogers—Ramanujan identities. Denote the
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m-th root of unity by w,, = exp(%). Then for the nonnegative integer r with
0 < r < m and the formal power series defined by ¢(z) := > -, Q(n)z", there
holds the following multi-section series modulo m (cf. Comtet [10, p. 84])

m

S Qmn 4 ) = S (). 1)
k=1

n>0

This will be combined with Jacobi’s triple product identity (cf. Bailey [3, §8.6])

g, 7, 4/7; ), = i (~1)Fq(2)a* (2)

k=—o0

and three three-term relations from the theory of theta functions. The first one is
the fundamental relation originally due to Weierstrass (cf. Whittaker—Watson [15,
p.451]) which can equivalently be reformulated as follows. For the five complex
parameters a, b, ¢, d, e subject to a? = bede, there holds the theta function identity
(cf. Chu [6, Theorem 1.1]):

(a/bya/c,a/d,afe; @)oo — (b,c,d,€;q)00 = bl{a,a/be,a/bd,a/be;q) oo, (3)

where the modified Jacobi theta function is defined by

(B, V@)oo = (4 Qoo (Bi Qoo (11 Qoo and (25 @)oo = (25 @) o0 (4/%5 @) oo

The other two relations read as the following equations [7, Proposition 3]

(=2~ Qoo + (2,43 @)oo = 2(~0: )2 (~2y, —42/y; ¢*) o0 (4)
(~2, ~y: @)oo — (2,43 Q)0 = 20(~¢; )5 (~a2y, —@* /Y3 ¢*) oo (5)

The rest of the paper will be organized as follows. The next section will prove
the two congruence relations for C'(4n+2) and C(4n + 3) as well as their generating
functions, that will be utilized to review the congruences due to Chan and Cooper [5].
The second section will be devoted to the congruences for €(2n + 1), €(4n + 3) and
their generating functions. In the third section, we shall establish the congruences for
D(2n+1) and D(4n+3) as well as their generating functions, where as preliminaries,
new proofs will be presented for the two relations concerning the theta function z(q)
that appeared in both Berndt [4, p. 110] and Chan—Cooper [5].

2. Congruences for partition function C(n)

For the multipartition function C(n) defined by the power series expansion

1 1

C n: - —
7; i (4:90)0(0%0%)0c  Er1E3

we shall prove, in this section, the following theorem.
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Theorem 1. There hold the following two congruence relations

Cdn+2)=0 (mod 2), (6a)
C(4n+3)=0 (mod 2); (6b)

and the quartic—section series generating functions

E4E12E2 E E5E4
C 4 2 n — 2 2 6 8 4 2 12 7
7;0 Un+2)0" = 2gopap s, 49 EoErEe (72)
1FE2EY EPESEZ
043_4461222624 b
;% m BESE2, | B ESE By (7)
Proof. Denote by f(g) the generating function
1
C - N 7/ a2 a~
T;) T (60w (0% ¢V
Applying formula (1), we have the following quartic-section series
1o 1
> Cln+2)g" 2 = 23 (0 (@) = 1{ @) + F(=a) = flai) ~ f(~aD)}.
n>0 k=1

Now we are going to examine the four terms inside the braces. Firstly, the sum of
the first two terms can be manipulated as

1 1
AL At P e e e v rr
_(C#0%) o (=% 600 + (4:6%) o (0% 6°)
(4% 4%) o0 (4% 4%) 0 (453 45) 0 (¢5; ¢12)

According to (4), the numerator in the last fraction can be factorized into
(=0, =% "o + (0:0% 0%) o0 = 2= 0"V (—a*, —¢*; 4"
which leads to the following simplified expression

2(—¢%¢°)2.(—q*q 2>2
(4% 4?) o (4% q) (4% ¢%) o045 4'%) o
(7% 0% ( 6)‘20( 4 )io

(425 ¢%) 00 (¢° ) (—q'%¢'%)2,

Replacing ¢ by ¢i in the last equality yields another one

fl@)+ f(—q) =

gi) = 20 =)o@~ (g% a5

T+ ) = ) P



CONGRUENCES OF THREE MULTIPARTITION FUNCTIONS 437
Combining the last two equations and then simplifying the result, we have

4 102
S Clan+ 2" = 1{(0)+ Fl=0) = flai) = Fl-ai)} = 322t (sa)

n>0 9
X{ ¢ =% —a% 4" a2, =% =% q"?] } (8b)
—[d* @ %Y a2 o8 a%5 a7

Observing that the right-most fraction displayed (8a) is, in fact, a series in base ¢,
the coefficient C'(4n + 2) will be even if we can show that each coefficient of ¢*™*2
with m € Ny for the series inside the braces displayed in (8b) is divisible by 4. In
view of the Jacobi triple product identity (2), this is equivalent to the divisibility by
4 for each coefficient of ¢>™*1 in the triple sum

Z qi2+3j2+3k2{1 _ (_1)i+j+k} _9 Z qi2+3j2+3k2, (8¢)
1,5,k itjtk=s1
where @ =5 b denotes the congruence a = b (mod 2) for brevity. This is justified by
the fact that the number of integer solutions of Diophantine equation

2m 4+ 1 =% + 352 + 3k?

is even (including the case when there is no solution), which contributes to factor 2.
Therefore, we have proved the congruence relation displayed in (6a).

Another congruence relation displayed in (6b) can be shown analogously. In fact,
applying (1) gives the following quartic-section series expression

3" C(dn + )¢t = Zz‘?”“f () = 1 7(@) ~ F(-a) +i7(@i) — if(~ai)}.

n>0

Rewriting the sum of the first two terms inside the braces

e (550700 (=65 4%) 00 — (436°) 0 (0% 4%) oo
T = ) = i ) (% 0o () (%507

and then factorizing, by means of (5), the numerator
(0, =0% %) 0 = (0,6 ¢°) o0 = 2a(—=0% ¢")2 (4" 4
we derive the following equality

2q (—¢*¢")% (4" ¢")%
(qg? q2)00(q6§ q6)w(q2§ q4)00(q6§ qlz)oo ’

fl@) = f(=q) =
which leads, under replacement ¢ — ¢i, to another expression

2qi (¢%¢%)2 (=" ¢"H)%
(_q23 _QQ)OO(_CIG; _qﬁ)m(_q2§ q4)00(_q63 q12)oo

f(qi) — f(—qi) =
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Combining the last two equations and then simplifying the result, we get

S Cn+3)g"™ = { fa) ~ F(~a) +if(ai) ~ if(~ai)}

n>0

_ qE§E§4

2ELEY,

X{ [0, ~¢* —¢% ¢']", [a'2,—d5, —¢%q"?] } (o)
—[a* @ %Y (a2 o8 6% a7

(9a)

By carrying out the same procedure as that for C'(4n + 2), we can check that the
congruence C'(4n 4+ 3) =0 (mod 2) is equivalent to the fact that each coefficient of

¢*™+1 is a multiple of 4 in the following triple sum
Z qi2+j2+3k2{1 . (71)i+j+k} —9 Z qi2+j2+3k2' (9¢)
ik itj+k=s1

This is guaranteed by the fact that the number of integer solutions of the following
Diophantine equation is also even

om+1 =42+ 52 + 3k>.

Furthermore, we can compute the generating functions for C'(4n+2) and C'(4n+
3). According to the Jacobi triple product identity (2), it is not hard to check

K2 _ 1.8 4 4. 8 _ Eg’ 10
> q —[q,q,q,q]w—EzEg (10a)
k=50 416

. E?
> d" =2 " —% ] =207 (10b)
k=51 8

and

2402 2 E10

D e e e (11a)
i+j=20 278

2 2 2 E?

Yo d Y =4qld" —d" —d"q"] = e (11b)
i+j=21 4

In view of (8c) and (9c¢), these equalities can be utilized to simplify the triple sums
displayed in (8b) and (9b) as follows

.2 .2 2 .2 -2 2
Eq(gb) =9 Z q21, Z q6] +6k +2 Z q2’L Z q6j +6k :
i=21  j4+k=20 =20  jH+k=21
BRED |, oo BREh
By EroEl ERES, B3,

Eq(9b) -9 Z q6k2z q2¢2+2j2 Iy Z quzz q2i2+2j2

= 4q2

k=20  itj=2l k=21  i+j=20
4 105 10 2
_ 8q2 EiEig +4q6 Eg"Egq
- 212 12 44 :
E8E24E96 E4E16E48
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Substituting them respectively into (8a-8b) and (9a-9b), canceling the common
g-factors across the equations and finally replacing ¢* by ¢, we get the two generating
functions displayed in (7a) and (7b).

Summing up, we have completed the proof of Theorem 1. O

Now we are ready to review the two congruence relations due to Chan and
Cooper [5]. For the multipartition function ¢(n) defined by the power series expan-
sion

1 1

c(n)q" = = .
HZ:O (©:9)% (6% ¢%)%  ETE;

Chan and Cooper [5] found recently the following interesting result, which has been
the primary motivation for the authors to carry on the present research.

Theorem 2 (See [5]). There hold the congruence relations

¢(2n+1) =0 (mod 2), (12a)

c(4n+3) =0 (mod 4); (12b)
and the generating function

S n_ o B Eg

nz:%c(Qn + )" = 2E16Eg . (13)

We shall prove that this theorem is obtainable from our Theorem 1, which is
partially supported by the observation that the generating function for c¢(n) results
in the square of that for C(n). The informed reader will notice that Chan and
Cooper [5] have successfully established some additional congruences modulo powers
of 2 and the corresponding generating functions, that we do not intend to pursue
here.

Proof. Note that ¢(n) can be expressed as the following convolution

c(n) =>_ C(k)C(n — k). (14)
k=0

Splitting the sum with respect to k into two sums according to the parity of k£ and
then inverting the summation order for the second sum, we get

n

c(@n+1) = f: C(2k)C(2n+1—2k) + Y C(2k+1)C(2n — 2k)
k=0 k=0

25" C@2k)C@2n + 1 — 2Kk)
k=0

which confirms the first congruence relation.
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Similarly, classifying the summation index k according to its residues modulo 4
and then pairing the four sums into two ones, we have the expression

c(4n +3) Zc (4k)C(4n + 3 — 4k) + > C(4k +1)C(4n + 2 — 4k)
k=0

+> C(4k +2)C(4n+ 1 — 4k) + > C(4k + 3)C(4n — 4k)
k=0 k=0

C(4k +2)C(4n + 1 — 4k) +2204k+3)0(4n—4k).
k=0

HM:

In view of Theorem 1, each term in the last two sums is divisible by 2. Therefore
c(4n + 3) is a multiple of 4, which proves the second congruence.
Generating function (13) follows directly from (1) and (3). In fact, we have

2Y c(2n+ 1)t = —
,;) (¢9)%(% 3% (-3 (—d% )%
EZE]22 2\2 3. 6
= EéEg{(—q,q)oo(—q,q) —(6:0°)%(0% )% }

Rewriting the difference in the braces, through (3), we can factorize it into

(=¢,—¢*, =", —¢*1 ¢ — (0, ¢°, 0", *1 ¢®) oo =a(—¢°, -1, —*. —¢*; ¢®) o
E2E?, (15)
ESEE

It is a routine to check that this expression leads to the generating function for
{¢(2n + 1)} stated in Theorem 2. O

We remark that in view of convolution (14), the generating function expression
(13) can also be derived from the product of f(q) + f(—q) and f(q) — f(—q), that
appeared in the proof of Theorem 1.

3. Congruences for partition function €(n)

Similarly to the partition function c¢(n) treated by Chan and Cooper [5], we may
define the following reciprocal partition function

> E2E?
C()a" = (—a-a)2 (—a3:g3)2 — 2256
Z (n)q (—¢9)5% (0" 0")% 252

Interestingly enough, €(n) admits similar congruences and generating functions.
Theorem 3. There hold the following congruence relations

¢2n+1)=0 (mod 2), (16a)
€(4n+3) =0 (mod 8); (16b)
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and the gemerating functions

e E4E4

C(2n+1)¢" = 2228, (17a)
2 EiE]
e E2E4E14 E14E2E4

C(4n 4+ 3)q" = 8 =246 | g;—2 612 (17b)
2 mEE;, TS IR

Proof. It suffices to show both generating function expressions.
Generating function (17a) follows directly from (1) and (3). In fact, we have the
bisection series

23 e@2n+ 1) = (g% (—¢* )% — (6 -0)%(@* —*)%
n=0
E2E2 ,
= E‘%Eg{(*q;q%@(*qd;q“)i@ - (q;qQ)io(q“%;q‘s)io}-

Factorizing the difference in the braces through (15), and then replacing ¢* by ¢, we
get the generating function for €(2n 4 1) stated in Theorem 3.

Recalling (17a), the quartic—section series generating function can be expressed
as

Y +3)¢" ! = (~g )5 (—a% ¢")% — (@ —0)%(¢% —a*)%

n=0
_ E;*EfQ{ [~ ~a:¢°] 2, [¢° . —q?’%‘lﬁ]io}
ESES | —[¢% ¢ 4% [d° @ %5 d®)%,

According to Jacobi’s triple product identity (2), the difference inside the braces can
be expressed as quadruplicate sums

2452 43K2 4302 i2452 3k2 4362
2 >, d =2 > 4 ) q

it+j+k4+0=21 1+j=21 k+4=20

+9 Z qi2+j2 Z q3k2+3Z2
1+7=20 k+i=51
4 1710 10 4
E8E12 E4 E24

=8¢ ;
EIEGEy, E3ESE?,

+ 8¢3

where the last line has been justified by (11a) and (11b). Therefore, we have found

EESEq;

B E%,EL,
YESENES,

¢(4n +3)g>"+! =8
2 EPRE!

n=0

+ 843

which is under ¢ — ¢ equivalent to generating function (17b). O
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4. Congruences for partition function D(n)

Following Chan and Cooper [5], define the modular function by

o0 (1 — g12k+2)2(] _ g12k+10)2 FE2EA
29) =4q H ( 1 12k+4) 2( 1 _ gl2k+8 >2 =4 E24E122' (18)
k=0 (1—gq )*(L—q ) 46
Firstly, we present a new proof for the following modular equations.
Lemma 4.
E\E{
1— = "9 19
) = B, (192)
E3E,,
1-32(q) = 4. 19b
“0)= P (19b)

Under the replacement ¢ — —¢, the last equations can equivalently be restated

as
E2E3FE;,
1 =232 2
+20) = G (200)
EEsE?
1 — Z275712 20b
+3Z(Q) E%EgEg ( 0 )

It should be pointed out that (20a) has explicitly appeared in Berndt [4, P110;
Lemma 5.3], while (19b) can be found in Cooper [11, Eq 2.9].

Proof. According to the definition of z(g), it is not hard to reformulate 1 — z(q) as

1— 2(q) =1 _quEiLQ — E%?{EZ _quEﬁ}
EiE; B} \El, ~ EiE}
_E7122 4 4. 12 _ 2 2, 12
_E2 <Q7q’q >OO q<QaQaq >OO
4
_E%

—ﬁ{@“, - —4% 4% — 4(d®, 4, —q, —q; q6>oo}-
4

Specifying {a,b, c,d, e} with {¢°, ¢, ¢ —q3, —¢®} respectively in the three—term re-
lation (3), we can factorize the difference inside the braces into
. E\E]
(@' d* = =0 0" o — 40 4, =4~ 40" = (0.4°, —0*. —0% ¢°) e = &nggﬁ
which leads to the first modular equation (19a).

Our approach to the second identity (19b) is not so direct. We start from the
equation

o[, EiEn) _ 3B [ E{Bs  E}E,
EsE3 E3Es \ E3E, FE3E;

_ E}En g Y 2P .8 21b
= g (=1,-¢", 0", —05 ¢ )0 —2(¢°, 4,0, 44" )00 - (21D)
41426

(21a)
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Replacing {a,b,c,d, e} in (3) by {—¢>, -1, —¢%, —¢*, —¢*} respectively, we have first
the factorization

(-1,-* % =% ¢%) oo — (*. 4,000 = (=% —0. —0, —0; ¢®) o
Then the difference inside the braces displayed in (21b) can be reformulated as
(—1,-¢* =% =% 4" e — 2(¢*, 4,40, ;%)

= (", 0,040 — (¢*. 4,4, 4 ¢°)

_ (6 (@)
(=% 4% (¢%45)
(7% q*) oo { 5 2

= 0 (=4, qwi @) oo — (4, —qws ¢7) }
(45 ¢'%) 0 > >

2w

where w := w3 = e”3 is the cubic root of unity for brevity. By means of (5), we can
factorize the last difference into the expression

(= qw; ¥ oo — (@, —qw; Voo = 20(—% )2 (0" w, ¢* Jw; ¢*)
_ q( 1025 q@
(4% ¢%)% E3

Recalling (21a) and (21b), we confirm finally the second equation (19b) as follows

E3E,, E2E}
1— 1 _ 3 212 _ 3 .
BB Smim - W
This completes the proof of the two equations in Lemma 4. O

By means of the two modular equations displayed in Lemma 4, we are going to
establish two congruence relations and the corresponding generating functions for
the partition function D(n) defined by

iD( g = (¢% s _ Ej
P T s T B

Theorem 5. There hold the following congruence relations

D(2n+1)=0 (mod 4), (22a)
D(4n+3) =0 (mod 36); (22b)
and the corresponding generating functions
- E3E3E,
> D@En+1)¢" = 42T36, (23a)
1

n=0

& E14E8 E6E4E6
D(4n + 3)q" = 36—2-—> + 108¢—=2-3-F5. (23b)
2 ENE? B0
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Proof. It is obvious that the two congruences are implied by the corresponding
generating functions. Multiplying (20a) and (20b) and then dividing the resulting
equation by z(q), we get the equality

B3 E3
o{1/2(0) + 44 3:(0) } = prptip
146

Therefore, we can reformulate the following generating function

E? E°E3E
= i = el
ZD B = a1/ +443:(0) } =

From the definition, the power series expansion of z(g) contains only odd powers of
q. Hence the bisection series with odd indices reads as follows

> ESE3E
> D@n+1)¢*n =452 = =
n=0 2

Under the replacement ¢ — ¢, this directly gives equation (23a).
Rewriting the equality displayed in (20b) as

jo8 ESE?
= _J14+3 }7
B0,
we can reformulate equation (23a) as

18 7110

(oo}
BB, 2
§D(2n+1)q 4E22E?2{1+3 20)} -

There consequently holds the bisection series generating function

ESE}
D(4n + 3)*" 1 =422 92(q) +272°(q) ¢
Z o | J

Under the replacement ¢? by ¢, this equation is clearly equivalent to (23b). O

Before concluding the paper, we would like to point out the existence of another
quartic series expression for the generating function of €(4n + 3) that can be de-
rived using the modular function approach. Multiplying (19a) with (20b) and then
dividing by z(g), we get the equation

1 E4Eil2
E%Eg = EGEG {1/Z(Q)+2_3Z(Q)}

From this, we can derive the following alternative generating function for €(4n + 3)

E%2E§ E§E
E%OEg —24q EGEIO

i ¢(4n +3)¢" = 8 (24)
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Comparing the last equation with (17b) leads to the following curious relation

BiEQ? E{'Bl, E{'E} . E3EQ 25)
Biph, T EIED T BT U ED

which is equivalent to the algebraic equation

1—2(q) _ z(q)
71+3z(q) g ){1+31—|—3z(q)}
(

These last two equations show that the new expression (24) is the same as (17b).
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